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ABSTRACT

In this paper, time-optimal control problem for a liner nxn co-operative parabolic system involving Laplace operator
is considered. This problem is, steering an initial state y(0)=u, with control u, so that an observation y(t) hits a

given target set in minimum time. First, the existence and uniqueness of solutions of such system under conditions on
the coefficients are proved. Afterwards necessary and sufficient conditions of optimality are obtained. Finally a scaler

case is given.
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1. Introduction

The “time optimal” control problem is one of the most
important problems in the field of control theory. The
simple version is that steering the initial state Yy, in a
Hilbert space H to hit a target set KcH in
minimum time, with control subject to constraints
(u eUcH )

In this paper, we will focus our attention on some
special aspects of minimum time problems for co-ope-
rative parabolic system involving Laplace operator with
control acts in the initial conditions. In order to explain
the results we have in mind, it is convenient to consider
the abstract form.

Let V and H be two real Hilbert spaces such that
V is a dense subspace of H. Identifying the dual of
H with H, we may consider VcH cV’, where
the embedding is dense in the following space. Let
A(t) (te]O,T[) be a family of continuous operators
associated with a bilinear forms 7 (t;.,.) defined on
V xV  which are satisfied with Garding’s inequality

z(ty.y)+< |yl = a vl M

for yeV,te[0,T] and c,>0,c >0.
Then, from [1] and [2], for t€]0,T[ and B being a
bounded linear operator on H, the following abstract
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systems:
%y(t)+A(t)y(t): ffel2(0,T:V),

y(0)=Bu

have a unique weak solution Yy such that
yeC([O,T];H). We shall denote by y(t;u) the
unique solution of the Equation (2) corresponding to the
control u. The time optimal control problem that we shall
concern reads:

2

min{r:y(r;u)eK,ueU} 3)

where K is a given subset of H, which is called the
target set of the Problem (3). A control u’ is called a
time optimal control if u’ €U and if there is a number
7°>0 such that y(ro;uo)e K and

To=min{T:y(T;U)€K,U€U}. 4

We call the number z° as the optimal time for the
time optimal control Problem (3).

Three questions (problems) arise naturally in connec-
tion with this problem:

1) Is there a control u, and 7>0 such that
y(z;u)e K ? (this is an approximate controllability
problem).
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2) Assume that the answer to 1) is in the affirmative
and

7° :min{r: y(r;u)eK,u eU}.

Is there a control u’ which steers y(ro) to hit a
target set K in minimum time?

3) If u° exists, is it unique? What additional pro-
perties does it have?

Let QcR" be a bounded open domain with smooth
boundary T. and set Q=Qx]0,T[ £=Ix]0,T[. In
the works [1] and [3], the existence of time optimal
controls of the following controlled linear parabolic
equations with distributed control u was obtained:

%:Ay+u in Q,
y(x,0)=y,(x) inQ, %)
y(x,t)=0 onx,

where Yy, (x) is a given function in L*(Q), ueU
and U is a closed bounded set in L’ (Q) The results
in [3] partly overlap with results in [1] and they were
shown that if the system (5) is controllable and if
K ={0} then the corresponding time optimal control
problem has at least one solution and it is bangbang.

In the work [4], the authors gave a sufficient and
necessary condition for the existence of time optimal
control for the problem with the target set K ={0} and
certain controlled systems. These results will be stated as
follows. Consider the following controlled system

%sz+ay+u in Q,
y(x,0)=y,(x) inQ, (6)
y(x.t)=0 onx,

where a isareal number. Let {4} .4 <4, <A<,
be the eigenvalues of —A with the Dirichlet boundary
condition and {e}_ be the corresponding eigen-
functions, which forms an orthogonal basis of L*(Q).
We take the target set K to be the origin {O} in
L (Q) and the control set U  to be the set

U, = {u() e C@:ful <]

where ¢ is a positive number, namely, U, =B(0,¢),
the closed ball in L’ (Q) centered at 0 and of radius &.
It was proved that if K={0} and U=U,, then the
corresponding time optimal control problem has at least
one solution if and only if a<A/,.

More early, in the works [5-7], the time optimal
controls problem for globally controlled linear and semi-
linear parabolic equations was considered.
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In our papers [8,9], the time optimal control problem
of nxn co-operative hyperbolic systems with different
cases of the observation and distributed or boundary
controls constraints was considered.

In [10], optimal control of infinite order hyperbolic
equation with control via initial conditions was consi-
dered.

In the present paper, the above results for the time
optimal control of systems governed by parabolic equa-
tions are extended to the case of nxn co-operative
parabolic systems as well as control via initial conditions.
First, the existence and uniqueness of solutions for nxn
co-operative parabolic system are proved under conditions
on the coefficients stated by the principal eigenvalue of
the Laplace eigenvalue problem, then the time optimal
control problem is formulated and the existence of a time
optimal control is proved. Then the necessary and
sufficient conditions which the optimal controls must
satisfy are derived in terms of the adjoint. Finally, the
scaler case is given.

2. n x n Co-Operative Parabolic Systems

Let H,(Q), be the usual Sobolev space of order one
which consists of all ¢eL’(Q) whose distributional

derivatives 2—¢e L*(Q) and ¢ =0 with the scalar
X.

product norm
<y’¢>H5(Q) = <y’¢>L2(Q) +<Vy’v¢>L2(Q) >
where V = ii

k=1 an

We have the following dense embedding chain [11]

(H (@) =(15(@) =(H,' (@)

where H,'(Q) isthe dual of Hy(Q).

Here and everywhere below the vectors are denoted by
bold letters. For y=(y;),.¢=(4) < (H(lJ (Q)) and
te]0,T[, let us define a family of continues bilinear
forms

7(t.):(Ha (@) x(Hy (@) —> % by
w(t:y.8)= [ [(V9)(Vé)-a (x.t) yh ] o
o @)
—_ZJ'Qaij (x.t) y;fdx

ij=1
where
a; (x,t) and a; (x,t) are positive functions in L~ (Q),} ®
a; =0 wheni=]j anda; < /aa; wheni= |

The bilinear form (7) can be but in the operator form:
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7(ty.4)= gfg[( AY)-a
Zn:j a; (x.t)y;4dx

i,j=1

=3 (~(A0)Y), ).,

i=1

(xt)y; |dx

where A(t) is nxn matrix operator which maps
(Hé(Q)) onto (Hgl(Q)) and takes the form

A+al a, a, Y|
OPE I
a, a,, - A+a )\,

Lemma 2.1. If Q is a regular bounded domain in
RY, with boundary T, and if m is positive on Q
and smooth enough ( in particular me L”(Q),) then the
eigenvalue problem:

—Ay=2m(x)y inQ,
y=0 onT

possesses an infinite sequence of positive eigenvalues:

0<A(m)<A(m)s<--< 4 (m)<-

ﬂk(m)—mo,ask—)oo.

Moreover A (m) is simple, its associate eigenfunc-
tion e, ispositive,and 4 (m) is characterized by:

A, (m)[ my*dx < jQ|Vy|2 dx )
Proof. See [12]. OI.
Now, let
A(a)=n, i=12,-,n (10)

Lemma 2.2. If (8) and (10) hold then, the bilinear
form (7) satisfy the Géarding inequality

z(ty, y)+c |y

2
o 25

C,,C, >0

Proof. In fact

z(ty,y)= Zn:.[QUVyir —a(xt) yf}dx

i=1

ZI a; (x,1)y,y,dx

i,j=1

23 [7wf -a
—Zéjg,lai (x.t)a; (x,t)y;y;dx

By Cauchy Schwarz inequality and (9), we obtain

xtle
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From (10) we have
n(ty,y)= o{znijWyi i dx} a>0
i1

Add || y|| (o) to two sides, then we have the result.
0.

We can now apply Theorem 1.1 and Theorem 1.2
Chapter 3 in [1] (with V =(H(Q))" and H=((Q))")
to obtain the following theorem:

Theorem 2.3. If (8) and (10) hold, then there exist a
unique solution

yeW(O,T)
:{y: yel’ (O,T;(H(])(Q))n)v%e(Hé(Q))n}

satisfying the following nxn system: i
%z(A(t)y)iJrfi, fre *(0.T:H,' (Q)) inQ,

yi(%,0)=u,(x), u(x)el’(Q) in Q,+(11)
yi(x’t)zo on X.

Moreover y is continuous from [0,T]— (L2 (Q))n )

3. Minimum Time and Controllability

We denote the unique solution of (11), at time t for
each control u=(u,,u,,~--,u;) by Yy(t;u). Occa-

>Yn
sionally, we write y(X,t;u) when the explicit depen-

dence on X is required. We can now formulate the time
optimal control problem corresponding to the nxn co-
operative parabolic system (11):

min{t:y(t;u)eK;,ueU;‘}, (12)

with constraints

y(t;u)is the solution of (11),
u’ ={u=(ul,...,un)e(|_2(g))" ol Sg}, (13)
K" :{z :(zl,~--,2n)€(L2(Q))” ||z - 24 ||L2(Q) Sg},

and &£,6>0 and 7, €L’(Q) are given.
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Theorem 3.1. If (8) and (10) are hold, then the system
whose state is given by (11) is controllable, i.e.,

there exists a 7 € |0,T|and u €U with y(z;u) e K] (14)

Proof. Let us first remark that by translation we may
always reduce the problem of controllability to the case
were the system (11) with f,=0. We can show quit
casily that (I1) is approximately controllable in

L(Q ) in any finite time 7>0, if and only if,
) n . . 5 n
y(z;u :UE<L (Q)) } is dense in (L (Q)) . By the
Hahn-Banach theorem, this will be the case if

J'in(x)yi(x,r;u)dx:o, Z,el’(Q), (15)

forall ue (L2 (Q))n, implies that 7 (x)=0, i=1,2,
<N,

Let us introduce the adjoint state p(t;u) by the
solution of the following system

inQ, (16)
onT'x]0,7],

where A'(t) is the adjointof A(t) which is defined by

(K (V)gw)=(8.At)w), gwe(H ()

The existence of a unique solution for the Problem (16)
can be proved using Theorem 2.3, with an obvious
change of variables.

Multiply the first equation in (16) by y;(t;u) and
integrate by parts from 0 to 7z, we obtain the following
identity:

0=, {_%_( A p(t;u))i}yi (t;u)dxdt

=_J'Qpi (t;u)y, ()], dx

+II P (tu [ yi (tu) - (A(t)y(t;u))i}dxdt
—j y,Xrudxij udx

and so, if (15) holds, then
[ (%0;u)udx =0 Vu, e*(Q)
hence p;(x,0;u)=0. But from the backward unique-

ness property, p =(p, )::1 =0 and hence Z(x)=0. Ol
Now set

= inf{z’: y(z;u) e K] fore some u e U;} (17)
Then , the following result holds.
Theorem 3.2. If (8) and (10) are hold, then there exist

an admissible control u’ to the problem (12)-(17),
which steering y(t;uo) to hitting a target set K! in
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minimum time z°

DL 0502 ) (< 50) - (s a0

YueU!

(defined by (17)). Moreover

Proof. Fixe X, we can choose 7™ —7° and ad-

missible controls {um} such that
y(rm;um) eK!, m=1,2,

Set y" = y(um ) Since U! is bounded, we may
verify that y™ ranges in a bounded set in

(LZ (o,T;(l_2 (@) ) =(L (Q))”j :

We may then extract a subsequence, again denoted by
{u’“ , ym} such that

U™ > U’ weaklyin (L*(©)), u’eUr,
) (19)
y" >y weaklyin Lz(o,T;(Hg(Q)) )

We deduce from the equality

dy™ m
=f - A(t
dt ( )y
that
dy" dy i S(H™ '
oAy il (oTi(H (@)
and
y"(0) > y(0)=u’ inU.
But

y(r"‘;um)—y(‘fo;uo)
=y("um) =y (2% um)+ y(2%um) -y (25 u)
Now from (19)
y(%:um) > y(%5u°)  weakly in (L*(2))" (20)

Jy(emsar)-y(er)
.[;m%y(t;um)dt

and

(H’I(Q))n

(w7 @)
L @D

dt

n

d 2
Zy(tum)d
) t(H*‘(n))

m 0 o

SNT -7 Jo

T
SC«/TH—TO

Combine (20) and (21) show that

y(rm;um)— y(ro;uo)—>0 weakly in (HO’1 (Q))n .(22)
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and so, y(ro;uo) eK! as K! is closed and convex,
hence weakly closed. This shows that K[ is reached in
time 7’ by admissible control u°.

For the second part of the theorem, really, from Theorelrp
2.3, the mapping t— y(t;u) from [(),Tl—)(L2 (Q))
is continuous for each fixed u andso y(r ;u) gintK],
forany ueU!, by minimality of 7°.

Using Theorem 2.3, it is easy to verify that the
mapping U —> y(ro;u) , from (L2 (Q))n - (L2 (Q))n ,
is continuous and linear. then, the set

f/(ro):{y(rO;u):UGUj}

is the image under a linear mapping of a convex set
hence ./ (z’o) is convex. Thus we have

4'/(r°)ﬂint K'=2 and y(ro; u’ ) € oK (boundary
of K!).Since intK] #& (from (14)) so there exists a
closed hyperplane separating A(TO) and K/ contail}q—
ing y(z'o;uo) , i.e. there is a nonzero ge (L2 (Q))
such as

oy (oIS

< inf <g, V(TO; u)>(L2(ﬂ))n

yeK,

(23)

From the second inequality in (23), g must support
the set K[ at y(ro;uo) i.e.

) o
YueU!

and since (L2 (Q))n is a Hilbert space, g must be of
the form

g =/1(y(r°;u°)—zid)
for some 4 > 0.

Dividing the inequality (23) by A gives the desired
result. (.

Now Inequality (18) can be interpreted as follows: let
us introduce the adjoint state p(t;uo) by the solution
of the following system

—%(t;u°)+(A*(t) p(t;uo))i =0 iIn QX]O,TO[,
P, (x, 7’ ) = (yi (x,ro)— Z, ) inQ, (24)
p(xt)=0 oan]O,TO[.

As the proof of Theorem 3.1, we multiply the first
equation int (24) by 'y, (t;u)-y, (t; UO) and integrate

by parts from 0 to 7°, we obtain the following iden-
tity:
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IQ(yi (TO;UO)_Zid)(yi (X,TO;U)—yi (X,ro;uo))dx
=[P (0:u")(u—u")dx.

hence condition (18) becomes
Zn:IQPi (%,0:u")(u-u’)dx=0
i=1

YueU!.

(25)

Using controllability condition (14), the backward uni-
queness property implies P, (X,O; u’ ) =0. then the opti-

0

i =¢ and since

(@)
U is strictly convex, then the optimal control is unique.
We have thus proved:

Theorem 3.3. If (8) and (10) are hold, then there exist
the adjoint state

p eW(O,rO)

fpepec o)) 2 (@)

such that the optimal control u’ of problem (12)-(17) is
bang-bang unique and it is determined by (24), (25) toge-

ther with (11) (with u, =u’,i=12,---,n).

mal control is bang-bang, i.e., (u

4. Scaler Case

Here, we take the case where n=2, in this case, the
time optimal problem therefore is

min{t:y(x,t;u)e KZ, u=(ul,u2)euj}

The state y=(y,,y,) is solution of the following
equations

%—Ay] = (X=t)y1 +a]2(X,t)y2
+f, xeQ,t e]O,TO[,

%_Ayz =ay (X’t)yl tay (X,t)y2

+f,, XEQ,tEJO,TO[,
Y1(X’0):u10(x)’ yz(x,O):ug(x),
xeQ, y (xt)=y,(xt)=0,
XeF,teJO,TO[,

with
ay (x,1),i, j =1,2 are positive functions in L~ (Q),}
Alay)=2, A(ay)=2.

The adjoint is solution of the following equations
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0
B syt
+f, xete]o[,

0

+1,, XEQ,'[E:|O,T0|:,
pl(x,r‘)):(yl<x,r°)—zld), xeQ,
pz(x,ro):(yz(x,ro)—zzd), xeQ,
p (xt)=p,(x,t)=0, xal“,te]o,ro[.

The maximum condition is

1T TPy (6 0)(u, —u? )+ py (%,0)(u, ~u?)awat > 0
vu=(u,u,)eU;.

5. Comments

We note that, in this paper, we have chosen to treat a
special systems involving Laplace operator just for
simplicity. Most of the results we described in this paper
apply without any change on the results to more general
parabolic systems involving the following second order
operator:
b, ()2 —+ b, ()2 +b
L) = 00 ()5 30, ()54t )

i,j=1 j=1 i

with sufficiently smooth coefficients (in particular, by,

b,, b, e L”(Q).b;,b, >0 ) and under the Legendre-
Hadamard ellipticity condition

n n
Z’7i’7j 2 UZUi V(X,t) €Q,
ihj=l i1

forall 7, €'R and some constants o > 0.

In this case, we replace the first eigenvalue of the
Laplace operator by the first eigenvalue of the operator
L (see[12]).

In this paper, we have chosen to treat a co-operative
parabolic system with Dirichlet boundary conditions. The
results can be extended to the case of nxn co-
operative parabolic system with Neumann boundary
conditions: if we take H'(Q) instead of H,(Q), we
have to replace the Dirichlet boundary conditions
y; =0,p, =0 on the boundary by Neumann boundary

. - op; .
conditions %=o,ﬂ=0, where v is the outward
ov ov
normal.
The results in this paper carry over to the fixed-time

problem ([1] chapter 3).
minimize i.in (x,Tsu)—2z;4 (X)|2 dx, T fixed,
i1
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subject to (11) [except in the trivial case where
Zy (X) =V, (xT;u) Vi=1,2,---,n for some admissible
control u]. This can be proven in an analogous manner,
as the necessary and sufficient conditions for optimality
for this problem coincide with (11), (16) and (25) (with
u=u’i=12,-,n).
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