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ABSTRACT 
Soil heat flux is an inseparable component of the surface energy balance. Accurate estimation of regional soil 
heat flux is valuable to studies of meteorology and hydrology. Conventional measurement of using soil heat flux 
plates at the site scale is impractical to estimate large-scale flux. Other approaches generally require soil tem-
perature to be measured in at least two soil layers, which is also difficult to implement at the regional scale. In 
the last decade, single-layer based approaches were developed to fulfill the regional requirement. This study used 
a simple but more general approach for estimating soil heat flux solely with surface temperature. The general-
ized approach can be conditionally linked to two existing single-layer based approaches but has fewer restric-
tions or assumptions. Error analysis revealed that measurement error in surface temperature would have limited 
effects on soil heat flux estimated from the new approach. Model simulations showed that soil heat flux estimated 
from the approach agreed with those simulated from the heat transfer equation. Furthermore, case examinations 
at two sites with contrasting climate regimes demonstrated that the generalized approach had better perform-
ance than the existing single-layer approaches. It achieved the highest correlation of determination and the low-
est mean, standard deviation, and root mean squared error of the differences between the estimates and the field 
measures at either site. The generalized approach can estimate soil heat flux at a depth but it requires only sur-
face temperature data as input, which is an advantage to remote sensing applications. 
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1. Introduction 
In daytime, solar radiation warms the land surface. Ex- 
cept for evaporation loss and turbulent heat exchange 
with air, a part of this heat is transferred into the soil. 
Soil heat is an inseparable component of surface energy 
balance and becomes a major term in the under-story 
energy budget at night [1]. Accurate estimation of soil 
heat flux is highly valuable for studies in a number of 
fields, including meteorology, hydrology, and agriculture.  

Soil heat flux plates can be used to determine soil heat 
flux at a site scale. The accuracy, however, is affected by 
the embedded depth of the plate, the thermal property  

variation of the soil, and the upward migration of water 
[2-4]. Various approaches have been developed to esti- 
mate soil heat flux, including those based on the rate of 
soil heat storage change [5] and those that calculate sur- 
face soil heat flux as the residual of the energy balance 
equation or as a ratio of net radiation [6]. Another ap- 
proach involves direct or indirect application of the Fou- 
rier’s law. Directly, soil heat flux is calculated from the 
temperature gradient using multi-layer observation data 
[7-10]. Alternatively, the Fourier’s law can be coupled 
with the heat transfer equation to obtain a solution. Li et 
al. [11], Tanaka et al. [12], and Yang and Wang [13] 
derived profiles of soil moisture and temperature from 
the heat flow equation and then integrated these profiles  *Corresponding author. 
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to parameterize soil heat flux. However, most approaches 
have several shortcomings when estimating soil heat flux 
at a large scale. First, soil temperature must be measured 
in no less than two layers. Second, the empirical formu- 
lations adopted in conventional approaches generally 
have spatial and temporal limitations and thus are diffi- 
cult for practical use in other areas [14,15]. In general, 
such shortcomings do not allow the existing approaches 
to be used for regional estimation. 

Single-layer based approach was developed to fulfill 
the regional requirement. Horton and Wierenga [5] de- 
scribed an approach to determine soil heat flux at differ- 
ent depth only from the upper boundary temperature, based 
on Van Wijk’s Fourier series [16]. This approach can be 
used to estimate soil heat flux at regional scale [17]. The 
key to the approach is the determination of the harmonics 
number in expressing soil temperature. The determina- 
tion often requires performing a Fourier series analysis of 
in situ data of temperature, which is not easy to imple- 
ment for long-term large-scale monitoring in practice. In 
recent years, Wang and Bras [18] used a half-order de- 
rivative solution of the heat flow equation and proposed a 
method to estimate soil heat flux using time series data of 
soil temperature at the corresponding depth. It performed 
well in estimating ground or soil heat flux [18-22]. Nota- 
bly, the approach requires soil heat flux being estimated 
from the soil temperature at the same depth. This require-
ment may become a disadvantage for estimating heat 
flux at a depth different from the used soil temperature. 

Satellite remote sensing now provides routine retriev- 
als of land surface temperature (LST) at a global scale 
[23,24]. For better use of surface information, we gener- 
alized a simple approach to estimate soil heat flux, based 
on the heat transfer equation and Duhamel’s integral. The 
approach uses only surface temperature to estimate soil 
heat flux at a depth. Through mathematical analysis, con- 
ditional linkages were established between the general- 
ized approach and the existing single-layer based ones. 
Simulation work and error analysis were also performed 
to demonstrate the robustness of the approach. Field ob- 
servation data were then used to verify and compare these 
approaches. At last, the strength and weakness of each 
approach were discussed for their possible application to 
large-scale monitoring of soil heat flux. 

2. Methodology Development 
Based on heat transfer equation, the Duhamel’s integral 
is used to derive a simple approach for estimating soil 
heat flux from surface temperature. Its linkage to the 
existing single-layer based approaches is then established. 
Error analysis is further applied to test the robustness of 
the approach in regard to surface temperature measures. 

2.1. Derivation of a Simple Approach for  
Estimating Soil Heat Flux from Surface  
Temperature 

For a semi-infinite solid, bounded by a surface (z = 0) 
with extension to infinity in depth z, given a uniform 
initial temperature (T0) profile throughout the entire soil 
layer, the heat transfer process in the soil system can be 
described as 
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where a  is thermal diffusivity, T is soil temperature at 
depth z, and ( )sT t  is surface soil temperature varying 
with time. We set *

0T T T= − , and Equations (1) is sim-
plified to 
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This is a heat conduction problem with boundary tem-
perature continuous in time. Such a problem can be solved 
with Duhamel’s theorem [25]. According to the theorem, 
if ϕ(x, t) is the response of a linear system with a zero 
initial condition to a single, time-invariant non-homo- 
geneous term with magnitude of unity (referred to as the 
fundamental solution), then the response of the same 
system, ( ),x tψ , to a time-varying non-homogeneous 
term with magnitude B(t) can be obtained from the fun-
damental solution according to, 
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where 0tB
=

 is the value of B at time zero and B must 
be continuous in time. 

Likely, the solution of Equations (2) and (3) is given 
as 
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where τ  is the integral variable, ϕ(z, t) is the solution 
of the heat conduction problem with zero initial condi-
tion and a unity, time-invariant surface boundary tem-
perature, 
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0 for 0, 0t zϕ =    = < ,          (5b) 

0  for 0,t zϕ =   > → −∞ ,         (5c) 

1 for 0, 0.t zϕ =     > =           (5d) 

Since ϕ(z, t) is easy to solve using the separation of 
variables technique [26,27], we then have 
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Substituting Equation (6) into Equation (4), we get 
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With the initial surface temperature  
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Resetting variable *
0T T T= − , subsequently we have 
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According to the Fourier’s law, soil heat flux (G) is 
proportional to the gradient of soil temperature (T), taking 
downward heat transfer as positive, 
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Combining Equations (9) and (10), we then get vertical 
soil heat flux 
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where ( )sT τ  is surface soil temperature, τ is the inte-
gration variable, k is the heat conductivity (J∙m−1∙s−1∙K−1), 
and Cs is the volumetric heat capacity of soil ( )sC k a= . 
With Equation (11), we can estimate soil heat flux at any 
depth only from time series data of surface temperature 
when soil thermal properties are known. 

In the following analysis, we make inferences to es-
tablish the linkages of Equation (11) to the existing 
singe-layer approaches. One is by Wang and Bras [18] 
(hereafter referred to as W-B approach), and another is  

by Horton and Wierenga [5] (hereafter referred to as 
H-W approach). 

If the soil at depth 0z  is set to be the upper boundary 
of the soil system, ceteris paribus, Equation (11) is ex-
panded as 
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where ( ),G z t  is soil heat flux at a deep layer below 

0z , and ( )0 ,T z τ  is soil temperature at 0z . This means 
that the soil heat flux below can be obtained from time 
series of soil temperature at a certain depth. Inferentially, 
from Equation (12) soil heat flux at depth z is expressed 
as the integration of soil temperature at the same depth 
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Equation (13) is identical to that in the W-B approach, 
which was deduced with a half-order derivative/integral 
operator [18]. 

In the H-W approach, surface temperature is assumed as 
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where onC  is the amplitude of the nth harmonic of sur-
face temperature, and onβ  is the nth phase constant. 
From Equation (8), we may have 
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Substituting Equation (14) into Equation (16), reset-
ting variable *

0T T T= − , we may get 
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Likely, from Equation (10) we get 
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The second terms in (17) and (18) are transient processes. 

When time t → ∞ , they approach zero, leaving the first 
term which is a series with steady oscillation of periods  
2π
nω

 [27]. In this case, Equation (18) becomes 
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(19) 
This is identical to the equation used in the H-W ap-

proach [5]. 
It is clear that Equation (13) is a derivative form of 

Equations (11) and (19) can be derived from Equation (9). 
In general, Equations (13) and (19) are derivatives of 
Equation (11). In this way, the generalized approach is 
linked to the W-B and the H-W approaches. 

2.2. Error Propagation of Temperature Measure 
in the Generalized Approach 

In regard to error propagation in Equation (11), if a Ts 
measure is supposed to be with both systematic and ran-
dom errors, it can be described as follows 

,s meas s s sT T T Tδ= + ∆ + ,         (20) 

where ΔTs denotes systematic error (K) and δTs is ran-
dom error (K). ΔTs may be constant or variable. Given 
that surface measures has a relative accuracy of A 
( ( ),s meas s s s sA T T T T T= − = ∆  and |A| ≤ 1% in most 
cases), we may have 

s sT AT∆ = .             (21) 

Further incorporated with Equation (11), we have  
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Since the last component in Equation (22) is an im-
proper integral, we get 
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Based on the First mean value theorem for integration, 
there exists a value ( )0, tξ ε∈ −  such that 
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where Δt is time interval of Ts measures, N is the total 
number of measurements. From Equations (22)-(24), we 
get  
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It is clear that Gest is affected by a systematic compo-
nent AG and a random component  
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error, its mathematical expectation ( ) 0iE Tδ = . When N 
is large enough, the random component approaches zero. 
Providing that temperature measure has a relative error 
of 1% (approximate 3 K), it would result in 1% error in 
Gest. Therefore, it is expected that errors in surface tem-
perature measure would have limited effects on the esti-
mated soil heat flux. 

3. Validation 
Both model simulation and field observation were used 
for validation to test the generalized approach. Soil heat 
flux estimated from Equation (11) was compared with 
that simulated using heat transfer equation (Equations (1)) 
and heat flux equation (Equation (10)). Furthermore, the 
generalized approach was compared with the W-B ap-
proach and the H-W approach using field measures at 
two contrasting climate regimes. 

3.1. Numerical Simulation 
As did in Wang and Bras [18], numerical model of 
Equations (1) and (10) was established to test the gener- 
alized approach. To be representative for common soil 
materials, the coefficients, a used in Equation (1) and k 
and Cs used in Equations (10) and (11), were set to be 7.2 
× 10−7 m2∙s−1, 1.0 W∙m−1∙K−1, and 1.4 × 106 J∙m−3∙K−1, 
respectively. Given a function of Ts, surface soil heat  
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fluxes can be subsequently calculated at a depth, for ex-
ample, 5-cm. Meanwhile, Equation (11) was applied to 
estimate soil heat flux at the corresponding depth. 

3.2. Case Examination 
We used field data measured at two observation stations. 
Both sites are in China. The Shouxian site (32.55˚N, 
116.78˚E) is in a humid monsoonal climate, and the 
Changwu site (35.2˚N, 107.8˚E) in a semi-arid climate. 
At Changwu, soil temperatures were measured at 2, 10, 
20, and 40 cm depths, and soil heat flux was measured at 
5 cm depth. At Shouxian, soil temperatures were obser- 
ved at 5, 10, 20, and 40 cm, and soil heat flux was meas-
ured at 1 cm. Surface soil temperatures were measured 
with an infrared thermometer installed on a flux tower at 
each site [28,29]. The infrared thermometers were cali-
brated with an accuracy of ±2 K (one Standard Devia-
tion), roughly 0.7% in relative accuracy. All the data 
were 30-min mean values. In this study, two-week ob-
servation data were selected at each site for the period 
when soil heat flux had large variations. This is, from 
10-24 August 2003 at Shouxian, and from 15-29 July 
2004 at Changwu. 

The generalized approach, the W-B approach and the 
H-W approach were respectively used to estimate soil 
heat flux at 1 cm depth for Shouxian and at 5 cm depth 
for Changwu. The coefficient kCs used in Equations (11) 
and (13) was estimated following Wang and Bras [18]. 
The thermal diffusivity a used in Equations (11), (13) 
and (19) was estimated from soil temperature measure-
ments using the arctangent approach [30]. 

The generalized approach (Equation (11)) requires only 
surface temperature. On the other hand, the W-B approach 
(Equation (13)) requires soil temperature data at the depth 
same as that of soil heat flux. Since the data were un-
available, cubic-spline interpolation approach was used to 
obtain soil temperature at the depth where soil heat flux 
was measured [1,31]. At Shouxian, T1cm was interpolated 
from the temperature data measured at 0, 5, 10, 20, and 
40 cm depths. At Changwu, T5cm was interpolated from 
the temperature at 0, 2, 10, 20, and 40 cm depths. Fol-
lowing Wang and Bras [18] and Hsieh et al. [22], we set 
the initial values of a soil temperature profile to be uni-
form and the starting time of integration in Equations (11) 
and (13) to be the time when soil heat flux was close to 
zero. 

The H-W approach requires a harmonics number and 
several coefficients used in Equation (19). To achieve 
satisfied results, the harmonics number was set to be 6 
[32], and the coefficients onC  and onβ  were used, not 
for the whole observation period, but for every 24-hour 
period in this study. Fourier series analysis was applied 
to surface temperature data in order to obtain the coeffi-
cients [17]. 

4. Results and Discussion 
4.1. Validation of the Generalized Approach 
Results demonstrated that surface soil heat fluxes esti-
mated from Equation (11) agreed well with that simu-
lated from the heat transfer model (Figure 1(a)). The es-
timated and the model simulated fluxes had a high coef-
ficient of R2 = 0.99 (p < 0.001) (Figure 1(b)), with a dif-
ference of 2.2 ± 0.8 W∙m−2 (one S. D.) and a Root Mean 
Square Error (RMSE) of 2.3 W∙m−2. It confirmed that the 
generalized approach is comparable to the numerical solu-
tion of the heat transfer equation. 

Figure 2 illustrates the environmental variations in 
terms of precipitation and solar radiation at Shouxian 
(Figure 2(a)) and Changwu (Figure 2(b)). At the Shou- 
xian site, solar radiation was generally lower than 200 
W∙m−2 during rainy periods and reached over 800 W∙m−2 
in the later sunny days. At Changwu site, it was generally 
sunny and solar radiation reached over 1200 W∙m−2 in 
this period. 

Figure 3 shows the temporal variations of soil tem-
perature by depth at Shouxian (Figure 3(a)) and Chang- 
wu (Figure 3(b)). The average soil temperature was gen-
erally higher than 25˚C at Shouxian. Soil temperature 
showed the larger variation at Changwu than at Shou- 
xian. 

Figure 4 shows the temporal variations of soil heat 
flux (black line) observed by heat-flux plate at 1-cm depth 
for Shouxian (Figure 4(a)) and 5-cm depth for Changwu 
(Figure 4(b)). The overall average soil heat fluxes were 
−2.6 W∙m−2 and 1.3 W∙m−2 at the two sites during the 
observation periods. The overall average diurnal ampli-
tudes were 44.5 W∙m−2 and 122.9 W∙m−2, respectively. In 
daytime, the soil heat flux was generally higher at the 
Changwu site than at the Shouxian site. 

The soil heat flux estimates from Equation (11) (blue 
dot) basically agreed well with the observed values at 
both sites (Figure 4). At Shouxian, the estimated values 
from Equation (11) agreed with the observed values (R2 
= 0.92) (p < 0.001) (Figure 5(a)), with a difference of 
0.17 ± 4.9 W∙m−2 (Table 1). The RMSE was 4.9 W∙m−2. 
At Changwu, the estimates from Equation (11) agreed 
with the observed values (R2 = 0.89) (p < 0.001) (Figure 
6(a)), showing a difference of 0.0 ± 13.4 W∙m−2, with a 
RMSE of 13.3 W∙m−2 (Table 1). Clearly, Equation (11) 
showed comparable performance in estimating soil heat 
flux at both Shouxian with a humid monsoonal climate 
and Changwu with a semi-arid climate. 

4.2. Comparative Analysis of Three Approaches 
The estimates of soil heat fluxes from the proposed, the 
W-B, and the H-W approaches are shown in Figure 4. 
The values from the proposed method Equation (11) 
were indicted with blue dot. The values from the W-B  
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(a) 

 
(b) 

Figure 1. Comparison of soil heat flux simulated from the heat transfer model and that estimated from the proposed equation 
(Equation (11)). (a) Time series of the model simulated and the estimated soil heat fluxes; (b) The model simulated versus the 
estimated soil heat flux. 

 
approach were in red line and from the H-W approach in 
olive-line forms. The temporal variations of the observed 
and estimated soil heat flux are the evidence that all the 
three approaches agreed with the observation. The scatter 
plots of the estimated against the observed values con-
firmed the agreements (Figures 5 and 6). The values 
were distributed around 1:1 line. The slopes of regression 
lines were quite close to unity. 

Among the three approaches, the proposed method 
showed best performance for both sites. The regression 
equations between the estimated values by Equation (11) 

and the measured values were 1.00 0.18est obsG G= +  for 
Shouxian and 1.00 0.0est obsG G= −  for Changwu. It had 
the highest correlation coefficient R2 and the lowest mean, 
S.D. and RMSE among the three approaches for both 
sites (Table 1). 

The W-B approach performed well at Shouxian site 
(Figure 5(b)) but was less effective at Changwu. At 
Shouxian site, it had a difference to the observed values 
by 0.39 ± 5.1 W∙m−2. The R2 value was 0.92 (p < 0.001) 
and the RMSE was 5.2 W∙m−2, very close to that by the 
generalized approach. At Changwu site, the difference    



P. P. LU  ET  AL. 

OPEN ACCESS                                                                                         ACS 

35 

 

 
(a) 

 
(b) 

Figure 2. Environmental variations in terms of solar radiation and precipitation during the observation period at Shouxian (a) 
and Changwu (b) of China. 

 
was −3.33 ± 27.5 W∙m−2. The R2 value was low by 0.67 
(p < 0.05), and the RMSE value was 27.7 W∙m−2, more 
than two times of that by the generalized approach. 

The H-W approach did not perform as well as that by 
the W-B approach at Shouxian. It had a difference to the 
observed values by 1.80 ± 14.2 W∙m−2. The R2 value be-
tween the estimates and the measures was 0.57 and the 
RMSE was 14.6 W∙m−2. On the other hand, it achieved 
good performance at Changwu with a difference of -1.3 
± 18.5 W∙m−2, a R2 of 0.83 (p < 0.01) and a RMSE of 
18.7 W∙m−2. It showed better performance than the W-B 
approach at Changwu. 

4.3. Evaluation of Three Approaches 
From section 2.1, it is clear that the W-B approach and  

the H-W approach are derivative forms of the general-
ized approach. However, comparative analysis revealed 
the approaches showed different performance in estimat-
ing soil heat fluxes at either testing sites. In the section, 
we will make further analysis to investigate what should 
account for the differences in estimation. 

The generalized approach achieved a high agreement 
with the observed soil heat flux. The errors in the estima-
tion can be related to the measurement errors in land 
surface temperature and soil heat flux, the estimation of 
the coefficients representing soil thermal properties, and 
the assumptions used in derivation of the generalized 
approach as well. In the derivation of Equation (11), we 
assumed soil to be homogeneous and no internal heat 
sources exist. Homogeneity assumption requires soil ther- 
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Figure 3. Temporal variations of soil temperatures by depth at Shouxian (a) and Changwu (b) of China during the observa-
tion periods. 

 
mal properties, including heat conductivity k, heat capac-
ity Cs and/or thermal diffusivity a, be invariant in space 
and time. In the present study, we used the same values 
for all the approaches. Our results showed that the esti-
mated k, Cs and a values were relatively constant for dif-
ferent layers at Changwu or Shouxian. Consequently, the 
differences between different approaches were unlikely 
related to the homogeneity assumption and estimation 
errors in the coefficients. 

The W-B approach achieved comparable results to the 
generalized approach at Shouxian site, but less compara-
ble results by a difference of −0.69 ± 14.1 W∙m−2 at 
Changwu site. The difference between the generalized 
approach and the W-B approach was that the later re-
quired soil temperature to be measured at the same depth 
as that of the estimated soil heat flux. This is generally 

unavailable at a large scale, and its application is thus 
limited to cases when estimating soil heat flux on surface. 
In the present study, soil temperature data were unavail-
able at the same depth as the soil heat flux measurement 
at either Shouxian or Changwu. Thus, the cubic-spline 
interpolation approach was used to obtain the required 
soil temperature. The statistically-based approach may gen-
erate errors in the interpolated temperature. For example, 
in the case of Shouxian, the vertical distribution of soil 
temperature was relatively stable within a relatively nar-
row range of temperature during the observation period. 
Figure 7(a) shows a one-day case. In the case of Chang- 
wu, surface soil temperature had a relatively large varia-
tion within a relatively wide range of temperature. The 
large fluctuations tended to increase the errors in the in-
terpolated temperature compared to that at Shouxian (Fig- 
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Figure 4. Temporal variations of soil heat fluxes observed (black line) and estimated from the generalized approach (blue 
dot), the W-B approach (red line) and the H-W approach (olive line) at a depth of 1-cm at Shouxian (a) and 5-cm at Changwu 
(b) of China during the observation period. 

 
ure 7(b)). The interpolation errors were responsible for 
the resulted errors in soil heat flux, especially at Chang- 
wu. 

Compared the generalized approach, the H-W approach 
did not achieve satisfactory results at Shouxian as it did 
at Changwu. Its difference to the generalized approach 
was that it assumed soil temperature and soil heat flux 
varied harmonically with time. This hypothesis is not al-
ways fulfilled, particularly in regions where abrupt wea- 
ther change occurs within a short time, for example, dur-
ing the crossover of a cold front [33]. Furthermore, the 
H-W approach requires determination of harmonics 
number. Although it was declared that any periodic varia- 

tion could be well simulated if the number was large 
enough, in practice only limited number can be used and 
this would inevitably introduce errors, sometimes quite 
large, in estimation. In the present study, we used six har- 
monics, which was quite high to estimate soil heat flux 
for every 24-hour period. In addition, the coefficients in 
Equation (19) need to be estimated using the Fourier se- 
ries analysis. The errors in the coefficients can also result 
in the errors in the estimation. Overall, the combined ef- 
fects may produce large errors in estimated soil heat flux. 
An indirect evidence was that there existed a difference 
between the interpolated temperature and the temperature 
using the harmonic expression (Equation (14)) by −0.2 ±  
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Figure 5. Comparison of observed soil heat flux against 
estimated values from the generalized approach (a), the 
W-B approach (b), and the H-W approach (c) at a depth of 
1-cm at Shouxian of China. 

 
Figure 6. Comparison of observed soil heat flux against 
estimated values from the generalized approach (a), the 
W-B approach (b), and the H-W approach (c) at a depth of 
5-cm at Changwu of China. 
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Table 1. Statistical differences between the observed soil 
heat flux against the estimated values from the generalized 
approach, the W-B approach and the H-W approach at 
Shouxian and Changwu of China. 

 The generalized 
approach 

The W-B  
approach 

The H-W  
approach 

Shouxian  
(N = 680) 

R2 0.92 0.92 0.57 
Mean 0.17 0.39 1.80 
S.D. 4.9 5.1 14.2 

RMSE 4.9 5.2 14.6 

Changwu  
(N = 720) 

R2 0.89 0.67 0.83 

Mean 0.00 −3.33 −1.3 
S.D. 13.4 27.5 18.5 

RMSE 13.3 27.7 18.7 

 

 
Figure 7. Diurnal variation in profile of soil temperature at 
Shouxian (a) and Changwu (b) of China. The circles indicated 
the temperature calculated by the cubic-spline interpolation 
approach. 

 
0.7˚C on average at a depth of 1 cm at Shouxian. The 
difference generated the discrepancy between the soil 
heat fluxes estimated from the W-B approach and the 
H-W approach by −3.0 ± 13.4 W∙m−2. Figure 8 illus-
trated the statistical relationship between the tempera- 

 
Figure 8. Statistical relationships between the temperature 
difference and the soil heat flux difference at a depth of 
1-cm at Shouxian of China. The temperature difference 
refers to the difference between the values calculated from 
the cubic-spline interpolation approach and that from the 
harmonic equation (Equation (14)). The soil heat flux 
difference refers to the difference between the values esti-
mated by the W-B approach and by the H-W approach. 

 
ture difference and the soil heat flux discrepancy. One 
degree temperature difference could produce approxi- 
mate 10 W∙m−2 at the site. Therefore, use of the cubic- 
spline interpolation should be with caution to obtain in- 
ner soil temperature for the H-W approach. 

In general, all these approaches can be used for esti- 
mating soil heat flux using single-layer data. The gener- 
alized approach is superior to the W-B approach and the 
H-W approach in that it has less restrictions and assump- 
tions but higher overall accuracy. The approach can es- 
timate soil heat flux at any depth but it requires only sur- 
face temperature data as input, which appears to be an 
advantage to remote sensing applications. Even errors in 
temperature measure make limited effects on soil heat 
flux estimates, yet it faces difficulty when applied to sat- 
ellite remote sensing. One of the difficulties is that it is 
difficult for remote sensing to accurately estimate K, Cs, 
or a. While the present study is validated at in situ scale, 
further extensive investigation is necessary for expanding 
its application to large scale. 

5. Conclusions 
The Duhamel’s theorem was used to derive Equation (11) 
for estimating soil heat flux at any depth solely from time 
series of surface temperature measurements. This equa-
tion can be extended to estimate soil heat flux below a 
given depth if soil temperature at that depth is known. 
The W-B approach is a derivative form of the generalized 
approach. With temperature expressed with harmonic 
equation, we also derived the H-W approach from the 
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generalized approach. Of all these approaches, the gener- 
alized approach offers a way with less restriction and 
assumptions to estimate soil heat flux. 

Error analysis revealed that measurement errors in sur- 
face temperature would have limited effects on soil heat 
flux estimates from the generalized approach. Model 
simulation showed that soil heat flux estimated from the 
generalized approach agreed quite well with the simu- 
lated from heat transfer equation. Furthermore, case ex- 
aminations demonstrated that it achieved best perform- 
ance at two observation sites with contrasting climate 
regimes. The W-B approach achieved better results at 
Shouxian, and the H-W approach did better at Changwu. 
The error sources were related to the assumptions and 
estimation errors in the coefficients used in each ap- 
proach. In general, Equation (11) was recommended for 
practical use in estimating soil heat flux. Further investi- 
gation is necessary if the approach is applied at a large 
scale. 
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