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ABSTRACT 

Recently Elliott studied the distribution of primes in arithmetic progressions whose moduli can be divisible by high- 
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1. Introduction and Main Results 
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and 1 10, ,M M  be positive real numbers such that 
1

5
1 10 6 10and 2 , , 2 .Y M M X M M X        (5) 

For  define 

   

where is the Möbius function. Then we define 
the fu

1, ,10j  

 
 

1, if 2, ,5,

, if 6, ,10,
ja m j

m j


 
 




 

log , if 1,m j 



    (6) 

 n  
nctions 

     
,

j

j
j s

m M

a m m
f s

m


  


 ,

,

and 

     1 10, , ,F s f s f s           (7) 

where   is a Dirchlet character, s  a complex 
variable. 

mma 3.1. Let Le  ,F s   be as in (7), and 1A   
0 ,arbitrary. Then for an  and y 1  2 AR X AT X   

 mod
|

32

log

d r

R R
T

 
 

    ) 
1 1

102 2
1 2

2

,

r R r T

cT X X X
d d

   

 
 




  (8

where is an absolute constant independent of 

1
, d

T

F it t    

0c   A , 
but th mplied in  depends on e constant i  .A  

Proof of Lemma 3.1. This lemma with 1d   was 
established in [6], and in this general form We 
mention that in general the exponent 3/10 to 

 [7]. 
X  in the 

  o
ix n value of 

D

second term on the right-hand side is the best possible n 
considering the lack of s th power mea  

irchlet L-functions. 
Now we complete the proof of Lemma 2.2. 
Proof of Lemma 2.2. In (5), we take 

2

5 , .Y x X x   

Define    , ,j ja m f s   and  ,F s   as above. To 
go s identity [8], 
whic   and 

 further, we first recall Heath-Brow
k

n’
2n z  with h states that for any 1z 

1,k   

     
1 2 2

1 2

1 1 2
1

lo
j

j j

k

   1
1 g

j

j j
j n n n n

n n z

n n n
j




 


 

 


k
n    

     


The  for 

. 

n
2

52 2Y x y X x     ,

 ,y   
of which is of t

         
1 1 10 10

1 10

1 1 1 10 10 10
, ,

2

: ,
m M m M

y m m y

a m m a m m 
 

 



 
 

S  

where 



  denotes the vector 1 2  with  10, , ,M M M
jM  as in (5). Obviously some of tervals the in

 , 2j jM M   may contain on using 
mmation form Propo-

sition 5.5 in [1]), and then shifting the contour to the left, 
we have 

ly integer 1. By 
ula with T y  (see Perron’s su  

       

   

1 1 2

1 1

1 2 1 2 1 1 2

1 1 1 2 1 2

21
, d

2
1

.
2

ss
L iy

L iy

iy iy L

L iy iy iy

y y

iy

F s s O L
i s

O L
i






 

 

  

   


 

   



  


 

On usin



S

g the trivial estimate 

     
 

1 10

1 1 1 1
1 2 10

, ,

,

F iy f iy f iy,

M L M M x L   

     
   

   

  
 

the integral on the two horizontal segments above can be 
estimated as 

 
1 2 1 1

31 1
1 102 2

1 2 1 1
max .

L

max ,
L

y
F iy

y

y
x L x y L x L

y  
  

Then we ha








 
  




 

ve 

 

 
1 1

32 2
10

31

102

21 1
, d

12 2
2

1 d
, .

2 1

it it
y

y

y

y

y y
F it t O x L

it

t
y F it x L

t






 





            

     





S

 

 ,F s   does not depend on , we have yNoting that 

 
31

10 11102

2 <

1 d
max , , .

2 1

x

xY y x

t
y L x F it x

t
  



       L

(9) 

hand weOn the other  have 

 
2

max , .
y Y

y Y 


             (10) 

From (9) and (10), we have 

 
 

 
 

 
 

mod

max ,
y xQ Dd

y


 

is a linear combination of  terms, each 
he form 

 10O L
 

2 <mod mod

2
2 52

mod

max ,

d
, .

2 1

d

Y y xd Q Dd d Q Dd

x
d Q Dd

y y

t
L x F it Q Dx

t

 



2
max ,
y Y

1
10 1x

  





 

  






    



   

  





  




 

Copyright © 2013 SciRes.                                                                                 APM 



R. T. GUO 28 

Further let and then we obtain q Dd  

 
 

 

mod

1
212 2

0 1 mod
|

2
2 5 .Q Dx

max ,

1 1
max max , d

1 2

y xd Q Dd

T

TT x R QD q R q
D q

y

L x F it t
T





 









   

    

 

  


 

From Lemma 3.1, we have 

 
 

     

mod

31 1 1

2
2

102 2
1 20 1

2
2

31
1102 22

1 2

2
2 5

41 1
2 52 2

max ,

1
max max

1

1 1

.

y xd Q Dd

c

T x R QD

c

c

y

R R
L x T T x x

T D D

QD QD
L x T x x T

D D

Q Dx

x x Q D x QD L


 



   

 

    
   

      
  



 
   

 

 







 

This completes the proof of Lemma 2.2. 

4. Proof of Lemma 2.3 

Firstly we recall one result of Choi and Kumchev [9] 
about mean value of Dirichlet polynomials. Let 

 and  Let  denote the 
er 

5

21 1

Q Dx

1, 1,m r 
set of charact

,Q r  , ,m r Q
   modul re o mq , whe   is a 

character modulo m  and   is a primitiv
, 

e c acter 
 with 

har
modulo q r q  Q r q  and  q m, 1.  

as fo s. Then the result of Choi and Kumchev states llow
Lemma 4.1. Let 1, 1, 2, 2,m r T N     and 
 , ,m r Q  be a set of characters as described as above, 

Then 

 
   

11

20

, , 2

d ,
T it c

T
m r Q N n N

n n n t N HN L


 


  

 
   


  


 

where c is an absolute constant, 1 2



H mr Q T  and 
plete the log .HN  Now we com  2.3. 

 Lemma 2.3. Let 
L

Proof of
proof of Lemma1

2Y x  and X x . We 
define 

     , .s

Y n X

F s n  

 

   n n

If  satisfies 

w rmula

y

,Y y X                   (11) 

e apply Perron’s summation fo  with T y  (see 
Proposi

       

   

1 2

1
22d ,s O x L

s
  
 

21
, , d

2

2
,

2

ss
b iy

b iy

ss
iy

b iy

y y
y F s s O xy L

i s

y y
F s

i

  





 






 

 
 




 

1 b

where 10 .b L   If we let 0,b   we have 

     1 21
, , d

1

y

y
y F it t O xy

t
   




  .L

Noting that  ,F s   does not depend on , we have y

   
1

22
d

max , , .
1

x

xY y x
it O x L

 
   

 


t
y F

t
 

 


    (12) 

On the other hand we have 

 
1

2

2
max , .
y Y

y Y x 


           (13) 

From (12) and (13), we have 

 
 

 
 

 
 

tion 5.5 in [1]), and then obtain 

 
 

mod

2mod mod

1
2 2

max ,

max ,

d
, .

y xd Q Dd

Y y x y Yd Q Dd d Q Dd

x

y

y

t
F it Q Dx L



 

 

2

mod 1x
d Q Dd t

max ,y     









   

 

 

 

  





 

Further let 


 

q Dd  and then we obtain 

 
 

 
 

mod

1
2 2 22

0 1 mod
|

max ,

1
max max , d .

1

y xd Q Dd

T

TT x R QD q R Dd
D q

y

F it t Q Dx L
T





 









   




 

  


 

Lemma 4.1 = 1 gives that with m 

 
 

112
2

20

mod
|

, d
T c

T
q R Dd
D q

R T
.F it t x x L

D
  

  
 

   


   (14) 

From (14), we have 

 
 

   

mod y xd Q Dd

11 12
2 220 2

0 1

2 11 1
1 2 22

11
220

max ,

1
max max

1

1

.

c

T x R Q

c

y

R T

20c

x x L Q Dx
T D

QD
x T Q Dx L

x x Q D L

 

   



       
 

  
 

 
  

 

 





 

This completes the proof of Lemma 2.3. 

L

L x
D

 

 



 
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5. Proof of Lemma 2.1 

We partition the moduli  as , where the prime 
factor of  not exceed 

qd 1 2qd d

2d KL
ber of

 an of do not. If 
de tes the num  ct prim divisors of 

 and 

d those 
distin

 1d  
e  n  

the integer 
no

n , 2 lt K og log log lx
 

og log x , with  
estimate  ; , ,x q r x q   for 1 4 1 2,   we 

have 

 
 

     
 

 

 
   

     

1
1 2

1

1 2

1 1
; ,

log 1 1

log

g
exp 1 1 l log ,

d x d xd q x
d td t

m

x
x qd r

q d d

x x

x
t o x

q





  



  


 



 

  



which is 

Moreover the corresponding sum, taken over those 
moduli  for which is divisible by the  power 
of some me, 

1

k

1! Kk t mp Lq k p  




  

log g 1lo
k

k t

e K L Ox x

q k 

 
 
 



 

lo
og log

x

  1
.KO q xL    

d
 pri

1d  
 is 

thv
8,v 

       

   

2 2

1 22

1 1

2 log .

K
v

d x p L m x

v

x

q d p

q x x

  



  

 

  



 

1

m

With ,  this is   4 3 log logv K x   

 1
,KxL

   too.  O q

We denote  31
exp log log

2
x

 
 
 

 by .  Arguing 

similarly for    1
; , ,d x q r 

 we have 

 
     

 

1

1

, 1

1
max max ; , ; ,

.

r qd y x
d q x
d

K

y qd r y q r
d

x

q L


 





  







 

We collect together those moduli  with a fixed 
value of  n eeding set 

qd
 and 1d ot exc  1.D qd  

Noting that 

we see from the orthogonality of Dirichlet characters that 

  y D r   
 
 

2

2
, , 1

mod

; , log ,
n y n d
n r D

n O yd
 


    

     

       

     

   
     2

1
2 1

2
2

; , ; ,

g1

y Dd r y D r
d

d y

 


 


 2

mod2 2

1
; , ; ,

1 1
; , ; ,

1

lo
, .

Dd

y qd r y q r
d

y qd r y q r
d d

r y O
Dd d

 


 
 

  
 



    
  

    
 



 

where  denotes that if we factorise '   as 1 2   
defined  mod ,D  defined  the  , 2 2

character 2

mod d n the 
  is not principal. 

In ma
fice to prove that the sum S given by 

order to establish Lem  2.1 it will therefore suf- 

   
   1

1 22 1
mod 1 2

1
max , ,

K y xd Ddd L qd x

y
qd d 

 
  

    

   61 log .
K

q q x x is  For a fixed value of 
 1D qd , we collect togethe

characters 
r those terms involving the 

  induce
character 

d by a particular primitive 
 *

1mod ,D   where 1D D  and 2d . 
Since   and *  differ on at most the integers  for n
which  , 1n D 1   but  2, 1,n Dd   

     * O   2, , logy y Dd   .y

Interchanging summations, 

   
   

 
 

   

1
22 1

1 1

mod 2

mod

1
max ,

1
max | , | .

K y xDdd L qd x

y xD D D

y
Dd

y

 

  

 


 

 






 

  

Here 

2 0 mod 2d Dd 

1KL D x

*

 

   , and the innermost bounding sum 
is   og .D x  We cover the range of 

1
l    with 

adjoining 2Uintervals U   subjec o 
.K KL U L D x

,  tt
1    When  1 2  , by Lemma .2 a 

typical 
2

interval contributes 

41 1 5
52 2

1 1

log loglog
.

x xx
x UD x D

U 
 D

 
  


  

Since 

   1 2 31 2 1 2 1 5
1 1

1
exp log log ,

4
D D qd x x

     
 

 the

whole sum over 

  

  is 

 log log log .x x  

Arguing similarly for 

51 K
D x



9 20  , by Lemma 2.3 the 
whole sum over   is also 5

g log log .
K1 loD x x x


 

Noting that 
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     

     

     

   

1 1

11

1

2

1
2

2
21

61

1

1
1

log log .

d d

p

p

1 log

d

D d

pp
q q

p p

q q q q
p

q q x






 



 






 





 
   
 
 

 
   







 





 

summation over delivers the desired b und on S. 
f of Lem

ic unctions 

Lemma 4.1. Let ,  denote an 
L-function form et character 

D
q q


  

 

1d  o
This completes the proo ma 2.1. 

6. Zeros of Dir hlet L-F

 , ,L s s it  
ed with a Dirichl

 mod , 3, .
p q

q q h p    With  log 3 ,l q t   
define 

  3 41 44.10 log log 2 .h l l     

Then there can be at most one non-principal character 
for which the corresponding L-function has a 
 region 

 mod q  
zero in the 1 .    Moreover such a character 
would be real and the zero would be real and simple. 

, 
[1

Lemma 4.2. Let  be distinct 
e real  so 

Proof of Lemma 4.1. This is Theorem 2 of Iwaniec
0]. 

 mod , 1, 2D j 
v

functions  ,L s

j j

primitive real characters. There is a positi 1c
that at most one of the   formed with 
these characters can vanish on the line segment 

1, t   )   1

1 1 21 logc D D   0.         (15

Proof of Lemma 4.2. This is result of La which 
can be found at Satz 6.4, p. 127, of Prachar [1 ]. 

ndau, 
1

Lemma 4.3. For any modulus ,0 1, 0,D T    let 
 , ,T D  denote the number of zeros, counted with 

multiplicity, of all functions  ,L s
N

  formed with a 
character  mod ,D  that lie in the rectangle 

Re 1, Im .s s T     Then we have 

     12
1

5, , ,N T D DT
   

uniformly for 0 1, 2.T    
Proof of Lemma 4.3. This is m of Heath- 

Brown [12], on p. 249. 
 Theore

7. Proof of Theorems 1.1 and 1.2 

We shall first provide a version of the theorem with 
 ; ,y qd r  in place of  ; , .y qd r  After Lemma 2.1 

ed positive A. 
We employ the repr

it will suffice to establish the boun

     1

lo ,
A

G x q


   

for any fix
esentation 

d 

g x

   

 2

1 4log
log ,

y Dy
O y Dy
 
  

n y T

y
n n E y

T









  

 
 

 
 

valid for all characters  mod D , where ; 2y T 
E  is 1 if   is principal, zero otherwise; i     
runs through all the zeros of  ,L s   in the rectangle 

   0 Re 1, Ims s T    with a ha  disc  lf
   1

4 log 0, Re 0s c D s
    remove

versi
d. Th

o
in Satz 4.6, pp. 232-234 of Prachar [11]. 

is  
givenrepresentation is a slightly modified n of that  

Since  ,L s   has log DT  zeros in the strip 
   0 Re 1, Im 1,s T s T    

 220, 
 cf. Prachar [11], Satz 

3.3, p.

   

1 2

1 2 1
| |

21 2 1 1 2

1
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log log ,

m T m m
T
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y
y D

y Dy m y Dy



 
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     
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



 
  

 
  





 

 

and at the expense of raising 1 4 logy Dy  to 
 2 logy Dy  we may confine the zeros 

21   to the half- 
plane  Re 1 2.s   

of Dirichlet characters From the orthogonality 

   

 
   

 
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21 2

1 2

log ,
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T
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T





 














 

   
 

 

 

where it is understood that the 

; ,D y D r y  


 r n n E y  



 

 i   
with the character 

 are the 
zeros of the L-function formed 

 
  of 

the outer summation. 
We replace  by and average over the interval y  z  

y z y w    with   2
log

A
w y y

   to obtain 

    

 21 2
2

1 2

1
; , d

log .

y w

y
z D r z z

w
D

T

y y y
y Dy

w T



 


 










   
 

 
 

Replacing  in the integrand by  introduces an 
error of 



z y

   
 modn r D

and we may remove the integral averaging: 

log 1 log ,
y n y w

w
w D y w D y

D
 

  

    
 

   

Copyright © 2013 SciRes.                                                                                 APM 



R. T. GUO 31

     
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 
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This bound will be satisfactory for 
Otherwise, we shall employ the crude b

.)log(> 2Axxy  
ound 

   
 log 2

; , 1,y r
D D




   
y yy

D


which is valid for all positive y. With these bounds 
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 
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
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
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holds uniformly for   2 3 42 log ,
A

T x x D x
    .  We 

set 1 2 .T x  
The double-sum does not exceed 

 

 
1

2
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2
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where 






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1   is the largest value of   taken over all 
the zeros i   in the rectangle  

   0 Re 1, Im 2 .s s T  
Supp  for the moment that  and that 

there is no zero that is exceptional in th a 
4.1, then we may take 

 
osing D qd

e sense of Lemm
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
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 

with restriction 5 12 2q x    we have  
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