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ABSTRACT

Most of the researches on profit and cost evaluation of redundant system focus on the effect of failure and repair on
revenue generated. However, as these systems continue to work, their strength gradually deteriorates. Where such dete-
rioration occurs, minor and major maintenance is employed to remedy the deterioration. Little or no attention is paid on
the effect of deterioration on the impact of deterioration and their maintenance on the revenue generated. In this paper,
we study the profit generated of two-stage deteriorating linear consecutive 2-out-of-3 system. Failure, repair and dete-
rioration time are assumed exponential. The explicit expressions of availability, busy period of a repairman and profit
function are derived using Kolmogorov’s forward equations method. Various cases are analyzed graphically to investi-
gate the effect of deterioration parameters such as slow deterioration, fast deterioration, and their maintenance such as
minor and major minimal maintenance on profit generated.
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1. Introduction

During operation, the strengths of systems are gradually
deteriorated, until some point of deterioration failure, or
other types of failures. Minor and major maintenance
policies are vital in the analysis of deterioration and dete-
riorating systems as they help in improving reiability,
availability and the overall revenue generated. Both mi-
nor and magjor minimal maintenance are employed to
check the effect of slow and fast deterioration and return
the system to its state prior to slow and fast deterioration.
Maintenance models assume perfect repair (as good as
new), minimal repair (as bad as old) and imperfect repair
which is between perfect and minimal repair. Many re-
search results have been reported on the reliability of
2-out-of -3 redundant systems. For example, [1], analyzed
reliability models for 2-out-of-3 redundant system are
subject to conditional arrival time of the server. Refer-
ence [2] presented reliability and economic analysis of
2-out-of-3 redundant system with priority to repair and [3]
studied MTSF and cost effectiveness of 2-out-of-3 cold
standby system with probability of repair and inspection,
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while [4] examined the cost benefit analysis of series
systems with cold standby components and repairable
service station. Reference [5,6] examined the cost analy-
sis of two unit cold standby system involving preventive
maintenance respectively. Reference [7] studied the cost
and probabilistic analysis of series system with mixed
standby components while [8] studied cost benefit analy-
sis of series systems with warm standby components
involving general repair time where the server is not
subject to breskdowns. The failure time and repair time
are assumed to have exponentia distribution. Measures
of system effectiveness such as MTSF, steady-state
availability, busy period and profit function are obtained.
[9] studied availability of a system with different repair
options, while [10] evaluated the reliability of network
flows with stochastic capacity and cost constraint. The
problem considered in this paper is different from the
work of [4-6]. In this paper, a linear consecutive 2-out-
of-3 repairable system with two consecutive deterioration
stages (slow and fast) is studied with minor and major
minimal maintenance at slow and fast deterioration re-
spectively. In this paper, a two-stage deteriorating linear
consecutive 2-out-of-3 system was constructed and de-
rived its corresponding mathematical models. The main
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contribution of this paper is two fold. The first is to de-
velop the explicit expressions for system availability,
busy period and profit function. The second is to perform
a parametric investigation of various system parameters
on profit function and capture their effect on the profit
function.

The rest of the paper is organized as follows. Section 2
is the description and states of the system. Section 3
deals with models formulation. The results of our nu-
merical simulations are presented and discussed in Sec-
tion 4. The paper is concluded in Section 5.

2. Description and States of the System

We consider a 2-out-of-3 system with three modes. nor-
mal, deterioration and failure. The deterioration mode
consists of two consecutive stages: dow and fast. It is
assumed that the system transits from normal to slow and
later to fast deterioration with rate o, and o, respect-
tively. It is also assumed that the two consecutive units
never fail smultaneously. Whenever the system deterio-
rate with rate &,, minor minimal maintenance is invoke
with rate z4 to regain the system to its early stage prior
to slow deterioration stage or the deterioration will be
faster with rate o, where magjor minimal maintenance
will be done with rate g, . Unit | fail with rate g, and
is under minimal repair with rate ¢, and unit Il is
switch on. It is assumed that the switch from standby to
operation is perfect. Similarly, unit Il fails with rate £,
and is minimally repaired with rate «,. The system
failed when unit | and Il have failed. The system is at-
tended by one repair man.

States of the System

S: Units | and Il are in operation, unit Il is in st
Standby, the system is operational.

State S : The system is under slow deterioration and
is receiving minor minimal maintenance.

State S,: The system is under fast deterioration and is

receiving major minimal maintenance.
__(ﬂl + 51) H 0
& (Bt m+3,) Hy
T- 0 0, _(ﬂl + ,uz)
By By 0
0 0 A,
| 0 0 0

3.1. System Availability Analysis

For the availability case of Figure 1 using the initial con-
dition in section 3 for this system,
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State S;: Unit | failed and is under repair, units Il and
[l are in operation, the system is in slow deterioration
stage and Operational.

State S,: Unit | failed and is under repair, units 11 and
[l are in operation, the system is in fast deterioration
stage and Operational.

State S;: Units Il failed and is under repair, the sys-
tem failed.

3. Models Formulation

Let P(t) be the probability row vector at time t, then
theinitial conditions for this problem are as follows:

P(0)
=[R(0).R(0)

=[10,0,0,0,0]

P,(0),R(0),R:(0).R(0)]

we obtain the following system of differential equations:

R (t)=—(B+8) R (t)+mR(t) +arRs(t)
R (t)=—(B+m+3,)R(t)
+6,P (1) + 15,P (1) + o, P (1)
B (t)=—(B+ 1) R (t)+ &R () + P (1)
B (t)=—(B,+6,+2a,) B (t)+ AR ()
+ BB (1) + 1P (1) + R ()
P/ (t)=—(B+a+ ) R(t)
+ﬂ1P2(t)+§2P3(t)+a2F35(t)

Ps'( )_ —2a, 5( )"‘ﬂz ( )+ﬂ2P4(t) 1

The differential equations in (1) above is transformed
into matrix as

P =TP 2
where
a, 0 0 |
o 0 0
0 o, 0
(ﬂz +0,+ 20‘1) Hy a,
5, (Botan+i) o
B b —2a,

0)=[R(0),R,(0),R(0),P,(0),R(0),R(0)]

=[1,0,0,0,0,0,0]
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The system of differential equationsin (1) for the sys- tem above can be expressed in matrix form as:

Cl[-(B+e) ﬂl 0 o 0 0 |[R]
at 2 _(ﬂ1+ﬂ1+52) Ho a 0 0 R
AR 5, ~(Arm) 0 2 o ||p
P! B B 0 —(B,+6,+2a)) 1y a, || R
P 0 0 b 0, ~(Boreantu,) o ||R

L 0 0 0 ,Bz ﬂz —20!2__P5_
LR

Let V be the time to falure of the system. The become zero, thus (2) becomes
steady-state availability is given by

A =R () +R(=)+ B (=)+R(=)+R(») (@ TP()=0 @
In steady state, the derivatives of state probabilities ~ which in matrix formis

[—(B,+3,) i 0 o 0 o |[[R] [0
o, _(ﬂ1+/’1+52) Hy a; 0 0 R 0
0 0, —([j’l + yz) 0 o, 0 P, _ 0
B B 0 _(ﬁz +0,+ 20‘1) Hy a, R 0
0 0 B [ ~(otay+1,) @ ([P 0
0 0 0 ﬁz ﬂz —20!2_ _P5_ _O_

using the normalizing condition

we substitute (5) in the last row of (4) following [2,3,5].
Po(ee)+B(0)+ B () + R (0) + Py () + R () =1 (9 Theresulting r('ne)xtrixis @ . ]

(B, +3,) W 0 o 0 ol[R] [0
o _(ﬂ1+x“1+52) My o 0 0|lR 0

0 S, —(Bi+ 1) 0 o 0|k _ 0

B B 0 _(ﬂz +0,+ 20‘1) Hy a, || B 0

b %, _(ﬂz tant i) oy || Ry 0

1 1 1 1 1 1lr] [1]

Expro_n for A, thusis:
A = Nz/Dz
N, = oy, (da ity +Autth + APty + 3B,y + 2 11,5, + 28, Bty + 204 Bty + 2115 + 211,85, + B o1ty
+2 B2 11, + B35, + BBy ) +aoa, (4051#251 + 20,8 1, + 4y2251 + 28,412 + AP0, + 237 1ty + 211,6,0, + 28, Byt
+ 3B, ty0, + 2B, 11,5, + 28,80, + BL B ) + ety ( B Botty + 2B, + 20, 8,5, + 4a,5,8, + 21,5, + 411,5,8, + 2325,
+2B,3,0, + 26,05 + 23,55 +3P,0,6, + 2 B,5,8, + B By + BBr0, ) + @ B, (20 sty + 20185 + Pt pty + 2ty
+ BB + 204 14,0, + 200, 1, + 2,u§51 + 2,81;122 + 28,414,060, + Zﬁlzyz +28,14,0, + 211,0,0, + P 11,0, + Pifo 1ty + B0,
+ BBoS, + o8y + BBy )+ o By (Bottaty + 21411,5, + 2B, 115y + B Byt + 200 B,5, + 4,55, + 21,8, + Pottdy

+20,0,0, + By, + 2ﬂ1252 + .00, + 26,0, + 15,6, + 2ﬂ1522 + ﬁlzﬁz + 251522 + ﬂ1ﬁ2§1)
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D, = 2137 B, 11,8, + B} B,6, + 20, 3 8,6, + 20,0, 155 + A4, 328, + A0, B 11,6, + B o553 + B B3 S5 + B S
+ 20‘2:312522 + 20‘2:313 8, + 60,0, B, 14,0, + 2040, 114 11,0, + ﬁ1ﬂ251522 + BBt 1,6, + 2, B, 14,6,6, + 20‘2/312 40,
+ 20, B s 155, + 204, FE6,8, + 20, ,8,8; + 20, 3,8,6,5, + 40, ,1,6,8, + B3 6,8, + B Bosupty + B Boty6,
+ 20‘2:812/1251 + 2a2ﬂ12ﬁ251 + 20(2/512 Potty + Zazﬁlzxulﬂz + 20‘2/7712:32,“2 + 20‘2/771/“1,“22 + ﬂlﬂZz M0, + Zazﬂlﬂzz o
+ ﬂlﬂZ/uiIJUZZ + ﬂ1ﬂ2ﬂ2251 + ﬂlﬂzz/ﬁﬂz + :Bfﬂzz + ﬂfﬂzﬂz + Zazﬂfﬂz + Zazﬂfﬂz + zazﬂlzluzz + ﬂlzﬁzzxuz + ﬂlzﬁz/"zz
+ ﬂlzﬂzz o+ ﬂlzﬁzz iy + 200, B, B 14,06, + 20, B, B i 14, + alﬂlzﬂzﬂz + 6a1a2ﬂ12:u2 + 3a1a2ﬂ12ﬂ2 + 4051052/“1/122
+ oy, ot + Ao 1156, + 200, 5, + da a, Pty + A0 0,6, + Ao oy i i, + A0 0, 1,6, + 204 8,5,6,6,
+ 20000, B, 14,6, + 60,0, 86,6, + 1 B Py i iy + 4 BB 14501 + 304,01, 3,0,5, + 3040ty o 11,0, + 0,0, By s
+ 30,0, 8, 3,6, + 3040, B, o 1y + 80, B 1y 1, + 30,00, B, 5501 + 30, B B, 1, + By, 14,0,

3.2. Busy Period Analysis

Using the same initial condition in section 3 above as for
the reliability case

P(0)=[R(0),R,(0),R(0),P,(0),R(0),R(0)]

=[1,0,0,0,0,0,0]
_p’_ ]
0' _(ﬁ1+51) H 0
R o _(ﬂ1+/‘ﬁ+52) Ho
Pz’ _ 0 o, _(ﬁ1+/‘2)
P3' A Yo 0
P/ 0 0 By
0 0 0
R

Let V be the time to falure of the system. The

and (4) and (5) the busy period is obtained as follows:

In the steady state, the derivatives of the state prob-
abilities become zero and this will enable us to compute
steady state busy period:

The system of differential equationsin (1) for the sys-
tem above can be expressed in matrix form as:

a, 0 0 |[R]
a, 0 0 ||R
0 a, 0 P,
_(ﬂz +52+2a1) Hy a; R,
S, _(ﬂ2+a1+ﬂ2) a, P,
B> b —2a, || R |

become zero, thus (2) becomes

steady-state busy period is given by

B, = R (o0) + By (c0) + By () + Py (0) + Ry (0)
In steady state, the derivatives of state probabilities

using the normalizing condition

__(ﬂ1+51) H
o ~(Bitm+3,)
0 0,
By B
0 0
| O 0

0

Hy
_(ﬂl + ,”2)
0

By
0

©) TP(x0)=0 (7
which in matrix formis
a, 0 o [[R] [O]
a, 0 0 R 0
0 o, 0 Rl |0
_(ﬁz +0, + Zal) H a || R 0
S, ~(By+ay+m,) @, ||P| |O
yi B, —2a, || F5 | 0]

Py () + B () + P () + Py () + B () + () =1 (8)

__(:B1+51) H
& ~(Bi+1+5,)
0 5,
B B
0 0
i 1 1

Copyright © 2013 SciRes.

we substitute (8) in the last row of (7) following [2,3,5].
The resulting matrix is

0 a, 0 0| PR 0
Hy oy 0 0| R 0
_(ﬂ1+ﬂ2) 0 Q,; 0 P2 _ 0
0 —(B,+6,+2a)) Ly a, || P, 0
i o, —(ﬂ2+a1+,u2) a, || B 0
1 1 1 1|R] [1]
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In the steady state, the derivatives of the state prob-
abilities become zero and this will enable us to compute
steady state busy:

B(o0) =1-Ry (=)

The steady state busy period B(w«) istherefore:

N;

B(oo):F2

N; =, (4051#251 + 20, Bty + M8, + 2B 2 + BP0, + 237 1ty + 214,8,8, + 23, Bolty

+30,14,0, + 2B, 14,0, + 28, 8,0, + ﬂlz,b’z ) +aa, (ﬂlﬂz,ul + 28,146, + 20, 3,6, + 40,0,0, + 28, 14,0, + 411,6,0, + 2ﬂ1252
+2,8,8, + 26,53 + 2,55 +3B,6,6, + 2B,5,8, + B By + B0, ) + By (20 st 1ty + 24113 + Bttty + 2Bty + BBt
+201, 14,0, + 20, By 11, + 2/12251 + Zﬂl,uz2 +28,14,0, + Zﬂlz,u2 + 2, 14,0, + 211,0,0, + B 14,0, + BB, 14y + P01 + B0,
+8,5,0, + B By ) + o By ( Bottipty + 21,8, + 23,118, + Bty + 200, B,5, +40u5,8, + 2B, 11,5, + oty + 214,6,5, )
B Botty + 225, + Br5:8, + 2B,5,5, + BsS, + 28,57 + BB, + 26,57 + BB, ) + By (cuButts + Buotty + Bt

+ Bty + 25, 10,0, + B,0, + Botutly + PithOr + 214,0,6, + ,81522 +a, 0, + ,81252 + 1,0, + o pu i, + B 11,0,

+ B0, + POy + Bod,O, + 0,0y + 0,05 + Bt + Bty + B, + iupis + 156, + 20,6,5, + a1ﬂ251)

3.3. Profit Analysis

The system/units are subjected to minor and major mini-
mal maintenance and corrective maintenance at failure as
can be observed in states 1, 2, 3, 4, and 5. From Figure 1
the repairman is busy performing corrective maintenance
action to the units/system at failurein states 1, 2, 3, 4 and
5. According to [1-3], the expected profit per unit time
incurred to the system in the steady-state is given by:
Profit = total revenue generated — accumulated cost
incurred due maintenance/repairing the failed units.

PF =C,A(x0)-C,B(x) 9)
where PF, : isthe profit incurred to the system.

C,: isthe revenue per unit up time of the system.
C,: isthe cost per unit time which the system is under

repair.
4. Results and Discussions

In this section, we numerically obtained the results for
mean time to system failure, system availability, busy

Figure 1. Transition diagram of the system.

Copyright © 2013 SciRes.

period and profit function for all the developed models.
For the model analysis, the following set of parameters
values are fixed throughout the simulations for consis-
tency:

£ =01,5=02,0,=04,0,=01,6,=0.1,

§,=01, 4, =03, u,=04,C, =50,000,C, =10,000

Theimpact of &, on profit can be observed in Figure
2. From this figure it is evident that the profit decreases
as o, increases while in Figure 3, the increases with
increase in 4. Similar results can be observed in Fig-
ures4 and 5 of profit with respectto 6, and ,.From
these figures, the profit decreases as ¢, increases and
increases with increase in u,. Results of profit with
respect to S, is given in Figure 6. It is evident from
Figure6that as S, increases, the profit decreases while
from Figure 7, the profit increases with increase in ¢ .
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Figure 2. Effect of &, on Profit.
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5. Conclusion

In this paper, we constructed a two-stage linear consecu-
tive 2-out-of-3 system to study the impact of deteriora
tion and maintenance on the generated profit. Explicit
expressions of steady-state availability, busy period and
profit function were derived. We performed numerical
investigation to see the effect of slow deterioration, fast
deterioration, minor minimal maintenance, major mini-
mal maintenance, failure and repair rates on the gener-
ated profit. It is evident from the results obtained that
repair rate, minor minima maintenance rate and major
minimal maintenance rates increase the profit generated
while slow deterioration, fast deterioration and failure
rate decrease the profit. It is evident from the results ob-
tained that deterioration makes a tremendous effect on
the generated revenue (profit).
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