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ABSTRACT

In this paper we focus on the initial value problem of a hyperbolic-elliptic coupled system in multi-dimensional space of
a radiating gas. By using the method of Green function combined with Fourier analysis, we obtain the pointwise decay

estimates of solutions to the problem.
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1. Introduction
In this paper we consider the initial value problem

u, +a-Vu’ +divg=0, xeR",t>0,
xeR",t>0, (1.1)

xeR",

-Vdivg+q+Vu =0,
u(x,O) =u, (x),

here aeR" isa constant vector, u =u(x,7) and
q=(4,,-,4,)(x,t) are unknown functions of
x=(x,x,)eR"(n>1) and ¢>0. Typically, u,q
represent the velocity and radiating heat flux of the gas
respectively.

The system (1.1) is a simplified version of the model
for the motion of radiating gas in n-dimensional space.
More precisely, in a certain physical situation, the system
(1.1) gives a good approximation to the following system
describing the motion of radiating gas, which is a quite
general model for compressible gas dynamics where heat
radiative transfer phenomena are taken into account,

P, +div(pu)=0,
(ou), +div(pu®u+ pl)=0,

W L] 12
P e+7 +div< pu e+7 +pu+q;=0,
t

-Vdivg +a,qg +a,V* =0,

where p, u, p, e and 6 are respectively the mass density,
velocity, pressure, internal energy and absolute tempera-
ture of the gas, while ¢ is the radiative heat flux, and a,
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and a, are given positive constants depending on the gas
itself. The first three equations are motivated by the usual
Euler system, which describe the in-viscid flow of a
compressible fluid and express conservation of mass,
momentum and energy respectively. We refer to the book
of Courant and Friedrichs [1] for a detailed derivation of
several models in compressible gas-dynamics. The
physical motivation of the fourth equation, which takes
into account of heat radiation phenomena, is given in [2].
Moreover, the simplified model (1.1) was first recovered
by Hamer (see [3]), and for the reduction of system (1.2)
to system (1.1), see [2-4].

Concerning the investigation on the hyperbolic-elliptic
coupled system in one-dimensional radiating gas, we
refer to [5,6]. In the case of the muti-dimensional case,
Francesco in [7] obtained the global well-posedness of
the system (1.1) and analyzed the relaxation limits. Re-
cently, in [8], Liu and Kawashima investigated the decay
rate to diffusion wave for the initial value problem (1.1)
in n(n > 1)-dimensional space by using a time-weighted
energy method.

The rest of the paper is arranged as follows. Section 2
gives the full statement of our main theorem. In Section 3,
we give estimates on the Green function by Fourier
analysis which will be used in Section 5. Section 4 gives
the global existence of solutions to the problem (2.3). In
Section 5, we obtain the pointwise decay estimates of
solutions.

Before closing this section, we give some notations to
be used below. Let F[f] denote the Fourier transform
of f defined by
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FIA)(E)=7(&)=——

(2m)t ™
note its inverse transform as F .
=1 (]R” )(1 < p<w) is the usual Lebesgue space
with the norm ||||Lp . Let s be a nonnegative integer,
then H' =H S(R") denotes the Sobolev space of I’
functions, equipped with the norm

I, =(2

=0

e f(x)dx, and we de-

1

0 2
)

ot = {82 0%k 20(1<i < n),zn:ki =k}. For non-
i=1

x, 2 i

of

For k>0,

negative integer k, C*(I;H* (R” )2) denotes the space
of k -times continuously differentiable functions on the
interval / with values in the Sobolev space
H* =H’ (R").

Finally, in this paper, we denote every positive con-
stant by the same symbol C or ¢ without confusion.
[-] is the Gauss’s symbol.

2. Main Theorems and Proof

For simplicity, without loss of generality, we

choosea = (%,,%) e R" in(1.1). That is, we will con-

sider the following initial value problem:

n
u+ Y, +divg=0, xeR",1>0,

i=1

-Vdivg+¢g+Vu =0,
u(x,O) =u, (x),

xeR",t>0, (2.3)

xeR".

Our Main results are the following:

n=1, )
be an inte-

3,
Theorem 2.1. Let s>
[n/2]+2, n>2,

ger.
Assume that u, € H* (R")~L'(R"), and put
E, = ||uoé s +||u0 || - Then there is a small positive con-

stant &, (<1) such that if E, <&, then the problem
(2.3) has a unique global solution u(x,7) with

ue C([O,oo);HS (R")),Vu el ([0,<>o);HH (R" )),

geC([0,.0); 1 (R"))N L ([0,00); 1 (R”)).

Moreover, if s>[n/2]+6, and for any multi-indexes
a with |a|<s—[n/2]-1, there exists some constant

r>% such that |Dfu0 ()C)|SCE0 (1+|x|2)7", then for

any |a|£s—[n/2]—4, the solution to Equation (2.3)
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has the following decay estimate,

sl |x|2 '
|Dfu(x,t)| <CE,(1+t) 2 1+m . We also have
the following corollary by using Theorem 2.1.
Corollary 2.2. Under the same assumptions in Theo-
rem 2.1, the solution satisfies the following decay esti-
mates:

ot ()

<k<s—|2|-24:
0<k<s [2} 4;

<CE,(1+£) ¥, with k satisfying

)

n k+1

o SCE (1+1)+ 2,

qu(t)
with £ satisfying 0<k <s-— [%} -5.

Remark. In Theorem 2.1, we do not need to assume
that u, e L (R”), if n>2. The results in Corollary
2.2 is similar to those in [7].

3. The Global Existence of Solution

This section is devoted to prove the global existence re-
sult stated in Theorem 2.1. In [7], the global existence of
solutions to the problem (2.3) is obtained, but for the
completeness of this paper, here we give the sketch of the
proof.

Since a local existence result can be obtained by the
standard method based on the successive approximation
sequence, we omit its details and only derive the desired
a priori estimates of solutions.

From (2.3),—A(2.3), —div(2.3),, we get that

u, —Au, — Au +Z””x,- _A[Z””x,- j =0. 34
i=1 i=1

Now we make energy estimates by using (3.4) under
the following a priori estimate:

ou(r)

here 6, <1 is a given constant.
Multiplying (3.4) by u and integrating with respect
to x, by integration by parts we have that

d 2 2 2
Sl +vu ) < o) [vu () - o)

Multiplying &' (3.4) by o.u(/>1) and integrating
with respect to x , by integration by parts we have that

d
5{%W0ﬁ&+

<Clou (o).

<5, 3.5)

Jid

o'\ Vu(t)

2
z (3.7)
du() 121,

We add up (3.7) with 1</<s—1 and get that
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d
gloatlfelowol,. o
(), o)

Combining (3.6) with (3.8) we have that

(o,
),

In view of (3.5), (3.9) yields that

[« (),

From (2.3), we have that q:—(l—A)_IVu, thus
(3.10) yields that

()

S}+ : (3.9)

()

o)y dr <[l 3.10)

dr<Clull,.

4o,

By the continuity argument, we have the following
result.

16 o (3.11)

Theorem 3.1. Let s> [%} +2 be an integer. Assume

that u, € H* (R”), .+ - Then there is
a small positive constant &, (<1) such that if E, <§,,
then the problem (2.3) has a unique global solution
u(x,t) with

ueC([O,oo);

H*(R")),Vu e 2 ([0,00); 1 (R")),

geC([0,.00); 1 (R"))N L ([0,00); 1 (R")).

4. Estimates on Green Function

In order to study the problem (2.3), we start with the
Green function (or the fundamental solution) to the linear
problem corresponding to the Equation (3.4), which sat-
isfies

xeR", >0,

G, -AG,—AG =0,
(4.12)
xeR".

G(x,O) = 5(x),
By Fourier transform we get that,
{é, ~AG, -AG=0, eR",t>0

A " (4.13)
G(£,0)=1, EeR".

e
A 2
By direct calculation we have that G(f,t) =e "

b Mse b k2R
Let ;{1(5)_{0, |§|22g, 3(5)_{0, |§|SR—1,

the smooth cut-off functions, where ¢ and R are any
fixed positive numbers satisfying 0<e& <1< R. Set

(8 =1-2(£)-1,(£), and
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G (&)= 1, (£)G(&1), i=1,23. We are going to
study G, (x,), which is the inverse Fourier transform of

G, (&,1).

First we give a lemma which is important for us to
make estimates on the low frequency part.

Lemma 4.1. If f(&,1)eC? (R") has compact sup-
port in the variables £, N is a positive integer, and
there exists a constant b >0, such that f(&,7) satis-
fies

02 (&7 (&)
||+
<c£|§| B (e e (1+t)f']

m 2
><(1+t|§2) e—b\f\ ‘

for any multi-indexes «,f with | p | <2N, then

1),

n+al+k

fo(x,t)| <Cyt * B, ( x

where k& and m are any fixed integers,
2 \N
(a)+ = max{O,a} , and B, (|x|,t) = [1+%J

Proof. If |B|<k+|al, by direct calculation we have
that

D7 f (x.0) = CU ) e@é‘D/’gaf(g,t)dg‘

‘ ‘ \a\+k 1A
< CI (|§|“'+k / +(l+2)2 ¢ 2 +|§|‘“‘+k (IH)ZJ
R 18 \a\+n+k
x(1+0)ef ) e g <c(irr)z e
If |ﬂ| > , we also have

- CU e@fz)ﬂg“f(g,t)d:‘

schn[1+(1+z)

‘ﬁ ‘a‘+k

14
2 +|§|‘a‘+k (1+1)2 J

A la|+n+k

\
g <c(1+r)z e 2

x(1+)ef) e

Let |ﬂ| when |x| <1+t¢, and |ﬁ| 2N when
|x| >1+¢, we obtain from the above estimates that

_laf+n+k N
D“f(x,t)| <Ct ? min{l,[iﬁj] }
X

1 x| <1+4,

Since l+ﬁ£2 2
1+1¢ | |

, we have
2
x| >1+t¢,

1+¢°
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N N
min 1[1#] < Z—N =2"B, (|x[.1).
[ [ (|x|2 B
1+ ——
1+¢
Thus we complete the proof. O
By using Lemma 4.1 we can get the following propo-
sition about the estimates on G, (x,?).
Proposition 4.2. For sufficiently small &, there exists
constant C >0 such that

/1+‘a‘

DIG, (x,t)|<Cyt 2 By (|x].1).

Proof. For |§| being sufficiently small, by noticing
that G is a smooth function of & near |§| 0 and
using Taylor expansion we have that

P
GED o s _ e*\é\zﬁo(\é\“)’
D2 (&6 (6.0)

{'fl A (141)2

Je«

“(ieelef) e

. It yields that

o _lel H i
t 2+ (1+1)2

Since
D! {5“ G, (g,t)]
= > L op () (EG(e).
Bi+pr= ﬂﬁl 'ﬁZ' :
and (|0(|—|,B1 )+ _( )+, we have that

D2 (&G, (20

lo|
('fl L L (140)5 (2 gl 1+t>ﬂJ

_\é\zt
(1 el )‘ o
From Lemma 4.1 we obtain that

n+a

<Cyt 2 By(|ad.0).

DIG, (x,t)

Thus we complete the proof of Proposition 4.2. O

As for G, (x,t) we have the following estimates.

Proposition 4.3. For fixed & and R, there exist
positive numbers m and C such that

) (x,t)| < CefﬁBN (|x|,t).

Proof. For any fixed ¢, we choose m sufficiently
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1

large such that m >1+—. Since
€

suppG, = {&e<|é <R}, wehave that

t
<Ce ™,

6. (&.0)

(4.14)

t
It yields that |D{G, (x,t)|<Ce ", (4.15)

Now we shall give an estimate on |xﬂ G, (x,t)| by
induction on fS. Assume that, if |,B|Sl—l, then

D26, (&0)<c(i+0) e, (4.16)

which is true as |8|=0 by (4.14)
By using (4.13), we have the following problem for

1B =1,
DIG (&t | —=-DIG (&t ={D/”, Z}G Et),

Dfé(§,t)|,:0 =0.

(4.17)

By multiplying (4.17), whose variables are now
changed to (&,s) by G(&,t—s) and integrating over
the region s € (O,t) , we have that

SRRy
e ]G((’g )

In view of (4.16) for |,8| </-1, ityields that

DIG(&,t)= jcgt s[

1—s s
pLG(er)| . <Clie ™ (1+0) e mds<C(1+1) e

e<|E<R

which shows that (4.16) is valid as | ﬂ| =/[. This implies
that, for 1<|ﬂ| <l

[ D201, (1)

I

. (4.18)
<Ce (1+]g)" (1+0)" ag

{e<|é|<R}

<c(efienm.

By using (4. 15) when |x| <1+t and (4.18) with

| /5’| 2N when |x| >1+1, as well as the fact that

o 2, ] <1+

I+ —=< h

+1+t 2|x|2, x|2>1+t’ we get that
1+1¢

DIG, (x,t)| < Ce_iBN (|x|,t).
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Thus we complete the proof of Proposition 4.3. O

Next we will come to consider G, (x,) First we give
a lemmas which is useful in dealing with the high fre-
quency part.

Lemma 4.4. If supp f(f) c

f(&) satisfies
7 ()| |pLi(e)|<cle ™ 1A=,

then there exist distributions f,(x), f,(x), and con-

stant C, suchthat f(x)=f,(x)+f,(x)+C,S(x),
where &(x) is the Dirac function. Furthermore, for

e f; (x)| < (:(1+|x|2 )7N,

Il = Csuppfy (x) < (o] < 2,

with ¢, being sufficiently small.
The proof of Lemma 4.4 can be seen in [9].
Choose sufficiently large R such that

2
ﬂ2>l’ if |§|2R—1. By Taylor expansion, we
1+ 2

have that

O, = {§;|§| > R}, and

positive integer 2N > n +|a|,

N
G(&)=m(g)e 1
It is obvious that ‘Q (/,‘,t)‘ <Ce 2. Since

Dfés(g,t)zc 3 Dgl 7 (%) Dﬁﬁze{lflzm[;‘]}’

B+h=p

by direct calculation, we have that for || >1,

t
D26, (¢ < e |

By using Lemma 4.4 we have the following result.

Proposition 4.5. For R being sufficiently large,
there exist distributions G;, (x,¢), Giy,(x,7), and con-
stant C, such that

t

G, (x,t) =e? (G31 (x,t)+ G, (x,t)+ C05(x)),

where & (x) is the Dirac function. Furthermore, for
positive integer 2N >n+|a|, the following estimates
hold:

< C(l +|x|2 )7N , and

1)< {x;|x| < 250},

N 3](x,t)

|G ()], < C.suppGis (.

here ¢, is sufficiently small.

Combining Proposition 4.2, Proposition 4.3, and
Proposition 4.5, we have the following theorem on the
Green function.

Theorem 4.6. For any multi-indexes « , there exists a

Copyright © 2013 SciRes.

L
distribution K (x,)=¢ ?(G,,(x,t)+C,6(x)), such
that the following estimate holds:

n+a|

<C(1+1) 2 By(|x.2),

D: (G- K)(x1)

n+la| . e
here, N > — is an arbitrary positive integer.

5. Pointwise Estimates

In this section, we focus on the pointwise estimates of
solutions to the problem (2.3).

By Duhamel principle, the solution to the Equation
(3.4) with initial datum u(x,0)=u,(x) can be ex-
pressed as following,

u(x.0)= G (), (x) - [[G (e~ 7)#(1-A) Y, () dr
n=l1
= ﬁ(x,t)+171(x,t).
Now we give a lemma which will be used in the fol-
lowing analysis.

Lemma5.1. When n,,n, >n/2, and
ny =min(n,,n,), we have that

J' [1+—|x_y|2]"l (1+|y|) y<C{1+| | J"}.
! 1+¢ t

The proof of Lemma 5.1 can be seen in [9].

Since u(x,t)=(G—K)(x,t)+K(x,t) =1, +1,,
by using Lemma 5.1 and Theorem 4.6 with N >r , we
have that

n+a
<CE,(1+1t) 2 B (|x].1).

DYl

Noticing that if |x - y| <2¢g,, then
(1+|y|2 )71 < C(l +|x|2 )71 , we have that

D“I|—e U x v, )+C0§(x—y))Dfu0(y)dy‘

< CEOe*EB, (Jx].2)-

Thus we obtain that

n+a|

D:ﬁ(x,t)| <CE,(1+1) 2

n
,t),|a| <s—{5}—1.

Next we come to make estimates on i (x,7). To this
end, we will use the following lemma.

Lemma 5.2. Assume »n>1, then the following ine-
qualities hold,

DHIf re [O,I] ,and A’ >1¢,then

(5.19)

~Br(x
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n+a|

[1 N J <o (H_fj (1 +A_} ; 0, (o) =(1+2) 2 (B,

1+7 1+¢ 1+1¢

x| ,t))i1 ,

Denote p7(7):=  sup {|Dfu(x,r) ®, (x,r)}.
A2 - (x,7)eR"x[0,T),
D) If 4> <t,then 1<2" (1+—] s " ]a
1+1 :

Now we come to make estimates to (x,7) by using

Theorem 4.6 with N >r and Lemma 5.2. We decompose D{ii(x,t) as following,
D (x,t)

~[E )y 2002 (1=2)(G = K) eyt = )i (7)o
2 gy 20D (1=8)(G=K) =yt =) (325) s
+% I j{y;‘x‘zzwgax[ (1=A)(G=K)(x=y,1=7) D (u? ) (y,7) dvd
+% Jif e 2 Za (1=8)(G=K)(x=y,1=7) D (u? ) (,7) dvd
L J K (v pt =)D (1-8) 3 (s, ) (37) dyde

i=1
=1L+, +1, +1,+1.
Next we estimate J, (i = 1,2,3,4,5) respectively by using Theorem 4.6. By using Lemma 5.2 (1), we have that

t _n+‘tx‘+1
|I31| < CM(T)2 _[02 J'{y;‘x‘zz‘y‘}(l+t—r) 2 B, (|x—y|,t—r) (1+Z’ (|y| )dydr

n+‘a‘+l

<cM(T) (1+1) 2 By(|a.t) jj}‘xw +7) "B, (|y].7)dvdz
<CM?(T)B, (|a].0)(1+0) 2

Now we estimate [,,. in two cases.
Case 1. |x|2 >t . By using Lemma 5.2 (1), we have that
n+al+1

|1,|<cm (T’ jgj{y;‘x‘sz‘y‘}(lﬂ—r)* > B, (|x-

n+‘a‘+1 t

<CM 1+Z J‘J‘y‘x‘<2‘v‘ |x y| ) l+‘[)’B,(

|,T)dydz'

,t—r)x(l+r)7n B,(y

1+7 )2
)| — | dyd
)(1+t) i

X

n+|af

A)(1+1) 2

Case 2. |x|2 <t.By using Lemma 5.2 (2), we have that

<cM(TY B, (|x

n+\a\+l

|L,|<cMm (T jj}wq‘y‘ l+t-7) 2

><BN(|x—y|,t—z')><(1+z') r(y
n-+jal+1

<eM(T)(1+0) = [2(1+7)

|,z’)dydr

n+la|

xB, (|y|,z’)dz’£ CM(T)2 B,(x ,t)(l+t)7T.

Combining the two cases, we have that

Copyright © 2013 SciRes. IIMNTA
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Lol <Ch (7Y B, (o) (1) 2

Asfor I > We also need to divide it into two cases.
Case 1. |x| >t. By using Lemma 5.2 (1), we have that

|I,|<CM(T) UM ‘Zz‘y‘}(lth—r)_TBN (Jx=y|.t-7)
2n+a]
x(l+r) : 2 B (|y| )dydr
n+‘a‘ n+l
<CM(TY (1+1) 2 ” ey FE-D 7

,t)dydz'

o
B () jjjjz ()

n+a

J)(1+e) 2.

Case 2. |x|2 <t. By using Lemma 5.2 (2), we have
that

<CM(TY B, (|x

n+l

|1,|<CcM(T) IJ' \X\>2M (I+1-7) 2 By (|x y|.t- z’)
n+a

x(1+r)722 (|y| )dydr

2n+‘a‘ ”*1
<CM (T ) (1+1) J'.[ H>2M(+t 7)) 2
xBN( - ,t—r)dydr

/1+‘a‘

<cM(T) B, (j.t)(1+1) 2 .

Combining the two cases, we have that

n+a

5 () (1ey

|1 |<cMm(T

Asfor I,,, by direct calculation, we have that

t _ntl
I%J{y;\x\sz\yu(”t =) 2 By (fx-

2n+al

x(1+7) 2 B,(|]y.

|[1.|<cm(T)

,t—r)

7)dydr
2/1+‘a‘

<cM (1) (1+7) 2 B, (|4,

‘)
Xjéj.{y;\x\sz\y\}(l—i_t_r) * By (|X—y|,t—z')dydz'

n+a|

) (1+1) 2

To estimate /;, we will use the following result,
which is obtained in [7].

<cM(T) B, (jx

3, n=1,
Lemma5.3. ) If s>1r, and
[—} +2, n>2,

u, € H* (R")ﬂL' (R" ), put E, = ||u0 ||H +||u0|| then

LI >

Copyright © 2013 SciRes.

the following estimate holds:

n k
u(t)],, . CE,(1+6) 472, with 0<k<s-1.

Q) If s>[2}+2 and u, eHY(R") n>2, put
= ||u0 || , then the following estimate holds:

, with 0<k<s.

|| <CE,(1+1)

We estimate /; as following,

-7

Hscle

n

Gy, (t—7)* Dy (1-A) (““x,. )(T)

Dy (1- A)g(””x, )(x,r)

dr

-7
+Cf;e 2 dr.

Notice that DYAY 3, (uz) consists of terms of
i=1
O udu, k,k, 20,k +k, =|a|+3.  Without loss of
generality, we assume that &, <k,, then

k, <max {|a|,2}. Since sz[%}+6 and

|a| <s —[%} —4, we have that

|6f‘u(y,r)|SM(T)(l+r 2 B(|y| )

By using Gagliardo-Nirenberg inequality and Lemma
5.3, we have that

ky
Peu(c)], < CE,(147) 7 ok, ss_m_l.

Thus we have that
n+ky +k:
[0 (y.0) 0% u(y.0)| < CEM(T)(142) " 2
Combined with Proposition 4.5 and the fact that

D) o)
1+ | <C|1+—| , if |x—y|<2g,
1+t 1+t

it yields that

n+al+1

-7
I|<CEM(T)[ e 2 (1+7) 2 dr
5 0 0

n+a|

<CE,M (T)B, (|x].¢)(1+1) 2.
Combining 1,,,1;,,1,,,1,, and I, we have that
Dfi(x,0) < C(EM (T)+ M (T ), (x:1)) " -(5:20)

Proof of Theorem 2.1. In view of (5.19) and (5.20),
we get that

Dfu(x,0)| < C(Ey+ EM (T)+ M(T) )( @, (x.1))

It yields that
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M(T)<C(E,+EM(T)+ M (T)).

Thus if E, is suitably small, we obtain M (T) < CE,
by the continuous dependence on the initial data. In view
of Theorem 3.1, the proof of Theorem 2.1 is completed.
O
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