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ABSTRACT 

The main purpose of this paper is to obtain estimates of parameters, reliability and hazard rate functions of a heteroge-
neous population represented by finite mixture of two general components. The doubly Type II censoring of generalized 
order statistics scheme is used. Maximum likelihood and Bayes methods of estimation are used for this purpose. The 
two methods of estimation are compared via a Monte Carlo Simulation study. 
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1. Introduction 

Let the random variable (rv) T follow a class including 
some known lifetime models, its cumulative distribution 
function (CDF) is given by 

    1 exp , 0, 0 ,F t t t        



    (1) 

and its probability density function (PDF) is given by 

       exp , 0, 0 ,f t t t t          (2) 

where  is the derivative of  with respect to t 
and 

 t
 t

 t
 ;t    is a nonnegative continuous function 

of  t and   may be a vector of parameters, such 
that   0t  t as  and  as  0  t  .t 

The reliability function (RF) and hazard rate function 
(HRF) are given, respectively, by 

   exp ,R t t             (3) 

    ,H t  t              (4) 

where  

     . .H f R . .  

Bayesian inferences based on finite mixture distribution 
have been discussed by several authors. Bayesian estima-
tion of the mixing parameter, mean and reliability func-
tion of a mixture of two exponential lifetime distributions 
based on right censored samples considered by [1,2] es-

timated the survival and hazard functions of a finite mix-
ture of two Gompertz components by using type I and 
type II censored samples, using the maximum likelihood 
(ML) and Bayes methods. Based on type I censored sam-
ples from a finite mixture of two truncated type I general-
ized logistic components, [3] computed the Bayes esti-
mates of parameters, reliability and hazard rate functions. 
[4] considered estimation for the mixed exponential dis-
tribution based on record statistics. [5] considered Bayes 
inference under a finite mixture of two compound 
Gompertz components model. [6] studied some properties 
of the mixture of two inverse Weibull distributions and 
obtained the estimates of the unknown parameters via the 
EM Algorithm. 

[7] introduced the generalized order statistics (gos’s). 
Ordinary order statistics, ordinary record values and se-
quential order statistics are, among others, special cases of 
gos’s. The gos’s have been considered extensively by 
many authors, among others, they are [8-20]. 

Mixtures of distributions arise frequently in life testing, 
reliability, biological and physical sciences. Some of the 
most important references that discussed different types 
of mixtures of distributions are a monograph by [21-23]. 

The PDF, CDF, RF and HRF of a finite mixture of two 
components of the class under study are given, respec-
tively,  

    1 1 2 2 ,f t p f t p f t           (5) 
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    1 1 2 2 ,F t p F t p F t           (6) 

    1 1 2 2 ,R t p R t p R t            (7) 

      ,H t f t R t             (8) 

where, for , the mixing proportions 1, 2j  jp
 

 are such 
that 1 2 and0 1,jp p  1p     j, ,j jf t F tt R  are 
given from (1), (2), (3) after using j  and  j t  in-
stead of   and .  t

The property of identifiability is an important consid-
eration on estimating the parameters in a mixture of dis-
tributions. Also, testing hypothesis, classification of ran-
dom variables, can be meaning fully discussed only if the 
class of all finite mixtures is identifiable. Idenifiability of 
mixtures has been discussed by several authors, including 
[24-26]. 

Our aim of this paper is the estimation of the parame-
ters and functions of these parameters of a class of finite 
mixture distributions based on doubly Type II censoring 
gos’s using ML and Bayes methods. Illustrative example 
of Gompertz distribution is given and compared with the 
results obtained by previous researchers. 

2. Maximum Likelihood Estimation  

Let 

; , , 1; , , ; , ,, , , ,1 ,s n m k s n m k r n m kT T T s r n k     0,  

be the (r - s) gos’s drawn from a mixture of two compo-
nents of the class (2). Based on this doubly censored 
sample, the likelihood function can be written [27] as 
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where   , , ,s rt t t  Θ,     is the parameter space, 
and 
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For definition and various distributional properties of 
gos’s, see [7, 28]. 

The likelihood function (9) and maximum likelihood 
estimates (MLE’s) can be obtained by using (1) and (5) in 
two cases, regarding to m value, as follows. 

2.1 MLE’s When m 1   

In this case, substituting (1), (5) in (9), the likelihood 
function takes the form  
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(10) 

Take the logarithm of (10), we have  
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(11) 

where 1p p , 2 1 .p p   
Differentiating (11) with respect to the parameters 
, jp   and j  (involved in  ) and equating to zero 

gives the following likelihood equations 
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(12) 

w here, for j = 1,2 
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  (13) 

 
The solution of the five nonlinear likelihood Equa-

tions (12) using numerical method, yields the MLE’s 

1 2 1
ˆ ˆ ˆˆ , , ,p     and 2̂ . 

2.2. MLE’s When m 1   

The likelihood function takes the form  
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So, from (14)  
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            (15) 

Differentiating (15) with respect to the parameters , jp   and j  and equating to zero gives the following like-
lihood equations 
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 (16) 

 
where  where  is the hyperparameter space. Ω

   
1

.
lni

i
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R t

             (17) 3.1. Bayes Estimates When  m 1 

It follows, from (10) and (18), that the posterior density 
function is given by  The solution of the five nonlinear likelihood Equa-

tions (16) using numerical method, yields the MLE’s 

1 2 1
ˆ ˆ ˆˆ , , ,p     and 2̂ .      
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3. Bayes Estimation 

In this section, Bayesian estimation for the parameters 
of a class of finite mixture distributions is considered 
under squared error and Linex (Linear-Exponential) 
loss functions. 

We shall use the conjugate prior density, that was 
suggested by [29], in the following form where  

   1
1 π ;A L


     
 1 2 1 2

π ; ; exp ;

, , , , , ,

C D

p

     

     

  
 

d .      t        (20) ,


    (18) 
The Bayes estimator of a function, say  u  , under 
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squared error and Linex loss functions is given, respec-
tively, by 

      *ˆ π d ,BSu E u u


     t t    (21) 

  
   *

1
ˆ ln e

1
ln e π d ,

au
BL

au

u E
a

a






 





   

  

t

t 


    (22) 

where the integral is taken over the five dimensional 
space and . 0a 

To compute the integral, we can use the Monte Carlo 
Integration (MCI) method in the form  
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where , 1, 2, ,j j M  


 is generated from the PDF 
π ;  , for more details see [30]. 
Under squared error and Linex loss functions, we 

can obtain the Bayes estimator of the parameter p, by 
generating  

 1 2 1 2, , , , 1, 2, ,j j j j jp j      M

p

 

from the prior (18) and setting  in (23) and 
(24). The Bayes estimates of 

 u  
1 2 1, ,    and 2  can be 

similarly computed.  

3.2. Bayes Estimates When  m 1 

The posterior density function can be obtained from 
(14) and (18), as  
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where  

 1
2 π( ; ) d .A L


      t         (26) 

Under squared error and Linex loss functions, we 
can obtain the Bayes estimator of the parameter p, by 
generating 

 1 2 1 2, , , , 1, 2, ,j j j j jp j      M

p

 

from the prior (18) and setting  in (23) and 
(24). The Bayes estimates of 

 u  
1 2 1, ,    and 2  can be 

similarly computed. 

4. Example 

4.1. Gompertz Components 

4.1.1. Maximum Likelihood Estimation 
Suppose that, for 1, 2j   and 0, 1,jt     
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In this case, the j  subpopulation is Gompertz 
distribution with parameter 0.j   

For 1m    by substituting  and  j t  j t  in 
(12), we have the following nonlinear equations  
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where, for 1, 2j   
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1ˆˆ ,p   and 2̂  are the solution of the above nonlinear 
equations. 

Also, for 1 m    substituting  j t  an d  j t  in 
(13), (16) and (17), we have the following nonlinear equa


-

tions: 
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Substituting  and 0, 1m k  1r n r     in (27), we have the following nonlinear equations  

   
     

1
*

s

t t 


 

         
     

 

* 0
1

0

1
*

* * 0
1

0

0,

,

0, 1, 2

s sr

i r s
i s

s

s

s j j s j sr

j j i j i j j r j r s
i sj

s

t n r t
p

t

t p t t
p t t n r p t t j

t

 


  
   

 


















     

 





       




























   (31) 

 
here w 1s    . 
The 

(3

2) Upper record values 
If we put 1k   in (14),  the likelihood 

fu
 1r 

nction takes t rm he fo
solution of the nonlinear likelihood equations 

1) gives the MLE’s 1ˆˆ ,p   and 2̂ . 
 

              
   

1 1 1 2 2
2 1 1 2 2 1 1 2 2

1 1 2 2

ln .
rs i i

r r s s
i s i

p f t p f t
L c p R t p R t p R t p R t

p R t p R t




 i

             
t       (32) 

Substituting in (29), we have the following nonlinear equations  1k   
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The solution of the nonlinear likelihood Equations 

3( 3) gives the MLE’s 1ˆˆ ,p   and 2̂ . 

4.1.2. Bayes Estimation 
Let 1,p   and 2  are independent random variables 
such that  1 2~ ,p Beta b b  and for 1, 2j  , j  to 
follow a le ponential d w pa-
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For m = −1 the posterior density function  *π  t  then takes the form 

                
   

1 2
2 1 1 1 2 21 1*

1 2 1 1 2 2 1 1 2 2
1 1 1 2 2

1
π exp ln .

rskj i ib b
r r s s

j i sj i i

p f t p f t
p p p R t p R t p R t p R t

d p R t p R t




 

 

                     
 t  

(36) 
 

Under squared error and Linex loss functions, we 
ca eter 
generating M  from th ior 
(34) and set 3) and (24 e 
Bayes esti

n obtain the Bayes estimator of the param  by 
 j j j

p
e pr
). Th

1 2, , 1, 2, ,p j   
ting  u p   in (2

mates of 1  and 2  can be si rly 

computed. 
ses 

1) Upper order statistics 
If we put 

mila

Special ca

 in (35),  1 ,r n r    t
m  

 and 1k 0m  he 
posterior den the for

 
sity function takes 

                 1 2
2 1

1 1*
1 2 1 1 2 2 1 1 2 2 1 1 2 2

1
i i r

j i sjd 0

1
π exp .

r sn rj sb b
r s sp p p f t p f t p R t p R t p R t p R t


 

 



 
                 


t  

(37) 
 record values 

n (36), 

   

2) Upper
If we put 1k   i  1 ,r   the posterior density fun s the  ction take form 

              
   
 

1 2
1 1 1 2 21 1*

1 2 1 1 2 2 1 1 2 2
1 1 1 2 2

π exp ln .
sj i ib b

r r s s
j i sj i i

p f t
p p p R t p R t p R t p R t

d p R t p R t


 

 

                   
 t  

(38)

 
 Linex loss functions, we 

ca he B ator of 
by generating M  from 
prior (34) and

2 1  r p f t 

 

Under squared error and
n obtain t ayes estim the parameter ,p  

j j j 1 2, , 1, 2, ,p j   
 setting  u p

the 
  in (23) 

ates of 1

and (24). Th
Bayes estim

e 
  and 2  can be simila

computed.  

. Simulation Study 

ed error or a Linex l
arlo simu
ist
in   

given values of the prior parameters 
ndom value  from the 
 

rly 

5

A comparison between ML and Bayes estimators, un-
der either a squar oss functions, is 
made using a Monte C lation study in the two 
cases upper order stat ics and upper record values 
according to the follow g steps:

1) For a 
 1 2,b b  generate a ra

 1 2,Beta b b  distribution.
p

2) For a given values of the prior parameters ,jd  
for 1, 2,j   generate a random value j  from the 

 jLTE d  distribution.  
3) Using the generated values of 1,p   and 2 ,  

we generate a random sample of  size 
fro

20,30,50  n 
m a mixture of two  jGomp   componen  
1, 2,j   as follows:  

 generate tw

ts,

o observations  from1 2,u u   Uniform 0,1 .  
 if 1 ,u p  then  

 1 2
1

otherwise  

1
log 1 log 1t u


  

 2 2
2

log 1t



1

log 1 .u     

 repeat above steps times to get a sample of si e 
.  

4) The sample obtained in Step 3 is ordered.  
5) The MLE’s of the parameters 

n  z
n

1,p   and 2  are 
obtained by solving the nonlinear y 

6) U ated values of 

Equations (31), b
using Mathematica 6.  

sing the gener 1,p   and 2 ,  
we generate upper record values of size  105,8,  n
from a mixture of   , 1,j  2  cojGomp  mpo- two 
nents. 

7) The MLE’s of the parameters 1,p   and 2  are 
obtained by solving the nonlinear y 
usi ica 6. 

8) The Bayes estimates under squared error and 
Linex loss functions (BES, BEL), of 

Equations (33), b
ng Mathemat

1p  and 2  
e-

,
are computed, by using MCI form

 squared deviations 

s (23) and (24), r
spectively. 

9) The  2̂   are computed 
fo ere r different samples and censoring sizes, wh   
stands for the parameter and ̂  its imate ( L or 
Bayes). 

10) The above Steps (

est M

3)-(9) are repeated 1000 times. 
Th (ER) m

ing the esti
ions, respectively

computational (our) results were computed by 

e averages and the estimated risks  are co - 
puted over the 1000 repetitions by averag - 
mates and the squared deviat . 

The 

,  

Copyright © 2013 SciRes.                                                                                  OJS 



A. E.-B. A. AHMAD, A. M. AL-ZAYDI 237

usi case iong Mathematica 6.0. In all above s the pr r pa- 
rameters chosen as 1 2 14.5, 3.2, 1.2,b b d   2 2.3d  , 
which yield the generated values of 0p  .524855,  
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 p 1 2, ,   ,  R t  and  H t  Figure 1. Estimated Risks (ER) of the estimates of based on doubly Type II censored 

samples (s = 2). 
 

 

 p 1 2, ,   ,  R t  and  H tFigure 2. Estimated Risks (ER) of the estimates of  complete samples. 
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Figure 3. Estimated Risks (ER) of the estimates of  p 1 2, ,  ,  R t  and  H t  base  on doubly Type II  d censored 

samples (s = 2).  
 

 

 p 1 2, ,   ,  R t  and  H tFigure 4. Estimated Risks (ER) of the estimates of  complete samples. 
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in the case of upper record values. 

6 Concluding Remarks 

1) Estimation of the parameters of the finite mixture 
model of two Gompertz distributions are considered 
from a Bayesian approach based on gos’s. A compare- 
son between ML and Bayes estimators, under either a 
squared error loss or a Linex loss, is made by using a 
Monte Carlo simulation study in both two cases con- 
sidering order statistics and upper record values cases. 

2) From Tables 1 and 2, we see that in most of the 
considered cases, the ER’s of the estimates decrease as 
n increases. In complete sample case, the Bayes esti- 
mates of p, 
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ence under a Finite Mixture of Two Compound Gompertz 
Components Model,” Cairo University, 2006.  
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Estimation,” Computational Statistics & Data Analysis, 
Vol. 51, No. 11, 2007, pp. 5377-5387.  
doi:10.1016/j.csda.2006.09.0161  and HRF under Linex loss function 
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Parameter Uniform Distribution,” Communications in 
Statistics—Theory and Methods, Vol. 25, No. 10, 1996, 
pp. 2311-2318. doi:10.1080/03610929608831840 

[9] U. Kamps and U. Gather, “Characteristic Property of 
Generalized Order Statistics for Exponential Distribu- 
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[11] M. Habibullah and M. Ahsanullah, “Estimation of Pa-
rameters of a Pareto Distribution by Generalized Order 
Statistics,” Communications in Statistics—Theory and 
Methods, Vol. 29, No. 7, 2000, pp. 1597-1609.  
doi:10.1080/03610920008832567 

[12] E. K. AL-Hussaini and A. A. Ahmad, “On Bayesian Pre-
dictive Distributions of Generalized Order Statistics,” 
Metrika, Vol. 57, No. 2, 2003, pp. 165-176.  
doi:10.1007/s001840200207 

[13] E. K. AL-Hussaini, “Generalized Order Statistics: Pro- 
spectiv

smallest ER’s as compared with Bayes 
3) From Tables 3 and 4, we see that the Bayes esti- 

mates (against the proposed prior) of the parameters 
and HRF under Linex loss function have the smallest 
ER's as compared with their corresponding estimates 
under squared error loss function or MLE’s. While, the 
Bayes estimates of 2  (for complete sample) and RF 
under squared error loss function have the smallest 
ER’s as compared with both Bayes estimates under 
Linex loss function or the MLE’s. Also, it is observed 
that MLE's for RF perform best when sample size n is 
increased. 

4) If the mixing proportion p is known, [2] estimated 
the parameters 1 2, ,   reliability and hazard rate 
functions based on Types I and II censored samples. 
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