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ABSTRACT

In this paper, periodic solution of impulsive Lotka-Volterra recurrent neural networks with delays is studied. Using the
continuation theorem of coincidence degree theory and analysis techniques, we establish criteria for the existence of
periodic solution of impulsive Lotka-Volterra recurrent neural networks with delays.
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1. Introduction

In recent years, applications of theory differential equa-
tions in mathematical ecology have been developed rap-
idly. Various mathematical models have been proposed
in the study of population dynamics. The Lotka-Volterra
competition system is the most famous models for dy-
namics of population. Owing to its theoretical and prac-
tical significance, the Lotka-Volterra systems have been
studied extensively [1,2]. The Lotka-Volterra type neural
networks, derived from conventional membrane dynam-
ics of competing neurons, provide a mathematical basis
for understanding neural selection mechanisms. Recently,
periodic solutions of impulsive Lotka-Volterra recurrent
neural networks have been reported.

It is well known that delays are important phenomenon
in neural networks [3]. Thus, studying the dynamic prop-
erties of neural networks with delays has interesting im-
plications in both theory and applications [4-7]. In this
paper, we will study the following impulsive Lotka-Volterra
recurrent neural networks system with delays:

X() = % O 0 - 1)+ Y4, (Ox,(0)
j=1

+C ()X (t—7, ()]t = t,, @
A% () =b,x(t),i=12,...n,k=12,...,n,

where each x; (t) denotes the activity of neuron, A= (g;),.,
is real nxn matrices, each of their elements denotes a
synaptic weight and represents the strength of the synaptic
connection from neuron j to neuron i, h(t) denotes ex-
ternal inputs. The variable delays z;(t) for i=12,...,n
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are nonnegative continuous functions satisfying 0<rz(t)<r
for t>0, where 7>0 is a constant. h(t), a;(t),
c,(t) are all positive periodic continuous functions with
period T >0.

2. Existence of Positive Periodic Solutions

Lemma 1 [8] Let X and Y be two Banach spaces. Con-
sider an operator equation Lx=ANx where L:Dom
LN X —Y is a Fredholm operator of index zero and
A €[0,1] is a parameter. Let P and Q denote two pro-
jectors such that P: X — KerL and Q:Y —»Y/ImL.
Assume that N:Q —Y is L-compact on Q, where
Q is open bounded in X. Furthermore, assume that

(@) Foreach 1€(0,1), xeoQnDomL, Lx=ANX,

(b) Foreach xeoQnKerL, QNx=0,
(c) deg{JQN,QKerL,0}=0, where

J:ImQ — KerL is an isomorphism and deg{*} repre-
sents the Brouwer degree.
__Then the equation Lx = Nx has at least one solution in
QnDomL.

For the sake of convenience, we introduce the follow-
ing notation:

_ Ll R
U —?L u(t)dt, g; = min g,(t),

gi = max g;(t), (i=12,...,n),

" teoT]
x:J — R|x(t) is continuous
with respecttot #t,,...,t_; x(t")
PC(J,R) = _ bty :
and x(t") exsitatt,,...,t ;

and x(t,) = x(t/),k=12,...,p
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where u(t), g(t) are T-periodic functions.
Lemma2 z(t) isan T-periodic solution of (1) if and
only if In{z (t)} isan T -periodic solution of

zj(t) = h () —exp{z, () }+ Zn_: a; (t) exp{z; (1)}

e (Dexp{z (t -7 M)t #t,,
A% (t) = In(+b, ), i=12,...n,k=12,...,n.

@

where In{z, (t)}= (In{z, ()}, In{z,V)},....In{z, (1)})

Now we are ready to state and prove the main results
of the present paper.

Theorem Assume that a; +C <1, then system (1)
has at least one T-periodic solution.

Proof. To complete the proof, we only need to search
for an appropriate open bounded subset verifying all the
requirements in Lemma 1.

Let

z=(z,(t),z,(t),...,z, ()",
Z={zePC(R,R")| z(t+T) = z(t)},
Y =ZxR?",

then it is standard to show that both Z and Y are Banach
space when they are endowed with the norms

lZl.= sup | z(t)]
te[0,T]

and
1z €)= (1 Z IR+ 6, P 4o e )2
Set L:DomL—>Y as
(L2)(t) = (2'(t), Az(ty),..., Az(t,)),
where DomL=Z={zeZ|z'(t)e PC(R,R")}.
At the same time, we denote N:Z —»Y as

(Nz)(t) = ((h (t) —exp{z ()} + Z a; (t)exp{z; (1)}
j=1
+¢ (D expiz (t=7 (), (1, 1,))

It is easily to prove that L is a Fredholm mapping of
index zero.
Consider the operator equation

Lz=ANz 1e(0,). (3)
Integrating (3) over the interval [0,T], we obtain
— p
hT == In1+b,) + [} exp{z ()}t
k=1
T
_J'O JZ:;aij (t)exp{z, (t)}dt )

_ .[OT ¢ (t) exp{z (t —7; (1))},
(i=12,...,n).
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Then, we can derive
- P
J'OT| Z/(t)|<2hT +kZ;In(1+ b,).(i=12,..., n).

Since z(t) € PC([0,T],R"), there exist &, 7, €[0,T]
Nt ty,...,t°], such that

z(&) = i[nf]zi(t), z,(n,) = sup z(t), (i=12,...,n).
te[0,T te[0,T]
For (4) we can see
hT < -i In(L+b,) + [} exp{z, ()}t
~ [}y (texp{z (Ot
~[7 e exp{z, (t— 7, ()et
<Y In(t+b,) + [ explz, ()}t
[, () exp{z, (7,)dt
~J7 e (®) exp{z, (7))t

< -i In(L+by, ) - (aii +¢, 1) exp{z, (7,37,
k=1

o+ 1 In+b,)
Tic =A
1

—a;;—Ci

o [ID=

which implies z,(,) > In

Thus, Vte[0,T], we have

z(t) > 2, (ni)+iln(1+ b))~ [, 12/(t) it > A-2hT =M.

Similarly, according to (4), we have
hT > _i In(L+b,) + [ exp{z, ()}t
-J; 38, O exp{M
j=1
~[7 c (tyexp{z, (t - 7, (1) et
> S In(L+by )+ [ expfz,(&)3e
- j; Zn: a; (t) exp{M }dt
j=1
~ [T () expiz, (&)t
> —zp: In(L+b, )— iéu (t)exp{M}T
k=1 j=1

+(L-c;)exp{z (£)¥T,
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which implies,

B+ 23 Ineb,)+ 8 exp{M}
z,(&)<In —
—Cj

=B.
Thus, Vte[0,T], we have

2, (D <7,(&)+ Y In@+b,)+ |12/

— p
<B+2hT +2) In(l+b,) = N.

k=1
Now, we can derive
| Z;(t) [ max{|M [,[N [}=M,.

Obviously, M, is independent of A . Then, there exists
a constant F >0, such that max{| z, [} <F. Letr > M, +F,
Q={zeZ:|z||,<r}, then it is clear that Q satisfies
condition (a) of Lemmal and N is L-compact on Q. Let
J:ImQ — x,(d,0,...,0) »> d, a direct computation gives

deg{JQN, O~ KerL,0} # 0.

By now we have proved that Q satisfies all the re-
quirements in Mawhin’s continuation theorem (Lemma
1). Hence, system (2) has at least one T-periodic solution
2(t) = (z,(t), z,(t),...,z, ()" in DomLNQ. The proof
is completes.
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