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ABSTRACT 

We consider dynamics system with damping, which are obtained by some transformations from the system of incom-
pressible Navier-Stokes equations. These have similar properties to original Navier-Stokes equations the scaling in-
variance. Due to the presence of the damping term, conclusions are different with proving the origin of the incom-
pressible Navier-Stokes equations and get some new conclusions. For one form of dynamics system with damping we 
prove the existence of solution, and get the existence of the attractors. Moreover, we discuss with limit-behavior the 
deformations of the Navier-Stokes equation. 
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1. Introduction 

Concerned with the perturbed Navier-Stokes equations: 

  , 0,

0, in ,
tu u u u p f u t x

u

          

  

,



 (1.1) 

where  is a smooth bounded domain with 
boundary , and p, u is the velocity vector, 

 is the pressure at x at time t, and 

2R
 


 1 2,u u u

 ,p x t   is the ki-
nematic viscosity, and f represents volume forces that are  

applied to the fluid, and 10
4

   , where 1  is the  

first eigenvalue of A (see Remark 4). The Equation (1.1) 
is Navier-Stokes equations, as 0  , which show the 
existence of absorbing sets and the existence of a maxi-
mal attractor, the universal attractor, attractor in un-
bounded domain (see [1-5]). ACTA Mathematical Ap-
plication Sinica. In [6], where they some interesting re-
sults, as 0  . In [7,8] Babin, Vishik and Abergel con-
sider maximal attractors of semigroups corresponding to 
evolution differential equations, existence and finite di-
mensionality of global attractor for evolution equations 
on unbounded domains. In [9,10] A. Pazy consider Semi-
groups of linear operator and application to partial dif-
ferential equation. 

We need the following preliminaries: 
Equations (1.1) are supplemented with a boundary 

condition. Two cases will be considered: The nonslip 
boundary condition. The boundary  is solid and at 
rest; thus 



10u                   (1.2) 

The space-periodic case. Here    1 20, 0,L L    
and  

Remark 2, the frist derivatives of are -periodic .u p u   (1.3) 

Remark 1. If   is solid but not rest, then the nonslip 
boundary condition is u   on   where  ,x t   
is the give velocity of  . 

Remark 2. That is u and p take the same values at 
corresponding points of  . 

Furthermore, we assume in this case that the average 
flow vanishes 

d 0u x


 .                 (1.4) 

When an initial-value problem is considered we sup-
plement these equations with 

   0,0 , .u x u x x            (1.5) 

For the mathematical setting of this problem we con-
sider a Hilbert space H (see [8]) which is a close sub-
space of  2 n

L   ( 2n   here). 
*The research is supported by the Science Foundation of Baoshan Uni-
versity (No.13BY033). 
#Corresponding author. In the nonslip case, 
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  2 ,div 0, 0 on .
n

H u L u u v            (1.6) 

and in the periodic case 

  Remark 3
2 , , 1, ,

i i n

n

i iH u L u u i n
       Λ . (1.7) 

We refer the reader to R. Temam [2] for more details 
on these spaces and, in particular, a trace theorem show-
ing that the trace of  on   exists and belong to u v

 1 2H    when  and 2u L n  2divu L  . The 
space H is endowed with the scalar product and the norm 
of  denoted by   and  2 n

L  ,   . 
Remark 3.  and  are the faces i i n  0ix   and  

i ix L  of . The condition 
i nii

u


xpresses the  

periodicity of u v ;  2 n
L   is the space of  2 n

u L
i

u
   e

   
satisfying (1.4)

Another usefu
. 

l space is  a closed subspace of 

        (1.8) 

in the nonslip case and , in the space-periodic case, 

        (1.9) 

where 

V
 1 n  H

  1 ,div 0 ,
n

V u H u     

  ,div 0 ,perV u H u  1 n 

perH   
 scal

is define in [1]. In both case, v is endowed 
with the ar product 

 
, 1

, ,
n

i i

i j j j

u v
u v

x x

  
     
  

and the norm  1 2
,u u u . 

We denoted ea by A the lin r unbounded operator in H 
which is associated with V, H and the scalar product 
   , ,u v Au v , ,u v V  . The domain of A in H is 

 lf-adjoint positive operator in 
H. Also A is an isomorphism from  D A  onto H. The 
space  D A  can be fully characte by using the 
regularity theory of linear elliptic systems (see [1,3]). 

2 n

denoted by D A ; A is se

rized 

   D A H V  Ι  

and in the nonslip and periodic    2 n

perD A H V    
; furthermore, cases Au  is on  D A  a norm equiva-

lent to that induced b  2 .
n  Let V   be the dual of 

V; then H can be identif ubspac of V
y H

ied to a s e   and we 
have 

  ,D A V H V             (1.10) 

where the inclusions are continuous an

eriodic case we have 

d each space is 
dense in the following one. 

Remark 4. In the space-p Au   
 haveu ,  u D A  , while in the nonslip case we  

Au P u , u 
ector in  2 
   D A , where P is the orthogonal 

L he space H. We can also say 

that 

proj
n

 on t

 , ,Au f f Hu D A 
here exists 

  is equivalent to saying 
that t  1p H   s

grad

div 0

u

u

u

uch that 

in ,p f

in ,

0 i

 


 
 

  n .
 



The operator 1A  is continu  D A  ous from H into 
and since the e edding of  1H   in mb  2L   is

hus 
 

compact, the embedding of V in H pact. 1 is com T A  
is a self-adjoint continuous compact operator in H, and 
by the classical spectral theorems there exists a sequence 

1 2,0 , , ,j j     Λ  

and a family of elements jw
t 

j j

 of  which is or-   D A
thonormal in H, and such tha

, .jAw w j              (1.11) 

in Result: 
wall Lemma) Let 

We need the following ma
Lemma 1.1. (see [4]) (Uniform Gron
, ,g h y  be three positive locally integrable function on 

 0 ,t   such that y  is locally integrable on  0 ,t  , 
fy and satis

     

0for

d ,
t r t r

t t

gy ht t t
x

dy

  1 2 3

d

d , d
t r

t

g s s a h s s
 

  

a y s s a


  
 

for are positive constant. Then 

 

0t t  where 1 2 3, , ,r a a a  

   2 1exp ,y t a t t3a
r a

r
    
 

 of the dynam

0  . 

The evolution ical system is described by 
a family of operators   , 0S t t  , that map H into itself 
and enjoy the usual sem perties (see [8]): igroup pro

      , , 0S t s S t S s s t

  0 , IndenS I tify in .H

   



      (1.12) 


  continuous

nto itself

a

H t 

is nonlinear operator

from i 0.

S T
 (1.13) 

The operator  S t  are
 that for ev

 uniformly compact for t large. 
By this we mean ery bounded set X there exists 

0t  which may depend on X such that 

  mpact in    (1.14) 

for every bound

0

is see [1] ,
t t

S t X H

 relatively co

ed set C H , 

   2 0 as .supc
C

r t S t t





         (1.15) 

Of course, if H is Banach space, any family of opera-
tors satisfying (1.14) also satisfies (1.15) with 2 0S  . 

Theorem 1.2. (see [4]) We assume that H tris a me ic 
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space and that the operators  S t  are given and satisfy 
(1.12), (1.13) and either (1.14 1.15). We also assume 
that there exists an open set 

) or (
  and abounded set X of 

  such that X is absorbing . Then w-limt set of 
 ,

in 
X w X  , is a compact attractor which attracts the 

f  . It is the maximal bounded attractor in 
  (for the incl ion relation). Furthermore, if H is a 

nach space, if U is convex2, and the mapping 
  0t S t u  is continuous from intoR H , for every 

en   is connected too
The rest of th  paper is organized

bou

Ba

0u

nded set o

 in H; th

us

is
. 

 such that Section 2 
contains a sketch of existence and uniqueness of solution 
of the equations; in Section 3 we show the existence of 
absorbing set and the existence of a maximal attractor; in 
Section 4 contain the proof of existence and uniqueness 
of solution of the equations, in Section 5 discussed the 
perturbation coefficients  . 

2. Existence and Uniqueness of Solution of 

Th Navier-Stokes equations due to J. 

the Equations 

e weak from of the 
Leray [1-3] involves only u, as 0  . It is obtained by 
multiply (1.1) by a test function V and integrating 
over  . Using the Green formula (1.1) and the bound-
ary co dition, we find that the term involving p disap-
pears and there remains 

 v in 

n

         d
, , , , , , ,

d
u v u v b u u v f v u v

t
      (2.1) 

where 

 
, 1

, , d ,
n

j
i j

i j i

v
b u v w u w x

x 

 
  
 


       (2.2) 

whenever the integrals make sense. Actually, the from b 
is trilinear continuous on    1 2

n
H n   and in par-

ticular on V. We have the f alities giving 
various continuity properties of b: 

ollowing inequ

   

1 1
2 2

1 1 1 1 1

2 2 2 2

,

, , ,
, ,

,

, , .

H H V H

H V V H V

u Au v w

u D A v V w H
b u v w c

u u v w w

u v w V


     


  

 (2.3) 

where is an appropriate constant
 using the 

op

1 0c   
lternat

[1] . 
givAn a ive from of (2.1) can be en

erator A  and the bilinear operator B  from V V  
into V   defined by 

    , , , , , , ,B u v w b u v w u v w V  .     (2.4) 

we also set 

and we easily see that (2.1) is equivalent t  the equation 

   , , ,B u B u u u V     

o

 d
.

u

d
Au B u f u

t
            (2.5) 

while (1.5) can be rewritten 

 0u 0u  ,               (2.6) 

We assume that f is in depen
dynam

dent of t  so that the 
ical system associated with (2.5) is autonomous 

  , .f t f H t               (2.7) 

Existence and uniqueness results
well kno

 for (2.5) (2.6) are 
w as 0   (see [2,3]). The following theorem 

collects several classical results. 
Theorem 1  Under the above assumption, for .3. f  

and u  given in ,0 H t here exists a unique solution 
of (2.4) (2.5) satisfying 

u  
   20, ; 0, ;u L T H L t V Ι ; 

Furthermore, u  is analytic in t  with values in  D A
us

 
for 0t  , and the mapping  
from 

 0u u tα  is continuo
H  into   , 0D A t  ; Finally, if 0u V , then 
     2, ; 0, ; , 0u L T V L T D A T0  

Theorem 1.3 will be giv
Ι . Some indi- 

cation or the en in 
Section 4. This theorem allows us to define the operators 

s f pr of oof 

   0:S t u u tα  

These operator enjoy the semigro p properties (1.12) 
an

u
d the are continuous from H into itself and even from 

H into  D A . 

3. Abs ngorbi  Sets and Attractor 

 similar to the The part proof about global attractor is
Temam’s book, but the exists of perturbation term is dif-
ferent from the Temam’s book, so we reprove it for inte-
grality. 

Theorem 1.4. The dynamical system associated with 
the tow-dimensional modified Navier-Stokes equations, 
supplemented by boundary (1.2) or (1.3), (1.4) possesses 
an attractor   that is compact, connected,and maximal 
in H.   attracts the bounded sets of H and   is also 
maximal among the functional invariant set bounded in 
H. 

Proof. We first prove the existence of an absorbing set 
in H. A first energy-type equality is obtained by taking 
the scalar product of (2.5) with u . Hence 

  1, , 0, ,b u v v u V H      ,
n

v      (3.1) 

We see that   , 0B u u   and there remains 

   1 d
, , ,u f u u u    

2 2

2 d H V
u

t
     (3.2) 

We know that 
1

2
1H V

u u


  where 1  is the first  

eigenvalue of A . Hence, we can majorize the right-hand 
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side of (3.1) by 

  2 2

1

1
,

4H H V H
f u f u u f


   




the estimates  , :u u  

  2 2

1

,
4

2

H V V
u u u u u

  


    

Hence we obtain 

2 2

1

d 1
,

d H V
u u f

t



  2

H
       (3.3) 

2 2

1
1

d 1 2

d H V H
u u f

t



 

Using the classical Gronwall Lemma, we obtain 

,       (3.4) 

   

  21
1 exp ,f t

 
   

 

2 2

0 1

12 2
1

exp
HH

H

u t u t

 

 

 

 (3.5) 

Thus 

  0 0
1

1
, ,limsup

HH
t

u t f 


      (3.6) 

r (3.5) that the ballWe infe   0,HB   of H  with 

0 
 S t

 are positively invarian  
, and these balls are ab

ts for the
sorbing for any 

semigroup 

0  . We 
choose  0 0    and included a 0, f  ball B R  o H , 

y to deduce from (3.5) that   0S t X XB  for 
0,

It is eas
t X  , where 

   

2

0 2

1
log

R
t

  


 
(3.7) 

2
1 0 0

.         

We the infer from (3.3), after integration in t, that 

  22 2

1
V H H

t 
With the use of (3.6) we conclude that 

d , 0,
t r r

u s f u t r


       (3.8) 

2 2 2

2
1

1
d ,limsup

t r

H

r
u s f u





   (3.9) 

and if  and 

2 3
1

V H
t t   

 0 0,Hu X B R  0 0,t t X   , then 

 22 2

02
1

1
d ,

V H
t

u s f 


       (3.10) 

1) Absorbing set in V 
An continue and show the existence of a

set in V. For that purpose we obtain another energy-type 
eq alar product of (2.5) with 

t r r

n absorbing 

uation by taking the sc Au . 
Since 

    21 d
, , ,

2 d V
Au u u u u

t
    

we find 

     2 21 d
, , ,

2 d V H
u Au B u Au f Au u Au

t
       ,

r we write

 

 

2
2 2

2 2

,
4

2
,

8

H

,

H H H

H H H H

u Au u Au Au u

u f Au Au f

  





  

  
 

and using the second inequality (2.3) 

f A

  
1 3

2 2
1

2 1
34

2 4

,

.

H V H

H H V

B u Au c u u Au

c
Au





  u u


 

Hence 

2 2

2
2 2 21

3

d

d

24
,

V H

4

H H H

u Au
t

c
V

f u u




  



  
   
 

u
  (3.12) 

and since 

 2 2

1

2
1 , ,

L L
A D A   


         (3.13) 

 have We also

2 2

1

2
2 2 21

3

d

d

2 4
,

V H

4
H H H V

u Au
t

c
f u u u




  



 
 

 

  (3.14) 

We a priori estimate of 
easily from (3.14) by the cla
ing the previous estimates o terested 
in an estimate valid for large  be-
lo


 

 0, ; , 0,uL T V T  
ssical Gronwall lem

n u. We are more in
t. Assuming that 

f H and that 

 follows 
ma, us-

0

ng to a bounded set X o
u

 0 0 0, ,X tt t   
as in (3.7), we apply the uniform Gronwall lemma to 
(3.14) with , ,g h y  replaced by 

2
2 2 2 21

3

2 4
, , ,

2

H V H H V

c
u u f u u


 


  

Thanks to 4), (2.18) we  (2.1 estimate the quantities 
in Lemma 1.1 by 1 2 3, ,a a a  

 

 

21
1 0 33

2

2 0

4r
a f



 

2 2

22

3 02
1

2
,

,

1
.

H

H

c
a a

r
a f



 
 


 

 



  


     (3.15) 

and we obtain 
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   2 3
2 1 0exp , for ,

V

a
u t a a t t r

r
     
 

 (3.16) 

as in (3.7). Let us fix and denote0t  0r    by 2
1  the 

rig

ht-hand side of (2.24). onclude that the ball We the c

10,B   of V, denoted by , is an absorbing set in  for 
group . Fu ore, if X is any ed 

. This 
 X, 

h

 X1

rtherm

1X  for 
 absorb

V
bound
r

ely

the semi

and also t

  S t
  S t
ence o

at the operators 

set of H, then
shows the exist

X 
f an

 0 0,t t X  
ing set in V, nam

 S t  
 

are uniformly compact, 
i.e., Theorem 1

2) Maximal attractor 
heor

attractor

 of (

We implement this 

.1 is satisfied.

All the assumption of T em 1.1 are satisfied and 
we deduce from this theorem the existence of a maximal 

 for modified Navier-Stokes equations.       

4. Proof of Theorem 1.3 

The existence of a solution 2.4) (2.5) that belong to 
   20, ; 0, ; ,L T H L T V T  , is first obtain by the 

Fa ]) m
0

ethod. 
ap

edo-Gakerkin (see [3
proximation procedure with the function jw  repre-

senting the eigenvalues of A (see Remark 4). For each m 
we look for an approximate solution mu  of the form 

 
1

m i
i

u t g


   
m

m t w  i

satisfying 

   

   

d
, , , ,

d

, , , 1, , ,

m
j m j m m j

j m j

u
w a u w b u u w

t

f w u w j m





    
 

   
  (4.1)  

              (4.2) 

where is projector in H (or V) on e space spanned 
. Since A and  commute, the relation 
uivalent to 

0 ,m mu P u  

mP  
w w

 th
by 1, ,
(3.1) is also

m

 eq
mP

 d
.

d

m

m m m m m m

u
Au P B u P f P u

t
    

We prove  on

  (4.3) 

 ,m ju w  img  
m

is Lip continuous, 

ce 

  h u g t w w    .
1

m im i j
i

hen

       
1 1

m m

im im im i j im
i i

h g h g g t w w g t w w
 

     

there is  such that 

i j

m, M   , 1im im g t M w  . W  hen 
2

, 1i jj w w    is established, and when  ii w 
is established, then , 0i ji j w w    

        .im im im imh g h g C g t g t    

On both sides in the integral , then 

       

   

d d

.

im im im im

im im

h g h g x C g t g t x

C g t g t

 

  

 

 
 

we writer 

       , .m j m j im imu w t g t  

Hence 

,u w C g 

 ,u wm j img   on is Lip continuous. The ex-
is on interval tence and uniqueness of mu   some  0, mT  
is elem n entary and the mT  

u
.1

, because of the 
estima we obtain . An energy equality is 
obtained 

a priori 
tes that 

by multiply
for 

ing (4
m

) by jmg  and 
these relations 

summing 
for 1, ,j m 

 an
. We ob  (3.2)

u om this 
that 

T V

tain
ce fr

 exactly 
relation with u replaced by mu d we ded

  2remains bounded in 0, ; 0, ; ,u L T H L 
0.

m

T 
 (4.4) 

Due to (3.1) and the last inequality (2.3) 

  , .
H VV

B V             (4.5) 

Therefor  mB u  and m m  remain bounded in  P u
 2 0, ;L T V   and by .3)  (4

 2d
remains bounded in 0, ; .

d
mu

L T V
t

     (4.6) 

By weak compactness it follows from (4.3) that there 
exists    20; ; 0, ; , 0u L T H L T V t   , and a sub-
sequence still denoted m, such that 

   

 

2

2

0, ; weakly and in 0, ;

d d
r in

d d

m

mu u

t t


 (4
weak-sta 0, ; weakly.

u u L T V L T H

L T V

 


.7) 

Due to (4.6) and a classical compactness the
[2

orem (see 
]), we also have 

 2, in 0, ; strongly.mu u L T H        (4.8) 

This is sufficient to pass to the limit in (4.1)-(4.3) and 
we find (2.4), (2.5) at the limit. For (2.5) we simply 
observe that (4.7) implies that wea   mu t u t  kly in 

or even in  , 0,H t T  . V   

By (2.4), 
du

d
u

t
   belong to  2 0, ;L T V     and, u is 

in 

 

  0, ;L T H . The uniqueness and continuous de- 
pendent of  u t  on  (in 0u H ) follow
usin

 by standard 
g [2]. 

The fact that     20, ; 0, ; , 0u L T V L T D A T   , 
is proved by deriving further a priori estimates on mu . 
They are obtained by multiplying (4.1) by j jmg  and 

ming these relations  sum
we find a 
by . we ded

for 1, ,j m Λ . Using (1.11) 
relation that is exactly (3.11) with u  replaced 

uce form this relation that mu
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  remains bo 0, ; ,

0.

m T V
(4.9) 

 2unded 0, ;u L L

T



 

 T D A

t the limit weA  then find that u is in   0, :L T D V . 
The fact that n 

2

 u i  0, ,L T V  then follows from an 
appropriate a ation mm 3.2 [2]. pplic

ct that u is analytic in t with values in
ic

perty wa

  

5. The Limit-Behavior of Navier-Stokes 
Equation with Nonlinear Perturbation 

W
bation on the

.8). The main 
ad
the so

of Le a 
Finally, the fa  
 D A  results from totally different methods, for wh h 

the reader is referred to C. Foias and R. Temam [1] or R. 
Temam [3]. However, this pro s given for the 
sake of completness and is never used here in an essen-
tial manner.                                  

e consider the limit-behavior of Navier-Stokes equation 
with nonlinear pertur  two dimensional space. 
we use the space which is given (1.6), (1

vantage we see is that applying the Gronwall lemma to 
lution of problem (1.1) approaches a solution of 

Navier-Stokes equation on 2L  and 2H , as 0  . 
Theorem 1.6. Under assumption (1.6), then the solu-

tion of  , ,u x t   of (1.1) is approximate solution of 
Navier-Stokes equations and this solution is stable, as 

0  . 
Proof. Let    1 1, ,u x t u    is a solution of

1

 (1.1), 
as   : 

 

 

1

0

, 0, ,

0, in ,

0

tu u u u p f u t x

u

u u

         

  
 

 (5.1) 

Let    2 2, ,u x t u    is a solution of (1.1), as 

2  : 

 2 , 0, ,

0, in ,
tu u u p f u t x

u

       

    (5.2) 



 

u 

  00u u

Utilizing (5.1)-(5.2) and let    1 2 ,v u u    Hence 

v       
   

1 1 2 2

1 1 2 2 .

tv u u u u

u u

    

   

      
 



by multiply (5.4) by a function 
an ating over 

 (5.3) 

It is obtained v  in V  
d integr  . 

         

   

2 2

1 1 2 2

1 1 2 2u u v   


   

1 d

2 d

d

d .

H V
v v

t

u u u u v x

x



   




     

Using the second inequality (2.3) and  is 

trilinear continuous: 

 (5.4) 

 , ,b u v w

         

         
         
         
     

 

   

1 1

2 2 1 2

1 1 1 1

2 1

1 1 1 1

2 2 2 2
1 2

1

d

, ,

, , , ,

, , , ,

H V H VV

V

u u u u v x

b u u v
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utilizing inequality (**), (3.6), (3.46) we estimate  
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we write 
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where  is an appropriate consta  
Hence 
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i.e. 
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Using the classical Gronwall Lemma, we obtain 
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