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ABSTRACT

At its most basic level physics starts with space-time topology and geometry. On the other hand topology’s and geome-
try’s simplest and most basic elements are random Cantor sets. It follows then that nonlinear dynamics i.e. deterministic
chaos and fractal geometry is the best mathematical theory to apply to the problems of high energy particle physics and
cosmology. In the present work we give a short survey of some recent achievements of applying nonlinear dynamics to
notoriously difficult subjects such as quantum entanglement as well as the origin and true nature of dark energy, nega-
tive absolute temperature and the fractal meaning of the constancy of the speed of light.
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1. Introduction

The closing report of a notable Nobel conference [1] held
in Stockholm in 1984 contained the remarkable and at
the time prophetic statement about the role which the
science of nonlinear dynamics, chaos and fractals is ex-
pected to play in quantum physics. In fact it was stated in
clear terms that nonlinear dynamics, chaos and fractals
will “invade” the foundations of quantum physics [1,2].
In the present work we will give a short summary of
some truly exciting developments confirming the Nobel
conference prophecy not only in quantum physics but
also in cosmology and specifically in resolving the mys-
tery of the so called missing dark energy of the cosmos
[3,4] as well as the fractal meaning of the constancy of
the speed of light, negative gravity and negative absolute
temperature in Kelvin scale [3-6].

2. Non-Commutative Geometry and Fractal
Cantorian Space-Time

Besides M-theory, super strings and loop quantum grav-
ity, A. Connes’ non-commutative geometry is generally
accepted as a most promising theory for high energy par-
ticle physics and quantum gravity [7]. Vital for under-
standing this theory is to realize its close connection to
chaotic fractals and nonlinear dynamics [7-13]. The sim-
plest way to see that is to start from von Neumann-Con-
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nes’ dimensional function and then establish its equiva-
lence to the bijection equation and the formalism of E-in-
finity Cantorian space-time and Penrose fractal tiling [9-
11]. The said dimensional function is given by [9]

D, (a,b)=a+bg (1)
where a,beZ and ¢=$. Starting with the seed

(a,b)=(0,1) and (1,0) then proceeding in a Fibonacci
manner one finds [9]

D,(01)=0+¢=¢= [%}l
jo

D, (11) =1+ (1)(#) =1+¢ = (lyl

Dl(l,O):1+(0)(¢)=1:(

ASEIE

V.o
1
D, (24)=2+(1(9) ~2+9 -}
0,(31)=3+(2)(¢)=3+26=( 1|
D, (5.3)=5+(3)(¢) =5+ 3¢ :[é]
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and so on.
Proceeding inductively one finds

Dn(a,b):a+b¢=(%j _ ®)

where a, b represents the classical Fibonacci numbers
and consequently moving in the direction of negative Men-
ger-Urysohn dimension one finds [9-11]

i o

1

D, (a,b) = (Ej ©)

is just another way of writing the bijection formula of E-
infinity Cantorian space-time [9-11]

) 1 n-1 1 n-1
() ) ©

where d§°) =¢ is the Hausdorff dimension of a ran-
domly constructed elementary triadic Cantor set, i.e. a
chaotic version of the classical triadic set d'® =In2/In3
[10,11]. We note the proximity of the magnitude of
IN2/In3=0.63 to the golden mean ¢ =0.618033989
[10,11]. Two important results can immediately be estab-
lished, namely that [7,9-11] d!™ =¢? the Hausdorff
dimension of the classical empty set [2,10,11] while
dé"x) =0 is the Hausdorff dimension of the truly empty
set [2,10,11].
Consequently the distance between dc(’l) =¢° and

dé"x) =0 measures the degree of emptiness of an empty
Cantor set (dust) [9-11].

Thus

3. Penrose Quasi-Periodic Fractal Tiling
Universe

One of the most fundamental connections between non-
commutative geometry and E-infinity theory is undoubt-
edly the famous Penrose quasi-periodic tiling universe
with its golden mean proportionality [9]. It is easy to see
the connection to random Cantor sets and the compacti-
fied Klein modular curve when realizing the existence of
an isomorphic length for this space equal to [9-11]
D

l, = p7“ )
where D, =d'¥) =4+ ¢° = 42360679 and p isan ar-
bitrary radius. In other words, latest after moving a dis-
tance equal |, the space reproduces itself exactly. This
is clearly a universe which is its own multi-verse. We see
here how the self-similarity and self-affinity of fractals
can solve seemingly and superficial contradictory notions
such as whether we live in a multi-verse or a universe.

Copyright © 2013 SciRes.

From the above we see that in a fractal universe of the
Penrose non-commutative type the problem resolves it-
self.

4. Quantum Entanglement as a Consequence
of a Zero Measure Fractal Geometry

The totally incomprehensive riddle of spatial separation
in quantum mechanics may easily be resolved using the
property of zero Lebesque measure of all totally disjoint-
ed Cantor sets [12,13]. There is irrefutable theoretical
and experimental proof for this E-infinity based proposal
[12,13]. The story goes as follows: Using an ingenious
Gedanken experiment L. Hardy [14] was able to establish
via Dirac’s orthodox quantum mechanical computation
that the probability for quantum entanglement of two
quantum particles is given by P =9%. On close exami-
nation by first Mermin [15] and then the second author
[12], it becomes evident that Hardy rounded off the result
concealing its exact numerical magnitude namely that
[12,13,15]

P (Hardy) = ¢° (8)

where ¢ = -1 is the golden mean. The E-infinity in-

terpretation stems from the general E-infinity formula for
the probability of quantum entanglement [13]

1-¢
P=PP, =¢" 9
P = g ©)
1-¢
1+¢
the inverse of the Hausdorff dimension of the E-infinity
fractal space-time core [10,11]

where n is the number of quantum particles and is

<n>=%=4+¢3= =D, =d", (10)

For two particles this means
P=(R=¢)(R=¢°)=¢" (11)

Seen that way quantum entanglement can be under-
stood as a natural consequence of the zero length (i.e.
zero measure) of a Cantor set and the problem of spatial
separation in quantum mechanics is swept away. In a
zero measure space-time manifold there is simply no mean-
ing for spatial separation [13]. This incredible result of
Hardy-Mermin and El Naschie was experimentally con-
firmed using various accurate methods in many interna-
tional laboratories [13-15].

5. The Missing Energy of the Universe

At present the problem, of dark energy or the missing
energy in the universe, constitutes the most challenging
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problem in physics and cosmology alike [3,5,6]. Accu-
rate measurement has shown that only 4.5% of the total
energy thought to be contained in the universe is detect-
able [3,5]. The simple conclusion for these results which
were awarded the 2011 Nobel Prize in Physics is that
either Einstein’s equation contains some error or 95.5%
of the energy in the universe is due to mysterious dark
matter and dark energy which cannot be detected with
any known methods [3,5,6]. The nonlinear-dynamical
fractal resolution of this problem however is unbelieva-
bly simple, more than one could imagine [3,5]. The ra-
tionale behind this is as follows: If space-time itself is a
real Cantorian fractal then it resembles an unimaginably
large cotton candy [5,7,11,13]. The majority of this cos-
mic cotton candy is naturally voids containing nothing,
not even space or time. Consequently Einstein’s famous
equation [5]

E =mc? (12)

must be modified to take all these fractal voids into con-
sideration. This can be done in various equivalent ways.
The simplest is to take bosonic strings compactified “dark”
dimensions into account in the form of a Weyl-Nottale
scaling factor. Since bosonic string space has 26 dimen-
sions and Einstein’s relativity is only 4 dimensional then
the “dark” dimensions are 26 — 4 = 22 and our scaling fac-
tor must be [5]

1 1

=—=— 13
26—4 22 (13)
Consequently the revised E is
2
mc
Er=—. 14
® = (14)

Noting that 2—122 4.5% , we see that the new Eqgr ac-

curately accounts for the cosmological measurements [3].

Another way to come to the same conclusion is to
reason that from high energy particle physics point of
view E =mc? is based on the existence of one messen-
ger particle, namely the photon (y). However this was
in 1905 when Einstein conceived his theory. In the mean-
time we know that we have 12 messenger photon-like
particles given by the Lie symmetry groups of the stan-
dard model of particle physics [10,11]

SU(3)SU (2)U (1)| =8+3+1=12. (15)

. . 1 1 .
Consequently by insertin =——=—in New-
quently by 9 4 TIERET

ton’s kinetic energy and letting v — ¢ one finds

1 ,) 1(1 2)  mc?
E, = —mc® |[=—|=m(v—>c) |=——=EF 16
N A"(z j 11(2 ( )] 22 o (16)

exactly as in the first derivation, namely Equation (14).
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6. Unifying Relativity and Quantum Theory
via Zero Measure Fractals

The previous derivations of the revised Einstein equation
2

mcC . .
E= > were only very accurate approximations. How-

ever an exact derivation can be obtained when taking the
exact fractal nature of quantum entanglement in deriving
Eqr. Again this could be done in several equivalent ways.
Here we give two methods only. The first is based upon
formal analogy between the E-formula of the theory of
varying speeds of light (see Figure 1) [16,17]

A7)

and the Cantor set unit interval physics of Ultimate L and
F and Taiji-El Naschie theory [18,19] (see Figure 2).
Here E, denotes the Planck energy [15,16]. Now within
Taiji-El Naschie theory E, is simply equal to P(Hardy)
=¢° while the devisor m is the five dimensionality of
Kaluza-Klein and similarly the devisor c¢ is Sigalotti’s
critical speed [20-22] c=¢. Inserting in E one finds
(see Figures 1-3)

2 2

E_ mc 3 mc
(5)(¢2) 1+21.18033989
1+ 3
¢ (18)
2 5
me _? mc?.

T2+ (1-4) 2

In other words the exact Eg, of quantum relativity is
equal Einstein E =mc? multiplied with half of Hardy’s
P =¢> [12-15]. That means

5 mCZ
Eer = %mc2 ST (19)

Seen that way the reduction of E from the 100% of
Einstein’s theory to the 4.5% of the exact quantum rela-
tivity theory is due to quantum entanglement at the Hub-
ble cosmic distances (see Figure 4) which could be ex-
plained rationally via the zero measure of fractal Can-
torian geometry [10-13]. The second method we will use
to derive the same previous formula is to go back to rela-
tivistic boost and then connect it to the random Cantor
sets topology. We start with the three well documented
relativistic effects namely time dilation, shortening of spa-
tial extension and mass increase at v — c. That means [5,
22]

t>t(1+4), x> x(1-4),m->m(1+p) (20)

where £ is a boost which needs not be specified at this
point. Setting in Newton’s kinetic energy one finds [5]
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Conventional “Classical”
mass and speed of light

Topological Mass
and Topological
Speed of Light

Becomes Conventional
“Classical” Energy when
setting mc*/E, =landc=v

81

Figure 1. The topological non-classical part of Joao Magueijo-Lee Smolin extension of Einstein’s E =mc? to the realm of
guantum gravity contrasted with the conventional part [16,17]. The formula is exactly equivalent to El Naschie’s formula

E =(¢5/2)mc2 0 mc?/22 . Note that topological m is a five dimensional Kaluza-Klein mass (m = 5) while topological Planck

energy E, =¢° is equal to Hardy’s probability of quantum entanglement and the topological unit interval speed of light is

c=¢ where ¢= 2/(1+ Jg) . Note that may be also interpreted as Sigallotti’s critical special relativity parameter or as being

akin to Taiji’s light velocity [19]. Note also that setting mc®/E, =1 and ¢ = v leads to Newton’s kinetic energy E =%mv

while setting mc®/E, =0 leads to Einstein’s E =mc?.

Unit Interval Physics, Ultimate F and Taiji-El Naschie Theory [18,19]

The length of the unit interval is 1 while

0 1 its Hausdorff dimension Dy, as well as
Line its topological Dy dimension coincide
beingalineie. Dy =D, =1
—0,0 D;=1 1+
The length of a random Cantor set
is zero i.e. it is zero measure. The
V5 Hausdorff dimension is ¢ while
H the topological dimension is zero
D — " he topological dimension i
Witten T-duality
Larger / \ Smaller

(eftoa )

=mc?/22

\ /
N\

—0,0,1,+00

The universe as a circular Unit Interval Physics with transfinite set theoretical Ultimate L and
Ultimate F [18] outrageous equalities like 0 = 1 and 1=o00 . This is the ultimate generalization of
Witten’s T-duality where the formulae E,, =(¢°/2)mc® and E(Dark)= (5¢° / 2)mc® come

from.
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Figure 2. Unit interval physics, ultimate F and Taiji-El Naschie theory.

2
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T-duality and the guantum cosmic domain
(Here the inverse coupling constant of electromagnetism is o, =137 and that

of quantum gravity is Oy =1).

Quantum gravity

and
guantum relativity
domain ‘J
Hubbel Witten quantum
—ee)

Planck cosmic T-duality

At the cosmic quantum domain we have

0, =137 > 0y =1
P-Adic |, =137|=1=a,
(V)=cC where velocity range gives by
0<V<w
E=mc® > Eg, =(¢°/ 2)mc’.

For the fractal average interpretation
of the constancy of the speed of light
(see Figure 6). }

Figure 3. T-duality and the quantum cosmic domain.

% glement is paving the way towards a reappraisal of many
1 2 1-p5 . . )
E=-m(voc) (1+48)| — | . (21)  fundamental problems in theoretical physics and cosmo-
2 1+ 4 - . . .
logy from the point of view of nonlinear dynamics, chaos
Taking g to be Sigalotti’s critical value g=¢ [20, and fractals [1,2,11,13]. It is an accurate statement to
21] one finds the same previous result claim that the word Notion and the concept of self-simi-
larity and self-affinity became indispensable tools of ex-
act science only after the rise to prominence of non-linear
dynamics, chaos and fractals some three decades ago [1,
2]. This is what made it possible to apply global analysis
in conjunction with fractal geometry in relativistic quan-
tum cosmology and discover that Newton’s Kinetic

¢5
Egr = > mc?. (22)

7. Discussion and Prospects

For the last thirty years or so nonlinear dynamics became
an indispensible tool for countless branches of engineer-
ing and applied sciences as well as mathematics [13]. By
comparison high energy and quantum physics was slow
to utilize the tremendous possibilities offered by deter-

1 N R
energy E :Emv2 as well as Einstein’s relativistic for-

mula E =mc?and the new quantum relativistic energy-
masse equivalence equation Egg; mc2/22 are merely

ministic chaos and fractal geometry [2,10,11,13]. The si-
tuation changed radically in the last five years or so. In
particular the success of resolving fundamental problems
such as the mystery of dark energy and quantum entan-

Copyright © 2013 SciRes.

self-similar scaling of each other in the sense of modern
nonlinear dynamical theories [22]. We could go even
several steps further and realize that a fractal form of
Legendre transformation leads us to recognize that the
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A

Green, Schwarz, Witten

Quantum Gravity = Quantum Mechanics
+ General Relativity

10%3cm  Ultra small (Planck Length) super string
theory, E-Infinity and loop quantum gravity

10%cm  Unification of non-gravitation forces:

+

Electro week

Y Strong force

Grand unification SU(5), SO(10), ......

y N
Dirac

Quantum Mechanics + Special Relativity
(Dirac’s equation)

v

10em  Standard Model SU(3)SU(2)U(1)

T-Duality: Where ultra small
meets ultra Large

Earth and solar
system

Newtonian Classical Mechanics

Einstein

Special Relativity

Intergalactic

Large scale galactic distance

E=mc?
General Relativity

El Naschie

(Egr =mc?/22)
Quantum Relativity

. )

Ultra Large scale Hubble length
13.9 billion light years

Note that Eqn =Mc* /22 gives the ordinary energy in the universe while the complementary quantum relativity energy,
Econ =(mc?)(21/22) gives the dark energy in the universe. Finally the sum of both gives the total energy which is equal the
Einstein energy E=mc?* as explained in the main text of this paper and Equations 19 and 23.

Figure 4. The t-duality connecting high energy physics with cosmology.

energy formula for dark energy is given directly by

E (Dark) = [%mch(&ﬁz); mc2/(1+211j. (23)

This obviously is the complementary energy of the or-
dinary energy

E (Ordinary) = (%mczj(f#); mc?/22. (24)
Adding both expressions we find that (see Figure 5)

Copyright © 2013 SciRes.

E(Total) = E(Einstein) = mc?. (25)

We draw here attention to the T-duality (see Figure 3)
and the unit interval physics behind this incredibly sim-
ple and elegant relations reconciling classical physics
with relativity and quantum theory. It is remarkable that
the same physics behind the very large meets at “infin-
ity” with physics of the extremely small unifying high
energy with cosmology (see Figure 4) and all via the
magnificent concept and mathematics of renormalization.
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Newton Kinetic Energy

1
E, :Emv2

\ Experimentally

confirmed

‘/////////'

Ordinary Energy Transformation
m — m¢’
V—Ch
where ¢ = (\/g—l) /2
and ¢°* =1/4.2360679 is the

Hausdorff dimension of Cantorian
space-time

A 4

Quantum Relativity
1
EQR = E(m¢3)(C2¢2)
=(¢°/2)(mc*)
=mc*/22

Note that 22 = D\*® —D®

Experimentally
confirmed

T~

Dark Energy Transformation

m — mD® =5m
VvV —Cd

where ¢ = (5-1)/2

and D® =5 is Kaluza-Klein

mass dimension

\4

e

A missing energy and
never found in any
actual measurement

Complementary Quantum
Relativity Energy

Ecen =5 GMICH)

= (5¢° / 2)(mc?)
=mc?(21/22)
Note that 21= D% —D®

Sum of energy and complementary energy is equal to Einstein energy
Egr +Ecor = (MC® /22) +mc?(21/22)
=mc* = E(Einstein)
only partially confirmed experimentally
D) =26 is Bosonic string dimension, D® = 4 is Einstein space-time dimension and
D® =5is Kaluza-Klein space-time dimension

Figure 5. Flow chart for the logical connection between Newton kinetic energy and ordinary energy, dark energy and Ein-
stein energy. Note that ordinary energy is the energy of the quantum particle and dark energy is the energy of the quantum

wave in 5 dimensions.

Copyright © 2013 SciRes.
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In turn this mathematics is nothing more than taming all
singularities using fractal self-similarity [1,2].

This conclusion has momentous ramifications going as
far as showing the existence of negative gravity (see Fi-
gure 6) as well as explaining the fractal rationale behind
the mystery of the constancy of the speed of light (see Fi-
gure 7) and negative absolute temperature [4] (see Fig-
ure 8).

8. Conclusion

Nonlinear dynamics, chaos and fractals have enriched
science and gave theoreticians meantime various new in-
dispensable mathematical tools such as self-similarity,
average symmetry and fuzzy group theories [2,11]. High
energy physics was relatively late in utilizing these new
methods, but things have flourished in the last five years
thanks to the dedicated work of various schools which
applied nonlinear dynamics to particle physics and cos-
mology [1,8,9,12]. We were able to reason that dark en-
ergy is related to compactified and fractal extra-dimen-
sions zero and empty sets which employ fractals and
Cantorian sets [5,22]. That way we were in a position to
derive a fundamental quantum relativity equation

Eqr =(#°/2)mc?; me?/22 (26)
and a second complementary equation (see Figure 5)
E(Dark) = (5¢°/2)mc*; (mc?)(24/22).  (27)

The sum of both equations is exactly equal to Ein-
stein’s famous equation which doesn’t distinguish be-

tween ordinary energy and dark energy i.e. E=mc?. It
is important to notice that the ratio of E(Dark) to E(Or-
dinary) is exactly equal to

E(D)/E(O)=21+k =21.18033989 .

In other words this is the 26 + k of transfinite bosonic
string theory minus the five dimensions of Kaluza-Klein
theory. Seen that way dark energy is related to the com-
pactified section of space-time of bosonic strings which
represents negative curvature and thus negative energy
and negative gravity (see Figure 6) leading to the ob-
served acceleration of the universe. That way nonlinear
dynamics, deterministic chaos theory and Cantorian frac-
tals seem to have succeeded in solving yet another major
mystery in current modern cosmology [3,5,6]. It is con-
sequently reasonable to accept that further intensive fu-
ture research using modern nonlinear dynamics and Ul-
timate L set theory [18] will give a final resolution to

The driving force behind gravity and nega-
tive gravity

Gravi

o O .

R® =20

D=4,

y(Newton)= % , (Einstein)=1

E:%mv2 E__ =mc?

> max

2

mc

JI-(v/c)

E=

This formula is due to A. Einstein

Negative gravi

_0 % [ B
AT TN

Repulsion negative gravity

22) _ _a_
D® =26- 4=23 2R, =512

y=1/22
E_, (Dark) = (I-y)mc®

max

=0.9545mc?

2
mc”
B=

l‘l’lC2
EP

1+

This formula is due to Magueijo and
Smolin [15,16]
Here E,is Planck energy where the
Planck mass is mp. 10'°GeV

Figure 6. The driving force behind gravity and negative gravity. Here D = 4 is the dimension of Einstein’s space-time, R =
20 is the number of independent components of Riemann curvature tensor in four dimensions and R = 256 is the number of
all the components of the same curvature tensor, v is the velocity and c is the speed of light.
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From Alain Connes’ work on non commutative geometry we know that D, =3+ 2¢ = 4+ ¢ . Using E-Infinity this is given also by d‘ =(1/¢)"'1 = (1/¢5)J =4+¢°. This
value is a probabilistic average or expectation value. This is easily proven using the following center of gravity theorem of probability theory:

The constant speed of light is a similar expectation value. The “hidden” real speed of light varies between zero and infinity. In the topological dimension D, =4 and
Hausdorff dimension D, =4.236067 we can observe only the average using direct experiments. The other spectrum of velocities can be inferred only indirectly via
quantum effects such as Hardy’s entanglement [12-15] and requirements of quantum gravity.

Thus when |¢| =1 this corresponds to when ¢ = co. This is sim
which corresponds to maximum coupling. It may be seen as unit interval speed of light or Taiji’s

i’s critical value ¢ = ¢. Thus for dimensionless light velocity, the expectation value will correspond to ¢ an
uently, as far as the speed of light is concerned we can measure it only indirectly in the

omenological constant.

Figure 7. The experimentally observed constancy of the speed of light as a probabilistic expectation value of a Cantorian
fractal space-time.

Complexity

N\

Maximal Complexity

Zero Complexity

Zero Complexity

Zero Set
Unit Set ! Empty Set
(00, +20) Positive 14 Negative (=o0,+0)
dimensions. @ ©.9) 14) dimensions.

Complexity as function of negative and positive dimensions

The dimension of a set is given by two dimensions. The first is a topological and the second is a Hausdorff dimension. The D =(0,4) where
¢=(J§—1)/2 is the dimension of the zero set. It may be surprising but it is extremely important to understand that at plus infinity

D =(+w0,+0) as well as at minus infinity D =(-,0) in both extremes, complexity is zero. This have an important consequence to
absolute negative Kelvin temperature [4] as an aspect of dark energy related to negative and fractal dimensions. Note that the complementary
curve to the above complexity—dimensions curve is a dual curve to that representing entropy—absolute temperature relationship for positive
and negative Kelvin scale [4] as shown in Figure 8(b). The plot may be also seen as a consequence of the unit interval physic of Figure 2 and
Witten’s T-duality of Figures 2-4.

@
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Entropy

A

Positive temperature

Maximal Entropy

The Absolute Zero:
0=-273.16

Negative temperature

Zero

Entropy as function of negative and positive dimensions

This remarkable relation was investigated theoretically and experimentally in many pioneering efforts by various groups [4]. In the present
work we stress the fact that this curve is dual to that of our complexity—dimension plot of Figure 7(a) and depends fundamentally on the
notion of negative Menger-Uhryson topological dimensions used for the first time in this context by M. S. El Naschie. This negative dimension
leads to negative absolute temperature [4] and consequently to negative energy, negative gravity and thus dark energy and in which explain ac-

celeration of the observed cosmic expansion.

Figure 8. (a) Complexity as function of negative and positive dimensions; (b) Entropy as function of negative and positive
dimensions.

the deep problems of the true meaning of time, gravity
and the constancy of the speed of light which we outlined
here in Figures 3, 4, 6 and 7. In addition we tackled ne-
gative absolute temperature and it’s dual relation to nega-
tive dimensions and relevance to negative gravity and dark
energy [4,23] (see Figure 8).
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