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Abstract

We study a nonlinear differential equations in the Banach space of real functions and continuous on a
bounded and closed interval. With the help of a suitable theorems (fixed point) and some boundary condi-
tions, the 5" order nonlinear differential equations has at least one positive solution.
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1. Introduction

In this paper, we are going to study the solvability
nonlinear 5™ order differential equations. We will look
for solutions of that equation in the Banach space. The
main tool used in our investigations to existence of
positive solutions for the nonlinear 5th order boundary
value problems. Let us mention that the theory of non-
linear differential equations has many useful applica-
tions in describing numerous events and problems of
the real world. For example, nonlinear differential eg-
uations are often applicable in engineering, mathema-
tical physics, economics and biology [1,2]. The nonli-
near 5" order differential equations studied in this pa-
per is an existence and nonexistence of positive solu-
tions by using object of mathematical investigations
[3-5]. The results presented in this paper seem to be
new and original. They generalize several results ob-
tained up to now in the study of nonlinear differential
equations of several types.

2. Notation, Definition and Auxiliary Results

Theorem 2.1 [6,7]

Assume that U is a relatively open subset of convex
set K in Banach space E. Let N:U — K be a compact
map with oeU . Then either

1) N has a fixed pointin U ; or

2) There ueU and 1€(0,1) suchthat u=AN u.

Definition 2.1 An operator is called completely con-
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tinuous if it is continuous and maps bounded sets into
pre-compacts.

Definition 2.2 Let E be a real Banach space. A non-
empty closed convex set K — E is called cone of E if it
satisfies the following conditions:

1) xeK, o>0 implies oxeK;

2) xeK, —xeK implies x=o0.

3. Main Result

In this section, we will study the existence and nonexis-
tence of positive solutions for the nonlinear boundary
value problem:

u®(t) = f(tu()), o<t<1, (3.1)

u(0) = u'(0) = u"(0) =u (1) = 0, (3.2)

au')+pu"@) =0,

33)
where S, >0, a+f>0

Theorem 3.1.Under conditions (3.2) and (3.3), Equa-
tion (3.1) has a unique solution.

Proof: Applying the Laplace transform to Equation
(3.1) we get,

s*U(s) —s*u(0) —s*u’(0) —s?u”(0)
—su"(0)—u*(0) = y(s)

Where U(s) andy(s) is the Laplace transform of
u(t) and y(t) respectively. The Laplace inversion of
Equation (3.4) gives the final solution as:

(3.4)
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_ a+3ﬂ ~ ft2(L- s)
et () [ Gutoes o5
. ﬂ ra-sy it t(t=s)* '
[a+ﬁ]2!£ 5 f (s,u(s))ds !4!f(s,u(s))ds+ £ n f (s,u(s))ds
The proof is complete.
Defining T: X — X as:
_ a+Q)p ; a P (1-s)®
I +ﬂ](3)-fz- SENET +/3](3)'I 2 (uE)es
1 t—s)* (39)
[a+§](2)'jt (2_8) f(s,u(s))ds— J'( i f (s,u(s))ds+ E[( f (s,u(s))ds
Where X = C[0,1] is the Banach space endowed with Assume that f :[0,1]xR — R is continuous function,
the supper norm. We have the following result for op- then T is completely continuous operator.
erator T. Proof: It is easy to see that T is continuous. For
Lemma 3.1 ueM = {u eX; Jul<t, 1 >O} , we obtain,
a+3p _ (ra-sy
. [a+ﬁ]3lj f (s,u(s))ds ,B]3l;[ . f(s,u(s))ds
L t?(1-s)’ ot F (t—s)4
[a+,8]2"[ > f(s,u(s))d }[ (s,u(s))ds + J' f (s,u(s))ds
a+38 ; a Q- S)
[a+/3]3'j u(s))|ds+ /3]3'-[ | (s,u(s))|ds
L2 (1- s) (t-s)’
[a+/3]2"[ |f(s,u(s))|ds + f—|f (s, u(s))|ds+£ o |f(s,u(s))|ds

< 0!+3ﬁ £+ - £+ ﬂ £+£+£
e+ R 21 [a+plA 2V [a+pI13! 21 41 5l
tinuity of T(M). YueM,Ve>0,t <t, €[0,1].

where | = max f(t,U(t))|+1’

o<t<,Juf<1
so T(M) is bounded. Next we shall show the equicon- Let
91 ela + p13! 2'g[a+,6’]4!
n < Min Sta+3/] SLa ) a<{ﬂ} ,}/<{gﬂ},t22—tzl<77, th-t/ <o, L+t <y
2|g[a+ﬂ]3! 5L 5L
" 5Lp
a+3f 1t -t a (1t -t)a-s)
[a+,8]3"[ o f(s,u(s))ds— = +ﬂ]3!;[ o f (s,u(s))ds
Tu(t,)-Tu(t)|=|- s j( 3 tl;fl )’ f(s,u(s))ds— {%f (s,u(s))ds

[a + pl2!,
(tz S) S)
I (s,u(s))ds— j f (s,u(s))ds

LE-v), HE-t) w1

. a+3p L(tzz—tf)Jr a L(tz ‘tf)+ s N Ly
o+ 13! 21 [ + B14! 2! [a+ B13)! 2! 41 51 5!
L a+38 Ly a Lp, B Ly, Lo Ly e, ¢ ¢ ¢ &

SR 20 laeppl 2 arpp 20 a5 5757575 s
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Thus T(M) is equi-continuous. The Arzela-Ascoli
theorem implies that the operator T is completely con-
tinuous.

Theorem 3.2
Assume that f:[0,]]xR — R is continuous function,
and there exist constants

1 | 5l

0<c, < 52.(a+ﬂ2)4., 5!

na+(4)°p 6

| (t,u(t))| < c|ul+c,forall te[0,1].Then the boundary
value problem (3.1),(3.2)and(3.3) has a solution.

j, ¢, >0, such that

Proof: Following [8,9], we will apply the nonlinear al-
ternative theorem to prove that T has one fixed point.

Let Q={ue X;|u|<R}, be open subset of X, where

S5a +(4) S

4 2@ a+p) 51
5a +(4)? . 6o
218) (a+ ) 2" 5!

We suppose that there is a point uedQ and c, € (0,1)
such that u=Tu . So, for u € 0Q, we have:

a+3ﬂ B a 1t2(1_s)3
Tu@) - [“+ﬁ]3'I g1 (U b o f(sue)ds
_[a+ﬂﬂ]2l-[t (12_!5) (s,u(s))d I (s, u(S))d5+j(t_|S) f (s,u(s))ds
[Z:;jf;j (s, u(s))|ds+ aﬂ]sljt (1-s)° |f s.u(s) |ds
+[a+ﬂﬁ]2!.([t (12—!5) |f(s,u(s))|d5+_([ﬂ|f(s,u(s))|ds+‘([%|f(S,U(S))|ds
So,
a+3f ¢ a tP@-s) )
Tu(t) = [‘“ﬂp'f )l (o)
[a+ﬂﬂ]2I-[t (12_5) f(s,u(s))ds— j—f (s,u(s) ds+f( (s,u(s))ds
a+3p | a  FtP(l-s)
<[a+ﬂ]3'J2' c1|u(s)|+c2)ds+[ +/3]3!;[ 5 (c,[u(s)|+c, )ds
[a+ﬁ]2ljt (1-s)’ |U(S)|+Cz)d5+J%(Cl|u(5)|+c2)d5+f(t_ ) (01|U(S)|+Cz)ds

a+3p

@330 (s )+ -2

(04
B 2![a+ﬁ]3!(cl|u(s)|)+2![a+ﬂ]4!(cl|u(s)|)+m( &, [u(s)])+

2a+ F13! 2Ne ,B]4| 2l[a+ F13!

which implies that |[T||= R =|Ju| , that is a contraction.
Then the nonlinear alternative theorem implies that T has
a fixed point ueQ, that is , problem(3.1),(3.2) and (3.3)
has a solution ueQ.

Finally, we give an example to illustrate the results
obtained in this paper.

Example: By using the Equation (3.1) with the condi-
tions (3.2) and (3.3) to solve the boundary value problem

u(t) =

u+l
u?+7

(3.7

and applying the theorem 3.2 with « =1 and f=1,
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)+ 4@+ 5

b e+

R R R R
_+_ =
4 4 4 4

(o)
(€) <

2l(a + )4t 5!
5a+163 ' 6
that the problem (3.7) has a solution.

we found c, < min[ j So, we conclude
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