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ABSTRACT

In this paper, we propose and analyze a tensor product subdivision scheme which is the extension of three point scheme
for curve modeling. The usefulness of the scheme is illustrated by considering different examples along with its appli-

cation in surface modeling.
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1. Introduction

Surface modeling method is one of the important study
contents in the fields of computer aided geometric design
and computer graphics. Subdivision methods are effec-
tive algorithms of surface modeling in computeraided
geometric design. They are a kind of models from dis-
crete data to discrete data, so they are fast methods of
producing curves and surfaces. Subdivision modeling me-
thods have been developed fast since 90’s and they com-
bine excellences of polygon modeling and NURBS (Non-
Uniform Rational B-Spline) modeling. So subdivision
modeling has an extensive application in computer ani-
mation and movies, CAD, finite element analysis, etc.

The initial subdivision schemes were proposed in the
late seventies [1,2], while later researches have been fo-
cused generally on the properties of the limit surfaces,
such as smoothness [3,4] and evaluation [5]. Properties
of subdivision surfaces are now well understood, making
them attractive in geometric design applications. Hoppe
et al. [6] presented a method to reconstruct piecewise
smooth surface models from scattered range data using a
variation of Loop’s scheme [7]. Morin et al. [8] addressed
the issue of reconstructing rotational features in surfaces
as special cases. Jena et al. [9] presented a non-interpola-
tory scheme for tensor product bi-quadratic trigonometric
spline surfaces. Li and Zheng [10] presented a new per-
spective for constructing interpolatory subdivision from
primal approximating subdivision. The new perspective
also showed a link between those classic approximating
and interpolatory subdivision schemes.

In this paper, we restrict ourselves to binary case. The
simplest way to extend univariate scheme to bivariate
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scheme is tensor-product scheme. Laurent polynomial of
tensor product scheme can be obtained by the following
rule.

a(z)=a(z.z,)=a(zy)a(z,), (1)

where a(z) and a(z,) are the Laurent polynomials
of univariate schemes.
A general compact form of binary subdivision scheme

S which maps a polygon f* ={fi_kj}i ., toa refined
polygon f** = { fikj“}_ ~is defined by
' i,jeZ
B2 Y a0 ez (12)
pez®

where s=1 forcurvesand s=2 for surfaces.

In the case of bivariate subdivision scheme there are
four rules depending on the parity of each component in
the multi-index i = (i;i,). Writing all the multi-indices
by components, we have four rules

k1l _ k
f2i1,2i2 - Z a2v1,2v2 fil—vl,iz—vz’

V), VpeZ
k+1 _ k
f2i1+1,2i2 - Z a2v1+1,2v2 fil—vl,iz vy !
Vi,VpeZ
k+1 _ k
f2i1,2i2 +1 7 Z a2v1,2v2 +1 fil—vl,iz vy !
Vi, VpeZ

k+1 _ z a f k
2ip+1,2ip+1 T 2v1=1,2v5+1 iy ,ip -y
Vi, VpeZ

A necessary condition for uniform convergence of
scheme (1.2) is given in the following theorem.
Theorem 1.1. [11] Let
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a(z)=a(z,2,)=2, a; ;2,2 be the symbol or Laurent

polynomial of bivariate subdivision schemes, which is
defined on quad-meshes. Then a necessary condition for
the convergence of S is
zz a, ., =L {(0,0),(0,1),(10),(L1)}, (1.3)
peZ
this implies
a(Ll)=4,a(-11)=a(L,-1)=a(-1,-1)=0. (1.4)
Theorem 1.2. [11] Suppose the schemes with symbols

a'l(z)=a(z)/(1+2)=(1+2,)b(z) and
e[z](z)za(z)/(l+ z,)=(1+12,)b(z), are both contrac-
tive, namely

lim(s am)k f°=0, lim(s a[2])k £0=0

k—o0 k—w

for any initial data f° then the scheme S, with the symbol
a(z)=(1+z) (1+2z,)b(z), z=(z,2,) is convergent.
Conversely, if S, is convergent then Sam and Sam
are contractive.

Remark 1.1. Thus convergence is checked in this case
by checking the contractivity of two subdivision schemes

Sy and S . If b(z,2,)=b(z,,2,), which is typical

for schemes having the symmetry of the square grid, then
a(z,2,)=2a(z,,2), and the contractivity of only one
scheme has to be checked.

Theorem 1.3. [11] Let

a(z,2,)=(1+z)" (1+z,)"b(z), (1.5
If the schemes with the masks

I+]
ai,j (lezz):%, i, J :0’...,m,
(1+2z) (1+2,)

are convergent, then S, generates C™ function.
Remark 1.2. For C™ continuity of S,, we have to
show that the subdivision schemes S, ;, corresponding
to masks & (z,2,) for i,j=0,---,m are convergent
and it is equwalent to checking Whether schemes S[]

and S[] corresponding to the masks
aiy-(Z,Z) ai’.(z,z)
)= S5 o ol =T

are contractive, which is equivalent to checking whether

L L
[1 S-[l,]j [E S_[zj]j
2 I, 2 I,

L > 0. Since there are 4 rules for computing the values
at next refinement level, we define the norm

Lem)| 2 ; ;
(35| g ol b

}

<1 and <1 for some integer

oo

k
Z |a2k,2+ll
k.lez

k
' Z |a2k+l,2l+l
k.lez
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where k=1,2.

The rest of this paper is organized as follows. In the
next section we briefly review the construction of a 3-
point tensor product scheme. We discuss the continuity
of these schemes in Section 3. Finally, in Section 4 we
present some examples of surfaces generated with our
new algorithm and conclude in Section 6.

2. Construction of 3-Point Tensor Product
Binary Scheme

In this section, we present C® continuous, 3-point ten-
sor product binary approximating scheme. Consider the
mask of 3-point binary univariate subdivision scheme
proposed in m-point approximating scheme [12], for par-

ticular value of w=§, we get
a=|..00r31 131,45 |
8882288

and its Laurent polynomial is given as

a(z):{%z‘3+gz‘2

=73 1z°+3zl+1 2 1z3+324+1z5
8 8 8

Ll L0, 30,10
2 8 8

This implies

a(zl)=213{;z°+:zl+;zz+%z3+:z +;z }

a(z,)= 23{51320+§z1 +%zz+%z3+:z4+;z }

Since a(z)=a(z)a(z,) then we have the following
Laurent polynomial of 3-point tensor product binary ap-
proximating scheme S,

a(z;z,)
'z
2 (1+32l +427 +42) +32) +2) +3z2, +42;
6
3 4 5 2 3 4
+4z25 +32, + 2, +92,2, +122,7; +122,7; + 92,2,
+32,25 +12272, +162°25 +162723 +12772]

2.1)

+3277; +12272, +162)2; +16272 +122°2,

+32025 +92) 2, +122,' 2} +122} 25 + 92z,

+32)25 +32)2, + 4207, + 4175 +327, + 2, 22)

:E(H z )3 (1+z )3 (1+ zz)(1+ zz)
64 1 2 1 2 )

From (2.1), we suggest the following 3-point tensor
product binary approximating scheme
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£ = fklJ 1+13; £ 1+64 fi i
T jf” LIRS
+%fif‘m o Fhaa
fyia; =— f,k11_1+13; £ ateg flilj_l
% ) +i RS
%figﬂ = f,tlm,
lef+zlj+1 3 flklj -1 1];5 fikj -1 flljrlj -1
3 flklJ iflj f,ilj S f.k1,+1
+% £ +6_34 fi i
= 614 £y o o B
r ifi&ﬁ%fig,, Sl @2)

3 k k
+E fi,j+l 64 f|+1 j+1t

Analysis of 3-Point Tensor Product Scheme

To check the continuity of the 3-point tensor product
scheme (2.2), we apply similar analysis tools to those in
the univariate case for the bivariate subdivision schemes
defined on regular quadrilateral meshes.

From (1.6) for i=0;j=0 and then from (2.1), we
get

773773
=a(z,2,)= 1642

{(1+ 2) (1+2,) (1+ zf)(l+ z )}

This implies

80 (2:2,)

-3.-3
4y
a2 (1+32 +427 +42% + 32 + 20 +32, + 422

3 4 5 2 3 4
+425+32, +2; +92,2, +122,7; +122,7; + 92,7,

+32,25 +12277, +162727 +162773 +122 7,
3,4

+32725 +12272, +162°7% +162]2) +12277,

+3225 +92,'7, +122) 25 +122} 25 + 92, 7,

5
+3225 +322, + 422 + 4225 + 3825 + 7, zz)
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If i) and SC ]are subdivision schemes correspond-
ing to ‘the masks all(z,2,) and a(z,z,) respec-
tively, then

(5.2 )= 200(2%)
o(2%)= (1+2)

:%{(H 21)2 (1+ 22)3 (1+ zf)(l+ 25)}
and
80 (2:2,)
(1+12,)
:%{(H 21)3 (1+ 22)2 (1+ zf)(1+ z )}
This implies
o0 (21:2,)

-3,-3
Z1 Z, (

al}(2.2,)=

2 3 4 2 3
1+22, +22; +227 + 7, +32, + 42, + 417,

+3z; +12; + 62,2, +82,25 +82,73 + 62,7, + 22,25
+6272, +8272% +82°25 +62°7, + 2777, + 6272,
+82°25 +8272) + 622, + 22725 + 32,2, + 42, 22
+42,75 + 322, + 2/7; )
and
[2] 1(z,2,)

-3,-3
%z
L(H 3z, +427 +42° +32) + 70 +22,+ 222

+223 + 12, +62,2, + 62,25 + 62,25 + 32,7, +8272,
+82727 +82725 +4172; +8202, +82°7% + 8223
+42)2; +62)2, + 6222 +62) 25 +32) 7, + 227z,
+22725 + 22775 +zlzz)
By utilizing (1.7), we get
=stl ] =%max{% %%%}<1 (2.3)

and

lsgi], :%max{l,1 L 1}<1 (2.4)

0

From (2.3) and (2.4), S[k.] k=12&i,j=0; arecon-
tractive, so by the Theorem 1 2, the subdivision schemes
S, corresponding to masks a(z,z,) for i,j=0
are convergent. Hence by Theorem 1.3, the proposed
scheme S, is C° continuous.

To check C' continuity we now take i,j=0,1 in

(1.6) and then from (2.1), we get
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%01(2:2,) (1+z,)

-3.,-3

S o) @) ()
2(2:2,) (1+z)

-3,-3

S e e ()

2,1 _talan)
a,(2,2,) (1+2z)(1+z,)

a0 )02

If SH and Si[,zj] are a_ subdivision schemes corre-
sponding to the masks afl (z,z,) and al(z,z,) re-

spectively, then for i, j=0,1, we get

4, 7)= 2(2%)
aO,l(Zl‘ZZ) (l+ Zl)

-3,-3

:%{(1+ 2,) (1+2,) (1+27)(1+ 222)}

2, 5o 0(ZZ)
21(2.2) (1+2,)

-3,-3

=55 1) (1 1)1 )0+ )

(5 7)o f0(BiZ)
a5 (2,2,) (1+12)

S oo oot

Aol 2,2
[,20](21122):%
2

S I

Z,2
[,11](21’22):%
1

8 a2

Z,2
1(5,)- 22%)
2

TR

This implies
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[1,]1(21’ Z,)

-3,-3
Z,77
- 1322 (1+221+2212+2213+214+222+225

+22;+2; + 402, + 41,75 + 402, + 2117,
+4272, + 42} + 4275 + 22}7; + 477,
42025 + 42023 + 2217 + 222, + 227
+22/7; + 2/7;)

g (2.2,)

3.3
Z,7Z
- 1322 (1+32,+427 +42) +32) + 2} + 2, + 2]

+25 4322, + 30,7, + 31,7 + 427, + 427,

23 3 3.2 3.3 4
+42/7, +42,7, + 42,7, + 42,7, +37)2,
4.2 4,3 5 52247°78

+32122+32122+2122+le2+le2)

3(2.,2,)

3,3
2%z
:%(H 2,+2) +22+32, + 422 + 423 + 4z}

5 2 3 ) ;

+2, +32,2, + 42,7, + 42,2, +30,7, + 1,7,
2 2.2 2.3 274 4 7275
+32;2, +42,2, + 42,7, +32,7, + 2, Z,

+327, +427; + 422, + 342 + 34,73

[,Zo](zlvzz)
_3'5’ 24072 47 ;
T (1+ 22,4227 +22) + 7] + 22, + 27,

22+ 2, + 42, + 42,2 + 40,2 + 21,7,
+4z07, + 42775 + 42775 + 22075 + 471,
VAZZ 488 1 2882 + 2217, + 22122
+22/7; + 27}

[

1 (21' ZZ)

3,3
2%z

16
+2; +22,2, + 22,75 + 22,7, + 1,7, + 22,7,
+2207] + 22} + 207, + 227, + 22,7}
+22%22 +sz§)

2]
1(112)
-3,-3
2,1
:L(lJr 22, + 222 +20 + 7} + 7, + 22
6
3 2 3 2 2,2
+2,+227,+2225 + 22,75 + 22,7, + 22,7,
2,3 3 3,2 3,3 4
+22,7, +22)2, + 22,25 + 22,7, + 2, Z,

+z07% + 21423)
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By utilizing (1.7), we get 1.
581,1
1 -
27 1 1
o :—max{—(l+2+1+2+l+1),
1 1 2|16
:—max{—(1+1+2+2+2+4+2+1+1), 1 1
2 32 ‘E(1+2+1+2+1+1)"E(2+2+2+2)" (2.9)
‘i(2+4+4+2+2+2)Hi(2+4+4+2+2+2)‘,(2.5) 1
3 32 ‘E(2+2+2+2)‘}
1
—(4+4+4+4)‘}
‘32 :1max{£,£,£,£}<ll
1 1111 2 2222
:—max{—,—,—,—}d, 1
2 2222 H_Sm
2 11
e
“Esovl =1maxﬂi(1+l+2+2+l+l)
* 2 16
1 1
:Emax{§(1+1+4+4+3+3)’ H%(z+2+2+2)H,‘%(1+1+2+2+1+1), (2.10)
1 1
‘5(3+3+4+4+1+1) ,‘§(l+1+4+4+3+3), (2.6) ‘%(2+2+2+2)‘}
1
‘3—2(3+3+4+4+1+1)} :lmax{llll}<l
2 2222
:lmax{l,l,l,l}d, From (2.3)-(210), {s¥:k=12& i,j=0} are con-
2 2222 tractive, so by the Theorem 1.2, the subdivision schemes
S, ;. corresponding to masks & (z,z,) for i,j=01
Hisl[lg are convergent. Hence by Theorem 1.3, the proposed
2 . scheme S, is C' continuous.
1 1 To check C? continuity we now take i,j=0,1,2 in
=EmaX{§(l+3+3+1+4+4)‘, (1.6) and then from (2.1), we get
4a(z,2,)
1 1 a 7,2 —_\"r2)
‘5(1+4+4+1+3+3),‘§(3+3+4+4+1+1), (.7 20(212;) (1+22)2 |
L (34314444141 =Z£32;3{(1+Z)(1+Z )3(1“2)(1”2)}
3—2( +3+4+4+1+1) 16 1 2 1 2
da(z,z
nafl 111 s (22,) =2 22)
2 2222 (1+2,)
Lgp BB (g P (14 ) (14 2 )14 2))
ESLO 16 1 2 1 2
k 8a(z,,2,)
=%maxﬂg—lz(1+1+2+2+2+4+2+1+1), az,l(zllzz):m
1 1 %, L 1 2014 22 \(1s 22
5(2+4+4+2+2+2),3—2(2+2+4+4+2+2),(2.8) = {( +2,)(1+2,) (1+ 7 )( +22)}
1 8a(z,,2,)
—(4+4+4+4 ,,)=——m— = —
‘32( )‘} %) (1+2,)(1+2,) |
_1 1111 5,°z,°
_2max{2’2'2‘2}<1’ == (@r2) (@ez)(1+2)(1+23))
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16a(z,,2,) i a,,(2:2,)
&,(2,2,)=—— 2 ayy(2;2,) =222
ol (1+2) (1+2,) . R0 ,
7,%2° °z;’
:—142 {(l+zl)(1+zz)(l+zf)(1+z§)} :%{(1"'22)(1"'212)(1"'222)}
If M and S are a subdivision schemes corre- ) a,0(2:2,)
g L ol 2 all(z7,) =22
sponding to the masks ai(z.2,) and a(z,z,) res- , (1+12,)
pectively, then for i, j=0,1,2, we get 4 s :
2’z
a5} (7,2 )_az,o(zl,zz) == (@ 2) (7)1 2))
20\ %2) =T T TN
(1+2z) , This implies
-3.,-3
:%{(H 2) (L+2)(1+2)} all (z:2,)
-3_-3
2 3,,(2,2,) _4h5 (1+zf+322+4z§+4z§+322‘+3zfz2 ,
a0(2,2,)=———>
' (1+2,) +4272% + 42223 + 3272, + 75 +zfz§)
3,°z,° 2 2 2 2]
= {(1+zl)(l+ Z,) (1+zl)(l+ 22 )} 30 (22,)
al! (2.2,) - ay,(2.,2,) :—Zliézg (1+ L+ 4+ +22,+222 + 220 + 7,
200 %2) =T T N !
(1+2) , +22,2, + 22,25 + 22,25 + 2,75 + 2272, + 22725
3,-3
= leéz {(1+21)2 (1+ 22)(1+212)(1+ 22 )} +22,7; + 2207, + 22}, + 222, +22}7] + 1,7} )
My,
a0(2:2,)
[2] _ ao,z(zllzz) 20
& (0iz) === <~ s
e (1+2,) , :%(1+221+2212+22f+zl“+zz+zz2
-3,-3
=%{(1+ z,) (1+27)(1+2 )} + 234222, + 22,22 + 22,73 + 2272, + 22777
(22,) 122723 + 2202, + 22772 + 22322 + 7}z,
[1] _ 8,2, 2 4,2 4.3
all(z,2,) =222 +2'7 +2/7)
’ (1+z)
7°7,° 2 2 | all(z:2
:—182 {(1+zz) <1+ zl)(1+ z )} 2’:(32132)
(2 =%<1+321+4zf+4zl3+32f+zf+222 ,
[2] _ a4 \47
CHUAE (1+2,) +32,22 + 4272 + 42°2% + 32,22 + zfzi)
;3,73 '
=%{(1+ 7,)(1+2,)(1+ 2 )(1+ 25)} all(z;2,)
73773
(2 )_31,2(2112) =%(1+zf+222+2222+222+z;1 :
2\ 172 )™
(1+2) ’ 42272, + 22722 + 22723 + 172, +zfz;‘)

-3,-3

A ]

al(zi2,)

-3,-3
. 7’z
2,2 _ "1 "2 2 3 2 3
[2](Z-Z)=a1’2(1' 2) ——(1+21+zl+zl+zz+zz+z2
al,z 1152 (1+Z ) 8 ,
2 2 3, 52 2,2
,35°3 ' + 4,2, + L1, + L+ 2, + 2, 7,
_4a L 2 2 2
_T{(1+ 2) L+ )(1+25 )} +473 + 37, + 7 + 175

Copyright © 2013 SciRes.
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[g(zl;zz)

-3,-3
_Zl ZZ 2 3 2 3
=3 l1+z,+2, +27+2,+2,+ 2,

+2,2, + 2,20 + 2,2 + 272, + 277}
+20 3+ 02, + 222 + zfzg')
2.
2(1iz)
3,°z,°
=72 (1427 42722 +223 + 20 + 22,
8 1 1 1 1 2

+22,22 + 22722 +22°22 + zfzg)

[1]2 (z:2,)
3.3

2’1
I ] 2 2 3 2 2,2 2,3
_T(1+zl+22+zz+zz+zlzz+zlzz+zlzz),

2, .
a2,2 (Zl’ ZZ )
%2,
=12 (ley+4 +28 + 7 + 2,5 + 112 + 175,

By utilizing (1.7), we get

oSt

0

I p— i(1+4+1+4+3+3)
2 16

101

(2.11)
‘%(2+4+4+2+2+2)‘,0}

= %max {1,0,1,0} <1,

5 i(1+1+2+2+1+1)

1
=—MmaX
{m

1 1
— — 2.12
‘16(2+2+2+2)H16(1+1+2+2+1+1), (2.12)

‘%(2+2+2+2)‘

%(1+1+4+4+3+3)

(2.13)
i(3+3+4+4+1+1)
16

o

= % max {1,1,0,0} <1,

Copyright © 2013 SciRes.

oo

= —maxﬂ%(b 2+1+2+1+1)

(2.14)
0,‘%(2+2+2+2)‘,0}

= %max{l,o,l, 0} <1,

1
s

= 1maxﬂi(1+l+1+l) ,
16

2
P

(2.15)

E(1+1+1)

,‘%(1+1+1)

J<

,‘%(1+1+1+1)

}

1 {1 33
=—Mmax N I )
2 288

N |-

oo

= —maxﬂ%(1+1+ 2+2+1+1)

(2.16)
%(2+2+2+2)‘,0,0}

= %max {11,0,0} <1,

0

1
s

= 1maxﬂl(1+1+l+1)
2 4

(2.17)
0,‘%(1+1+1+1)

.

:%mwﬁﬂlm<L

o

= (1+1+1+1)

1 1
=—max
2 4

‘%(1+1+1+1)

o

From (2.3)-(2.18), {S.[k.]'kzl,Z& i,j=0; are con-

hj?

(2.18)

= %max {1,1,0,0} <1.

tractive, so by the Theorem 1.2, the subdivision schemes
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S, ;. corresponding to masks &, ;(z,z,) for
i,j=0,1,2 are convergent. Hence by Theorem 1.3, the
proposed scheme S, is C? continuous.

3. Numerical Examples

In this section, the performance of our 3-point tensor
product binary approximating scheme is shown. The re-
finement algorithm of 3-point tensor product scheme
involves computing a new vertex corresponding to each
(vertex, face) pair of the original mesh. The new vertices
are found as weighted averages of the points belonging to
each face of the original mesh. For the 3-point tensor
product case, these weights (going around a face) are

{ 9 33311311 }
————y——,—,—,— . The newly created
64 16 64 16 4 16 64 16 64

vertices are then connected to form the faces of the re-
fined control mesh. We have implemented our new
scheme as a plugin in our modeling and animation, by
using MATLAB software. We are able to obtain the re-
quired model after 6th subdivision level of the proposed
scheme. In Figures 1(a)-(d), models of visual perform-
ance of our proposed scheme are displayed.

4. Conclusion and Future Work

In this paper, we employ Laurent polynomial method to
analyze the continuity of the proposed scheme. The mo-
tivation behind our work was to provide users with a
simple smoothing tool for polygonal meshes. The
smoothing operation allows users to create refined ver-
sions of their models. Crucial to the success of such a
model is that the transitions between the different resolu-

?o

@

(© (d)

Figure 1. Performance of the 3-point tensor product scheme:
(@), (b), (c) and (d) show goblet, vase, cap and water pot re-
spectively.

Copyright © 2013 SciRes.

tions of the meshes are almost imperceptible. The exam-
ples show that our scheme can generate good models by
using regular meshes, but cannot reconstruct parametric
surfaces that contain non-exponential polynomials such
as a logarithmic functions and division terms, which ac-
tually require non-uniform masks of subdivision for the
exact reconstruction of such functions. Nor can it handle
a mesh with arbitrary topology. There are several areas
for future work. First of all, extending our scheme to a
mesh with arbitrary topology is an immediate challenge.
We would also like to work on regenerating exact surface
normal by subdivision. And if we could reconstruct sur-
faces containing singular points we would be able to ad-
dress many additional interesting applications.
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