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ABSTRACT

In this paper we prove the existence of mild solutions of a general class of nonlinear evolution integrodifferential equa-
tion in Banach spaces. Based on the resolvent operator and the Schaefer fixed point theorem, a sufficient condition for
the existence of general integrodifferential evolution equations is established.
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1. Introduction

Pazy [1] has discussed the existence and uniqueness of
mild, strong and classical solutions of semilinear evolu-
tion equations by using semigroup theory. The nonlocal
Cauchy problem for the same equation has been studied
by Byszewskii [2,3]. Balachandran and Chandrasekaran
[4] investigated the nonlocal Cauchy problem for semi-
linear integrodifferential equation with deviating argu-
ment. Balachandran and Park [5] have discussed about
the existence of solutions and controllability of nonlinear
integrodifferential systems in Banach spaces. Grimmer [6]
obtained the representation of solutions of integrodiffer-
ential equations by using resolvent operators in a Banach
space. Liu [7] discussed the Cauchy problem for integro-
differential evolution equations in abstract spaces and
also in [8] he discussed nonautonomous integrodifferen-
tial equations.

Lin and Liu [9] studied the nonlocal Cauchy problem
for semilinear integrodifferential equations by using re-
solvent operators. Liu and Ezzinbi [10] investigated non-
autonomous integrodifferential equations with nonlocal
conditions. Byszewskii and Acka [11] studied the classi-
cal solution of nonlinear functional differential equation
with time varying delays. There are several papers ap-
peared on the existence of differential and integrodiffer-
ential equations in Banach spaces [12,13]. The purpose
of this paper is to prove the existence of mild solutions
for time varying delay integrodifferential evolution equa-
tions with the help of Schaefer’s fixed point theorem.
The results generalize the results of [14].
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The paper is organized as follows: In Section 2, we
give the necessary definition and gave a description of
the idea of the proof of the main results formulated and
proved in Section 3. Moreover in Section 3, we prove the
existence of solution of general integrodifferential evolu-
tion equation with nonlocal condition.

2. Preliminaries

Consider the nonlinear delay integrodifferential evolution
equation with nonlocal condition of the form
d

G X©-6(tx(0).f3 ts.x(5))as) |
= AUX(1)+ [B(ts)x(s)ds

+F[t,x(t),j;fl(t,s,x(s))dS, 1)
j‘; f,(ts, X(S))ds,...'J‘;fn (ts, X(S))ds}
tel
X(0)+h(x)=x, )

where A(t) and B(t,s) are closed linear operators on a
Banach space X with dense domain D(A) which is
independent of t,
fiidxIxX > X, g:IxIxX—>X,
h:C(J,X)—> X, F:IJxX"™ X and
G:JxXxX — X are given functions. Here
J=[0T].
We shall make the following conditions:

(Hl) A(t) generates a strongly continuous semigroup
of evolution operators.
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(H,) Suppose Y is a Banach space formed from D(A)
with the graph norm. A(t) and B(t,s) are closed operators
it follows that A(t) and B(t,s) are in the set of bounded
linear operators from Y to X, B(Y,X), for 0<t<T and
0<s<t<T, respectively. A(t) and B(t,s) are continuous
on 0<t<T and 0<s<t<T,respectively, into B(Y,X).

Definition 2.1. A resolvent operator for (1) and (2) isa
bounded operator valued function R(t,s)eB(X),
0<s<t<T, the space of bounded linear operators on X,
having the following properties.

(i) R(t,s) is strongly continuous in s and t. R(t,t)=I, the
identity operator on X. |R(ts)|<Me”“*t,seJ and
M, S are constants.

(i) R(t,s)Y <Y,R(t,s) is strongly continuous in s
andtonY.

(iii) For yeY,R(t,s)y is continuously differenti-
ableinsandt,and for 0<s<t<T,

with %R(t,s)y and %R(t,s)y are strongly con-

tinuous on 0<s<t<T. Here R(ts) can be extracted
from the evolution operator of the generator A(t). The
resolvent operator is similar to the evolution operator for
nonautonomous differential equations in Banach spaces.

Definition 2.2. A continuous function x(t) is said to be
a mild solution of the nonlocal Cauchy problems (1) and
), if

x(t)= R(1.0) % ~h(x)]-R(L.0)[6(0.:x(0),0) ]+ & (t.x(t), [jg (t.5.x(s)) s
#[RLS)F (s.x(), [T (5,7, x(7))d o, [, (5,7 x(7) ) de s
- [R(LS)A(5)G(s,x(s). [ig (.7, x(¢)dr s
_I;U:R(t,r) B(z,5)G (r, x(2). ;o (z.¢, x(.{))dg)dr}ds

is satisfied.

Schaefer’s Theorem [15]. Let E be a normed linear
space. Let F:E—>E be a completely continuous
operator, that is, it is continuous and the image of any
bounded set is contained in a compact set and let

¢(F)={xeE:x=AFx forsome 0< <1}

Then either ¢(F) is unbounded or F has a fixed
point.

Assume that the following conditions hold:

(H3) There exists a resolvent operator R(t,s) which is
compact and continuous in the uniform operator topology
for t>s. Further, there exists a constant M, >0 such
that

[R(t.s)| < M,.
(H,) The function h:C(J,X)— X is continuous
and there exists a constant M, >0 such that
[h(x)| <M, forany xeX.
(Hs) Foreach teJ, the function
F(t,-): X™ — X is continuous and for each
(X, X+, X, ) € X" the function

F (%, %, %, )i = X is strongly measurable.
(Hg) There exists an integrable function
m, :J —[0,%0) such that

[ (ts,x)| < m (t.s) (|x]), forany t,s € J, xe X,

Copyright © 2013 SciRes.

for any teJ,xe X. where Q;:[0,0)—(0,0) is a
continuous nondecreasing function.

(H,) Ther exists an integrable function
m, :JxJ —[0,0) such that

g (t.s,%)| < mq (t,5)Q ([X]), forany t,s e J, xe X,
where Q;:[0,00) —>[0,0) is a continuous nondecreas-
ing function.

(Hg) The function G:C(J,X)— X is completely

continuous and there exists a constant 0<c, <1 such
that

||G (t.x(t), y(t))" < [||x(t)||+||y(t)||] forany teJ

and is equicontinuous in (J,X)

(Hy) The function G:C(J,X)— X is completely
continuous and there exists a constant 0<c, <1 such
that

[F (tx(0), y()]| <. [[x()] +[y )], forany te 3

and is equicontinuous in (J,X)
(Hy) There are function
H, (1) Hy (o4 (), 2, ()13 > [0,00] such that

[A®R(S)] < H, (1) (5)

[B(t.s)R(ts)|<H, (1) &, (s).
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H,,) The function 1
(Ha) where C:EM1[||XO||+M2+G(O,x(0),0)]

M (t) = max {1—1c1 M,C,, I/I_lzj >mi(ts),

3. Existence of Mild Solutions

G m, (t, s),i H, (t) 4 (1), The main result is as follows.
1-¢ 1-¢ Theorem 3.1. If the assumptions (H,)-(H,,) are
c satisfied then the problems (1) and (2) has a mild so-
s (O (1), onan 0. et
' Proof: Consider the Banach space Z = C(J,X). We
LI‘HZ (s),uz (s)ds, establish the existence of a mild solution of the problems
1—01 * (1) and (2) by applying the Schaefer’s fixed point the-
orem.
1 . mo t s)dtds} First we obtain a priori bounds for the operator equa-
tion
T, ds
jom(s)ds<fc - x(t) = ADx(t), 0<A<l, (3)
320 (S)+§QI (5) where ®:Z — Z is defined as

(CDX)(t):R(t,O)[xO—h(x)—G(O,x(O),O)]+.[tR(t,s)F(s,x(s),josfl(s,r,x(r))dr,--~,f§fn(s,r,x(r))dr)ds
+6(tx(t), [9(ts.x(s))ds - [R(t5) A()8 (s x(5). [fa (s, 7, x(r))de s @
~L{[RER)B()8 7 x(0). [0 (.6 x())d¢ Jar s

Then froms (3) and (4) we have
()] M. [l M G 0.x(0).0) M [ (0] S (1) ()] e

e (O)]+ i (1) (x(s)]) s [ [, () (5) [x(5)] + [ (5,) 2 (Jx() e s

)| JHe () ()]« o ()2 (¢ u)dc}df}ds

(L= c)x ()] < My [l + M, +G (0.%(0).0)]+ ¢, [yms (t.5) €2, ([x(s)] ) s
+Mlch;[llxmuémi(tys)szi(llx(s)llﬂds
+6,iHy (8) () [x(5)] + imo (5.7) 24 (| (7)) 7 |
o] [Ha (2) s (O (o) imo (7.2 (£ ) e s

1 t
[x(1)] < W{Ml [||x0||+ M, +G(0, x(O),O)J + cl.[om0 (,5)Q, (||x(s)||)ds

Mg, j;{||x(t)||+ S (t5)ey (||x<s)||)}ds
+6, 1My () ()| ()] + [}y (5,7)2 ([ ()] e Jas
+¢, j;[ [H, () (f)[||x(s)||+ [imy (2.)% (||x(;)||)d;}dr}ds}

Copyright © 2013 SciRes. AM
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Denoting the right hand side of the above inequality as W) ds .

v(t). Then [x(t)|<v(t) and [ - <[ m(s)ds
| ﬂ V35430, (5)+20,(s)
v(O):c:l_—Ml[||x0||+ M, +G(0,x(0),0)]. T )
<. - ,0<t<T.
V'(t)=é{qm0(t,s)90(v(t)) 35+§Qi(s)+290(s)

1
where ¢ ZEM1[||XO||+ M, +G(0,%(0),0)]

My, {v(t)+zn:mi (ts)e, (v(t))}
= Inequality (5) implies that there is a constant K such

hat v(t)<K,teJ and hence we have
+cthit[vt+tm t,5)Q, (V(S ds} t
M () (O] V() '[0 o(15)% (v(5)) ||x||=sup{|x(t)|:te.]}sK, where K depends only on T

5 [ItHZ(S)HZ(S)[V(t)+I;mo(S!T)QO (v(r))dr}ds}} and on the functions m, Q, and Q; .
) We shall now prove that the operator ®:Z —»Z isa
A n completely continuous operator. Let
Sm(t){Qo (V(t))+V(t)+ZQi (V(t))} B, ={xeZ:|x|<k} for some k=>1. We first show
= that @ maps B, into an equicontinuous family.
This implies Let xeB, and t,t, €[0,T]. Thenif O<t <t,<T

J(@x)(6) = (@x)(t)] < (R(1:0)~ R (t,0))[% ~h(x)-6(0,x(0),0)]
j;l[[R(tl,s)—R(tz,s)]F(s,x(s),josfl(s,r,x(r))dr,---,josfn(s,r,x(r))drﬂds
6t x(t). {0 (,5x())ds | -6t (%) 9 15 x(s) s
| (R(6.9)-R(6.9)AS)G(s.x(5). g (s.7:x(7))dr s
T (R ()R (t7))B(r9)6 (.X(2). [0 (¢ x(¢)d¢ e s
::R(tz s)F(s x(s). [, (s.7. x(r))dr,---,josfn(s,r,x(r))dr st

+

( 0
+ I;l[[R(H s)—-R(t, S)]F(S,X(S),J:fl(s,fl (7))dz, - J’sf S,T,X(T))dz'):|ds
+ G(H,X(H) I (s, x(s))ds) ( J' 9(t,.s,%(s))d )
R R ) A6 (x(6). a5 2 x()ar) as

; f;l[rl(R(t 7)-R(t,,7))B(z, s)G( o), Jlo(m ¢ ox( g’))dg)dr}ds
+Mcj2[k+m (t,s) (k)]ds— Mc_[ [k+_f r}d
M, [ U H, ( [k+j0mo 5,0)0, (k )dg}dr} s

Copyright © 2013 SciRes. AM
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The right hand side is independent of xe B, and
tends to zero as t,—t, —» 0, since f is completely con-
tinuous and by (H;), R(t,s) for t>s is continuous
in the uniform operator topology. Thus @ maps B,
into an equicontinuous family of functions.

It is easy to see that ®B, is uniformly bounded. Next,

(D.x)(t) = R(t,O)[x0 -h(x)-G
+j;7(R(t,s)F(s, (s).],
—j;[ UR(t7)B(z,

—f;_e[R(t,s) (5)6(s:x(

( (T ,J'Org(z' <, X( ))dc:)dr}ds

we show ®B, is compact. Since we have shown ®B,
is equicontinuous collection, by the Arzela-Ascoli the-
orem it suffices to show that @ maps B, into a pre-
compact set in X.

Let 0<t<T be fixed and let ¢ be a real number
satisfying O<e<t.For xeB,, we define

0, x( ,0)]+G(t x(t J'; Eg(t,s,x(s))ds)
(

i (smx(r))dr, o [ F (s x(r ))dr)ds

(6)

J.g(STX )}ds

Since R(t,s) is a compact operator, the set Y, (t)Z{((DEX)(t)ZXG B, is precompact in X for every ¢, 0<e<t.

Moreover, for every x e B, we have

l(@x)(©)-(@x) ()] <[} R(t.5)F(s.x(s

+ j{ [7R(t7)B(r.5) 6(rx(7)

+J‘i [R(t,s)A(s)G(s,x(s

<Mc2j Z[k+m (t.5)€ (k)ds]

). [y ti(s.2x(7))d
'Igg(s'gix(g))dcfﬂdr}ds
)vjsg(S.T,X(T))dr)}ds

7, '-,I:fn (s.7, X(T))dr)ds

+M101LH1 s) 4 (9) [k+’[0m0(5,r)§20(k)dr}ds

Mg [ [ H, (1) 14

Therefore there are precompact sets arbitrarily close to
the set {(®x)(t):xeB,}.

Hence, the set {(dx)(t):xeB,} isprecompactin X.

( jftsx

foreach teJ andsince

I; f,(ts,x,

—F (t,x(t),J'Of1 (t,s,x(s))ds,J';f2 (t,s,x(s))d

f)[k+jo’mo (r.0) (k)dg}dr}js

It remains to show that ®:Z — Z is continuous. Let
(X}, cZ Wlth X, — X in Z. Then there is an integer
||<q forallnand teJ, so x, €B,

and xeB,. By (Hy),

j f(t.s.x, )
s, --,jofn (t,s,x(s))ds)

H tTX dz'J.f tz'x If trx(r )
—F(t X(t) J. ( dr _[f tr X( dr, --,J.tfn t,z' X )dz’)
<2c,m (t,z’ "g t T,XH( )) g(t T, X ||<2m (t T)Q (q)
G(T,Xn t 7, X, ( ))dr)—A(T)R(t,r)G(r,X(z’),_[gg(t,r,x(r))dz')
<2%( ) 1(t)a

and

Copyright © 2013 SciRes.
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B(t,7)R(t,7) ( J g t T, X, ) B(t,r)R(t,r)G(r,X r),j;g(t,r,x(r))dr)
<24, (t)H, (t)q 0<c <1,0<¢c, <1.
we have by dominated convergence theorem
||q>xn_q>x||sj;R(ts[ (65 (0. o8 (b 2%, (D)) dz o o (3, (7)) e
-F (t,X(t),j;fl(t,r x( ‘r ) -,_[;fn (t,r,X(r))dz’)} ds
+_[;“R(t s)a(t.z.x, (7)) - g(t 7, X( Hds
+I "R ( T)G( _[g tr X, dz’)—A(z’)R(t,T)G(r,X T),Iorg(t,r,x(r))dr)

+J.D H (t,7) tz‘G(z‘,XrI J'gté,”,xn é”)) é”) B(t,7)R(t,7)G (T,X

as nNn—oo

Thus @ is continuous. This completes the proof that
@ is completely continuous.

Finally the set ¢ (®)={xeZ:x=Aidx,A€(0,1)} is
bounded, as we proved in the first step. Consequently, by
Schaefer’s theorem, the operator @ has a fixed point in
Z. This means that any fixed point of ® is a mild
solution of (1) and (2) on J satisfying (®x)(t)=x(t).
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