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Abstract - We study the structure of cyclic codes of length 2F over Zg for any natural number k. It is known that cyclic codes

k k
of length 2k over Zg are ideals of the ring R=Zg[x]/ < x> —1>. In this paper we prove that the ring R= Zg[x]/ < x? —1>isa

local ring with unique maximal ideal M=<2,x — 1>, thereby implying that R is not a principal ideal ring. We also prove that

cyclic codes of length 2F over Zg are generated as ideals by at most three elements.
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1. Introduction

Let R be a commutative finite ring with identity. A linear

code C over R of length # is defined as a R-submodule of R”.

An element of C is called a codeword. A cyclic code C over
R of length # is a linear code such that any cyclic shift of a
codeword is also a codeword i.e. whenever (c,,¢;,c;,...,c,) 1s in
C then so is (¢, ¢;,¢C5,...,¢.1). Cyclic codes of order n are ideals

of the ring R".

Let Zg denote the ring of integers modulo 8. Cyclic codes
over ring me of length » such that. (n,p)=1 are studied by
A.R. Calderbank, N.J.A. Sloane in [2] and P. Kanwar, S.R.

Lopez-Permouth in [3]. Most of the work has been done on
the generators of cyclic code of length n over Z, where 2 | n.

In [1], Abualrub and Oehmke, gave the structure of cyclic
codes over Z,4 of length Zk, in [5] Blackford classified all
cyclic codes over Z, of length 2n where # is odd and in [6]
Steven T. Dougherty & San Ling gave the generator

polynomial of cyclic codes over Z, for arbitrary even length.

The structure of cyclic codes over sz of length p®is given

by Shi Minjia, Zhu Shixin in [7].

*(corresponding author : phone: 172-275-3268; fax: 172-274-5175)

Cyclic codes of any length » over fields are principal ideals.

Therefore cyclic codes over Z, of length »n are principal

ideals. Moreover, cyclic codes over Z, of length
n are generated by polynomials of the type (x+1)" where ¢

| n and these generators are divisors of x” —1. But the
situation is different in case of cyclic codes over rings. In
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k
this paper we prove that the ring R= Zg[x]/ <x? —1>is a
local ring with unique maximal ideal M=<2x-1> .

Thereby implying that R is not a principal ideal ring (there
exist cyclic codes which cannot be generated by one element).

Even the generators of a cyclic code need not divide x” —1
over Zg. We also prove that cyclic codes of length 2 over

Zg are generated as ideals by at most three elements.

Throughout this paper we assume that n = 2Fso that R =
Zg [x]/< x" —1>.

2. Preliminaries

Any codeword from a cyclic code of length n can be

represented by polynomials modulo x” —1. Any codeword ¢
= (cyC1Cy...,ciy) can be represented by polynomial

o(x)=cq+cqx+...+¢, 1x" 1 inthe ring R.

Definition 2.1: Define a map
DR Zy[x]/<x"-1>
s.t. ® maps 0,2,4,6 to 0; 1,3,5,7 to 1; and x to x.

It is easy to prove that @ is an epimorphism of rings.

Note that Z, and Zg are rings under different binary
operations, but addition and multiplication of elements in Z,

can be obtained from the addition and multiplication of
elements of Zg reducing them by modulo 2. Any element a

a= b+2c+4d st. bcd € Z, .
Therefore any polynomial f{(x) € Zg[x] can be represented as

J)=f1(x)+2 f5(x)+22 f3(x),where f;(x) € Z,[x]for every i.

€ Zg can be written as
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The image of any polynomial f{(x) € R, under the
homomorphism @ is f1(x) .

Definition 2.2[8]: The content of the polynomial
f(x)=ag+ayx+...+a,x" where the a’s belong to Zg , is the

greatest common divisor of g, aq,..., d,,.

Theorem 2.3[8]: The Correspondence Theorem. — If
¢:A— A is a surjective ring homomorphism having kernel

n, then I'—> (pfl([') is a 1-1 correspondence between the

totality of ideals /' of 4" and the totality of those ideals of 4
which contain 7.

Theorem 2.4[8]: The General Isomorphism Theorem. 1If
¢:A— A is a surjective ring homomorphism with kernel n,

and if the ideals I,I'respectively correspond to each other as
in theorem 2.3. (le. = (p_l (I') or equivalently, if

I>nand I'=¢() , then there is a unique ring
homomorphism

¢©:A/1— A"/ I'such that o(a+1)=¢(a)+1'
for all a in A. Moreover, @ is an isomorphism of 4/ with
AT

Lemma 2.5 [1]: If R is a local ring with the unique
maximal ideal M and M = (a) = (a,,a;...., a,), then M = <a>
for some i.

3. Generators of Cyclic Codes Over Z8.

Consider the ring R= Zg[x] / <x" —1>. Let C be an ideal

(cyclic code) in R. Now, we prove that the ring R is a local
ring but not a principal ideal ring

Lemma 3.1: R is a local ring with the unique maximal ideal
M=<2x-1>.
Proof : The ring Ry =Z,[x]/ <x" —1> is a local ring

with unique maximal ideal /= < (x—1)>. Now, @ is a ring
homomorphism which is onto. Therefore by theorem 2.3.,

M=d\]) = ' (<x—1>)=<2,x— >

is ideal of R containing kernel of ®. By theorem 2.4, there
exists a unique ring isomorphism n.'R/(D_l(I) —>Ry/I. Asl
is maximal ideal of R, therefore R,/ is a field and n is a

isomorphism therefore R/ ot (1) is also a field. This implies

that M= @1 (1) is a maximal ideal of R.
Therefore, R is a local ring with unique maximal ideal M.

Lemma 3.2: R is not a principal ideal ring.

Proof:  Suppose R is a principal ideal ring. Let us
consider the maximal ideal M=<2,x—-1> of R. By the
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lemma 2.5., M=<2,x—-1>=<x-1> or M=<2x—1>=<2>,
But neither 2 € <x - 1> nor (x - 1) € <2>. Therefore, R is not
a principal ideal ring.

Now, we prove that cyclic codes of length 2k over Zgare

generated as ideals by at most three elements. We have the
following:

Lemma 3.3: Let C be a cyclic code of length 2F over Zg.
If minimal degree polynomial g(x) in C is monic, then C =
<g(t)> where g(x) =g(x) + 2 ga(x) + 4 ga(x) such that
g1(x)#0 and g;(x) €Z,[x]fori=1,2,3.

Proof: Suppose C is a cyclic code of length n = 2k over
Zg . Let g(x) =gq(x) +2gy(x) +4 g3(x) such that
gi(x) €Zy[x] fori=1, 2, 3; be a polynomial of minimal
degree in C whose leading coefficient is a unit. Let ¢(x) be a
codeword in C, then By division algorithm 3 ¢(x) and r(x)
over Zg such that

c(x) = g(x)q(x) +r(x)

where r(x) =0 or deg(r(x)) < deg(g(x))

This implies r(x) = c¢(x) — g(x)q(x) € C

if r(x)#0 then deg r(x)<deg g(x)

which is a contradiction to the choice of degree of g(x)
Therefore r(x) =0 ie. every polynomial ¢(x) in C is a

multiple of g(x). i.e. C=<g(x)>.

Lemma 3.4: Let C be a cyclic code of length 2% over ZgIf
C contains no monic polynomial and leading coefficient of
minimal degree polynomial g(x) in Cis 2 or 6, then C = <g(x)>
=<2g4(x)>where q1(x)€ Z4[x]/<x" -1>.

Proof: 1If leading coefficient of minimal degree
polynomial g(x) is 2 or 6 then we claim that content of g(x) is

Suppose this is not so. Let g(x)=cy+cqx+...+c,x* and
there exist some ¢ such that ¢, # 0 (mod 2), then 4g(x) is a
non zero polynomial of degree less than degree of g(x) and
belongs to C, which contradicts the minimality of g(x).

Hence ¢; =0 (mod 2) for all i and content of g(x) is 2.

So g(x) = 2q1(x) where gq(x) € Zy[x]/<x" -1>. Let C
be a code which contains no monic polynomial. Then all
polynomials in C are with leading coefficient non unit. We
claim that all the elements in C are multiples of 2g;(x)
where g1 (x) € Zy[x]/<x" —-1>.

Suppose this is not so. Then there exists a polynomial #(x) of
minimal degree #, in C which is not a multiple of g(x) =

241 (x)

Therefore, there exists 7, (x)(#0) € Zg[x]/< x" —1>
Such that u(x) =2¢;(x) vx1™° + r, (x)
where deg r,(x) < deg u(x) and v=1 or2 or 3
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Now, C is an ideal
Therefore r, (x) = u(x) — 2¢q, (" feC
if deg r, (x) < degu(x)&r (x) e C then 2g;(x)|r(x)
= 2g1(x) | u(x)
which is a contradiction.
Hence 7,(x)=0
= 2q1(x) | ux). ie.u(x) € <g(x)>=< 2q1(x)>
i.e., every codeword of C is generated by g(x) = 2¢4(x) . i.e.
C=<g(x)>=< 2q1(x)>

Lemma 3.5: Let C be a cyclic code of length 2 over Zg
containing monic polynomials and leading coefficient of
minimal degree polynomial g(x) = 2¢¢(x) in C is 2 or 6, then
C = =<f{x), 2q,(x)> where f{x) be a monic polynomial of
minimal degree ¢ among all monic polynomials in C.
Moreover, ¢1(x)| f(x)and any code C =< f(x),2g1(x) >1is

strictly contained in the code generated by g1 (x).

Proof: Suppose C is a code which contains a monic
polynomial f{x)=f1(x)+2 f5(x)+22 f3(x), of minimal degree ¢
among all monic polynomials in C. Let S be the set of
polynomials of C of degree less than 7. Then leading
coefficient of all polynomials in S is a non unit or zero
divisor.

Let ¢(x) € C, by division algorithm 3 unique polynomials =

030, () 5.t

c(x)=f(x)q3(x)+14(x) where 14(x) = 0 or degry(x)<degf(x) (1)
AsCisanideal

=r1nyx) e C

Now if deg 14(x) < deg f(x)

=r1yx)eS

then leading coefficient of 74(x) must be a zero divisor.

Let g(x)=2q4(x) be minimal degree polynomial in S with
leading coefficient 2 or 6 . It follows as in Lemma 3.4, r4(x)

is multiple of 2¢4 (x) and

Ty (x) € Zg[x]/ < x™ =1 > st (x) = 24 (x)w; (x)
substituting in equation (1), we get

c(x) = fx)q3(x) + 21 (x)w (x)

which implies C =< f(x),2q;(x) >

As f(x) is monic, therefore 2f{x) is polynomials with leading
coefficient 2. Therefore 24 (x) | 2f(x)

= g1 (0] f(x).
Lemma 3.6: Let C be a cyclic code of length 2 over Zg

which contains polynomials with leading coefficient 4 only.
Let g(x) be minimal degree polynomial in C, then C = <g(x)>

= < 4q,(x) > where g,(x) € Z,[x]/ <x" —=1>.

Proof: We claim first that content of g(x), the minimal
degree polynomial in C, is 4.
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If this is not so, then 2g(x) is a non zero polynomial of degree
less than degree of g(x) belong to C, which is a contradiction
to the choice of deg g(x).

=content of g(x) =4

= g(x) = 4q,(x) where g,(x) € Z,[x]/< x" -1>

Now, we claim that all polynomials in C are multiples of
4q,(x), where g,(x) € Zy[x]/ <x" —1>. Suppose this is
not so, then 3 a polynomial in C which is not a multiple of
g(x)=4q,(x) . Let u,(x) be a polynomial of minimal degree ¢,
in C which is not divisible by 4¢,(x),

then 3 r3(x)(#0)eZg[x]/ <x" -1>

sty (x)=4q,(x)x" "5 +r;(x) where deg(r;(x)) < degu;(x)

Cis anideal

L) =uy(x)—4qy(x)x 0 e C
Now if 73(x) is not equal to 0, then
degr3(x) <deg ui(x) , r3(x) € Cimplies 4q,(x) | r3(x)
= 4q,(x) | uq(x), which is a contradiction.
Therefore 73(x)=0 and u4(x) is a multiple of 4¢,(x).
Hence every polynomial in C is multiple of 4¢,(x) .
Thus C = <gx)> = < 4q,(x) >, where g,(x) belongs to

Z[x]/< x" —1>.

Lemma 3.7 Let C be a cyclic code of length 2k over Zg
not containing monic polynomials and let the leading
coefficient of minimal degree polynomial g(x) = 4¢,(x)in C
be 4, then C =<2¢;(x),4q,(x)> , where 2q;(x) is a
polynomial with leading coefficient 2 or 6 of minimal degree
‘s’ among all polynomials with leading coefficient 2 or 6 in C.
Moreover, q2(x) | g1 (x) and therefore
C =<2q1(x),495(x) > is strictly contained in the code

generated by g, (x).

Proof: Let g(x) be minimal degree polynomial in C with
leading coefficient 4, then from Lemma 3.6 it is clear that
content of g(x) is 4. That is g(x) =4q,(x). Let v(x) be a
polynomial with leading coefficient 2 or 6 of minimal degree
‘s’ among all polynomials with leading coefficient 2 or 6 in C.
It is easy to prove that content of v(x) is 2. That is v(x) =
2q41(x). Here 2¢g;(x) is not unique.

Let S be set of all polynomials with degree less than ‘s’.
Therefore S contains polynomial with leading coefficient 4
only. Let ¢(x) e C therefore leading coefficient of c(x) is 2,4

or 6. If deg(c(x)) > deg(2¢q, (x) ) then by lemma 3.4. 2¢;(x)

divides c(x). Therefore content of c(x) is 2. If deg(c(x)) <
deg(2q1(x)), then c¢(x) € S and by lemma 3.6. 4g,(x) | c(x).
Therefore content of ¢(x) is alteast 2. i.e. ¢(x)= 2u(x). Now
divide u(x) by g¢q(x) .As ¢q(x) is monic polynomial
therefore there exist Q(x) and R(x) such that
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u(x)=q,(x)O(x)+ R(x)
where R(x ) =0ordeg(R(x)) < deg(q,(x))
c(x)=2u(x)=2q,(x)O(x)+2R(x) 2)

if deg(R(x)) < deg(qy(x))then deg(2R(x)) < deg(2q,(x))
this implies 2R(x) € S

therefore by lemma 3.6.4q,(x )| 2R(x)

therefore there exist w'(x) such that 2R(x)=4q,(x)w'(x)
substitute the value in equation (2), we get
c(x)=2q1(x)Q(x)+ 4q,(x )w'(x )this implies 2R(x ) € §
This  implies  c(x) €< 2qq(x),4g,(x) > That s
C =<2q1(x),4q(x) >.

Lemma 3.8: Let C be a cyclic code of length 2 over Zg

such that the leading coefficient of minimal degree
polynomial g(x) = 4g,(x) in C is 4. Further, let the minimal
degree polynomial among all polynomials in C with leading
coefficient not equal to 4 be monic, say f(x) of degree?’.
Then C = <f{x), 4g,(x) >. Moreover, g,(x)| f(x) and
therefore C =< f(x),4q,(x) > is strictly contained in the

code generated by g, (x) .

Proof: Suppose C is a code which contains a monic
polynomial f{x)=f1(x)+2f5(x)+22% f3(x), of minimal degree ¢
among all polynomials with leading coefficient unit or 2 or 6.
Here f{x)is not unique. Let S be the set of polynomials of C
of degree less than 7. Then leading coefficient of all
polynomials in S is 4.

Let ¢(x) € C, by division algorithm 3 unique polynomials
q3(x),ra(x)s.t.

o(x) = f(x)q3(x)+ry(x) 3)

where r4(x)=0o0rdegry(x)< deg f(x)

As Cis an ideal

=nix) e C

Now if deg ry(x) < deg f(x)

= nx)es

Let g(x)= 4q,(x) be the minimal degree polynomial in §
with leading coefficient 4. It follows, as in Lemma 3.6 that
r4(x) is multiple of 4¢,(x) and

Iwg(x)eZg(x)/ <x" —1>str4(x)=4qy(x)wy(x)
substituting in equation (3), we get

c() = f)g3(x)+ 4q(x)wy(x)

which implies C =< f(x),4q,(x) >

Lemma 3.9: Let C be a cyclic code of length 2% over Zg

such that leading coefficient of minimal degree polynomial
g(x) = 4q,(x) in C is 4. Further, let the minimal degree

polynomial among all polynomials in C with leading
coefficient not equal to 4 be 2¢4 (x) of degree ‘s’ and f{x) be a

monic polynomial of minimal degree ¢ among all monic
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polynomials in C. Then C = <f{x), 2q1(x) , 4q5(x) >.

q2(¥) [ q1(x) | f(x) and
C =< f(x),291 (x),4q,(x) > is strictly contained in the code

Moreover, therefore

generated by g, (x).

Proof: Suppose C is a code which contains a monic
polynomial f{x)=f1(x)+2f5(x)+22 f3(x), of minimal degree ¢
among all monic polynomials in C. Here f{x) need not be
unique. Let S be the set of polynomials of C of degree less
than 7. Then leading coefficient of all polynomials in S is
either 2,4 or 6.

Let ¢(x) € C, by division algorithm 3 unique polynomials
g(x)and r(x)such that ¢(x) = f(x)q(x)+ r(x) 4)
where either (x) = 0 or deg(r(x)) < deg( f(x))

If deg(r(x)) <deg(f(x)) then r(x)e S, by Lemma 3.7.
r(x) €< 2q1(x),4q,(x) > therefore there exist

u(x) and v(x) such that r(x) = 21 (x)u(x) + 4¢q, (x)v(x) where
2q4 (x) be a polynomial with leading coefficient 2 or 6 of

minimal degree ‘s’ among all polynomials with leading
coefficient 2 or 6 in C. Substitute the value of r(x) in (4), we

get c(x) = f(x)q(x) + 21 (x)u(x) + 4g,(x)v(x) . Thatis
C=< f(x)’qu (x)94'q2 ()C) >

Theorem 3.10: Cyclic codes in R of length 2F are
generated as ideals by at most three elements.

Proof: The theorem follows from Lemmas 3.3 to 3.9.

Note: This result has also been generalised by us for cyclic

codes of length 2K over Z,n forall m.
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