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ABSTRACT

In this paper explicit expressions and some recurrence relations are derived for marginal and joint moment generating
functions of generalized order statistics from Erlang-truncated exponential distribution. The results for k-th record val-
ues and order statistics are deduced from the relations derived. Further, a characterizing result of this distribution on
using the conditional expectation of function of generalized order statistics is discussed.

Keywords: Generalized Order Statistics; Order Statistics; Record Values; Erlang-Truncated Exponential Distribution;
Marginal and Joint Moment Generating Function; Recurrence Relations and Characterization

1. Introduction

A random variable X is said to have Erlang-truncated
exponential distribution if its probability density function
(pdf) is of the form

f(@:a@—aﬁa“““[xzqal>o (1)
and the corresponding distribution function (df ) is

— - —e*
F(X):egx(1 XXZQ&2>Q 2

where
F(x)=1-F(x).

For more details on this distribution and its applica-
tions one may refer to [1].

[2] introduced and extensively studied the generalized
order statistics (gos) . The order statistics, sequential
order statistics, Stigler’s order statistics, record values are
special cases of gos . Suppose X (I,n,m,k),--,
X (n,n,m,k) aren gos from an absolutely continuous
distribution function (df ) F(x) with the correspond-
ing probability density function (pdf ) f (X) . Their
joint pdf is

k(ﬁhj(ﬁ[l*(xiﬂmf(x‘)) 3)

[1-F(x)]" £(x)
for F! (0+)<X1 <X, <o <X < F! (1),m2—1,

7, =k+(n=r)(m+1)>0, r=1,2,---,n-Lk>1 and n
is a positive integer.
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Choosing the parameters appropriately, models such as
ordinary order statistics (y, =n—i+1;i=12,---,n, ie.
m=m,=---=m_, =0,k =1), k-th record values
(7, =k,ie.m=m,=---=m_ =-1keN), sequential
order statistics (7, =(n—i+1)a;a,a,,,a,>0), or-
der statistics with non-integral sample size
(7; =a—i+La >0), Pfeifer’s record values

(7i =LBsBuBys s By > O) and progressive type II cen-
sored order statistics (m; € N,k e N) are obtained [2,

3].
The marginal pdf of the r-th gos, X(r,n,m,k),
1<r<n,is

fx(r,n,m,k)(x)
- S TR (T (00 (F (0)

and the joint pdf of X(r,n,mk) and X(s,n,mKk),
1<r<s<n,is

“

fxenmixsami (%)
- e F (0] 01 (F ()
(r=1)!(s—r-1)! "

<[ (F(y)-ha (F()) ] 5)
F ] () (y),

a<xX<y<p,

where
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(1=x)"", m=-1

1
r —
Co=[rihn (x)=7 m+1
i=1

—In(1-x),
and g, (x)=h,(x)-h,(0),xe[0,1).

[4-6] have established recurrence relations for moment
generating functions of record values from Pareto and
Gumble, power function and extreme value distributions.

Recurrence relations for marginal and joint moment
generating functions of gos from power function distri-
bution are derived by [7]. [8,9] have established recur-
rence relations for conditional and joint moment gener-
ating functions of gos based on mixed population, re-
spectively. [10] has established explicit expressions and
some recurrence relations for moment generating func-
tion of gos from Gompertz distribution.

In the present study, we establish exact expressions
and some recurrence relations for marginal and joint mo-
ment generating functions of gos from Erlang-truncated
exponential distribution. Results for order statistics and
record values are deduced as special cases and a charac-
terization of this distribution is obtained by using the
conditional expectation of function of gos.

m=-1

2. Relations for Marginal Moment
Generating Functions

Note that for Erlang-truncated exponential distribution
defined in (1).

f(x)=0(1-¢")F(x). (6)

The relation in (6) will be exploited in this paper to
derive exact expressions and some recurrence relations
for the moment generating functions of gos from the
Erlang-truncated exponential distribution.

Let us denote the marginal moment generating func-

tions of X(r,n,mk) by My, . (t) and its j-th

derivative by M &j()r’n,m,k) (t) .

We shall first establish the explicit expression for

M X (r,nm.K) (t) Using (4) and (6), we have when m = —1
o(1-¢7)C,,,
M X(r‘n,m,k) (t): W I (}/F’ r _1) > (7)
where

I(a,b)=["e"[F(x) ()] ga(F(x))dx. (8
1

On expanding g}, (F (X)) = [m— {1_('E(X))m+1}:|b

+1
binomially in (8), we get when m = —1

)= Al & [F(
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]a+u (m+1) dx ’ (9)

where

On substituting for F(x ) from (2) in (9), we have
( AJ- e - A){a+u(m+1)}—t]dx
B A (10)
[9(1—e’*){a+u(m +1)}—t].

Now on substituting for | (y,,r—1) from (10) in (7)
and simplifying, we obtain when m = —1

M 0= C e Sy [

r=1)!(m+1 u=0
(r=1y(me1) )

[7r_u ~{yo(1-* )}J

When m=-1, we have

M= 35 S0

Since (11) is of the form 0/0 at m=-1, therefore,
we have

X

Differentiating numerator and denominator of (12)
(r—1) times with respect to m, we get

My (e (8) = |L::)( )”” 1 (rl}lj
) (n r+u)r - r
[k+(n—r+u)0n+0‘{veo_e%)ﬂ

Cow &/ yfr-1
IS

(r-n-u) '
[k+(n—r+u)(m+1)—{t/6(1—e”“)H

On applying L’ Hospital rule, we have
Co.

(r _Uy[k ~{t/o(1-¢* )}} (13)
S Jen-or

u=|

r-1

X

lim M X(r,n,m.k) (t) =

m—-1
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But for all integers n>0 and for all real numbers X,
we have [11]

;(—1)‘ [?j(x—i)" =n! (14)

I
Therefore,
b (b
3 (-1)" b( jub =b! (15)
u=0 u
Now on substituting (14) in (13), we find that

(t)= ! . (16)

[1-{tko(1-¢* )}}

Differentiating M, ., (t) with respect to t and
evaluating at t=0, we get the mean of the r-th gos
when m> -1

M X(r.n,-1k) (t) = Myr(k)

C
E[X(r,n,mk)]= -1
[x(rnmi)] (r=1)1o(1-¢*)(m+1)"
N 1 47
r—l1 u r_
x> (-1 —
(R
and when m=-1 that
EX(rn-1K)]=E[\¥]=—F— @8

“ko(1-¢7)

as obtained by [12] for exponential distribution at
o(1-¢*)=c.

Special Cases

1) Putting m=0, k=1 in(11) and (17), the explicit
formula for marginal moment generating function and
mean of order statistics from Erlang-truncated exponen-
tial distribution can be obtained as

r

SRS

0 u
1

[n—r+u+1—{t/9(l—e_l)”

X

and

. C, f-l( 1)u(r—1] 1
H(I—e”l)u:o u (n—r+u+l)2’
where
n!
C =—.
o (r=1)!(n=r)!

2) Setting k=1 in (16) and (18), the results for upper
records from Erlang-truncated exponential distribution
may be obtained in the form
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[1-{yo(1-¢ )}}

and
E[v" ] E[Xum}:g(l_;ez)

as obtained by [13] for exponential distribution at
9(1 e ) =cC.

A recurrence relation for marginal moment generating
function for gos from df (1) can be obtained in the
following theorem.

Theorem 2.1 For the distribution given in (1) and for
2<r<nn=2k=12,---,

(19)

(i) j (i-1)
=M xJ(r—l,n,m,k) (t) +—9(1 B e_l )yr M Xj(r,n,m,k) (t)

Proof [10] has shown that for a positive integer
k,1<r<n,n>2,

M X(r.n,mk) (t) -M X(r=1,n,m.k) (t)
tcr, B x [ = Tt r—
ZWXL et [F (x)] gn ' (F(x))dx.
On substituting for F(x) from (6) in (20) and sim-
plifying the resulting expression, we find that
M X(r,n,mk) (t) -M X(r=1,n,mk) (t)

= W M X (r,n,m,k) (t)

r

(20)

@1

Differentiating both the sides of (21) j times with re-
spect to t, we get

M g(j()r,n,m,k) (t) =M ij()r—l,n,m»k) (t)
t (0
j (i-1)
N Y t).
o(1-c7)y, xeann )

The recurrence relation in (19) is derived simply by
rewriting the above equation.

At t=0 in (19), we obtain the recurrence relations
for moments of gos from Erlang-truncated exponential
distribution in the form

E[Xj(r,n,m,k)]z E[Xj(r—l,n,m,k)]
J i1 (22)
+—9(1—671)7r E[XJ (r,n,m,k)].
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Remark 2.1 Putting m=0, k=1 in (19) and (22),
we can get the relations for marginal moment generating
function and moments of order statistics for Erlang-trun-
cated exponential distribution as

t i
{1_ o(1-¢)(n- r+1)JM(X3n (t)

and

J i1
+9(1—e"1)(n—r+1) E[Xm ]

Remark 2.2 Setting m=-1 and k>1 in (19) and
(22), relations for record values can be obtained as

t .
j i
:Mi,‘J)R(t)Jrke(l—e )Mirtjk)])(t)
and
e () - € ()]
i () "‘}
+kl9(1 e )E[(Yr ) ’
for k=1

E[ X |=E[ XSy ]
+WE[XJ(:J.

Remark 2.3 At j=1, 0(l1-¢”)=c in (22), the
result for single moments of gos obtained by [2] for ex-
ponential distribution is deduced.

3. Relations for Joint Moment Generating
Functions

Before coming to the main results we shall prove the
following Lemmas.

Lemma 3.1 For the Erlang-truncated exponential dis-
tribution as given in (1) and non-negative integers a, b
and c with m= -1,

I (a,0,c)
_ 1 (23)

[0(1-c*)e-t, Jo(1-¢ *)(a+c)-(t +t,)]
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where

I(ab,c)

= [, I e RG] [ (F(
><[If(y)]c dydx.

Proof From (24), we have

I [ F(x

V)~ (F(x)] @4

(a,0,c) ] x)dx, (25)

where
J' V[ E [ ] dy . (26)
On substituting for F(y) from (2)in (26), we get

e et P
R (S

Upon substituting this expression for 1(x) in (25)
and then integrating the resulting expression, we estab-
lish the result given in (23).

Lemma 3.2 For the distribution as given in (1) and
any non-negative integers a, b and c,

— 1 : _ v b
I(a,b,c)_(mﬂ)b V:O( 1) [v]
1
g [9(1—e“){c+v(m+1)}—t2] @7
1
X= = ,m=-1

O(1-c){at+c+b(m+1)j—(t +1,)]|

b!

[o(1-)] [o-{uro(-¢)] ]

1
><[a+c—{(t1 +t, )/49(1—e’)~ )}J ’
where 1(a,b,c) is as given in (24).
Proof Expanding [hm (F(y))-h,(F (X))]b binomi-
ally in (24) after noting that

o (F(¥)) = (F () = 0 (F (¥)

)-9
(m+lbv:0 [ j

(28)

( ) we get

(-

I(a,b,c)=

I I eT|X+th|: ):|a+b v)(m+1) [IE ]c+v (m+1) ydx
b v(b
:(m-i-l)b\;(_l) VJ
xI(a+(b-v)(m+1),0,c+v(m+1)).
0Js
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Making use of Lemma 3.1, we establish the result
given in (27).

b . (b
When m=-1, I(a,b,c):% as Y (-1) [Vj:(),
v=0

so after applying L’Hospital rule and (15), (28) can be
proved on the lines of (16).

Theorem 3.1 For Erlang-truncated exponential distri-
bution as given in (1) and for
I<r<s<nk=12,---,m#=-1,

M t.t,)

X(r.n,m,k),X(s,n,m,k) ( 1

i [o(1-¢*)] c,, _ .
(r=1)!(s—r—=1)Y(m+1)
x‘(_1)“[r;1j|((u+1)(m+1),s_r_1,ys)

C =1 s-r-1

=Y ()

(r=DY(s—r=1)(m+1)"" &5 =

N ey ™

1

Trefuol-<)]]

Proof From (5), we have

_[o0-¢*) e,

Mx(r,n,m,k) (snmk)(t t (r 1)( i 1)
X[ [ e [ F(x )™ a5 (F (%)) 31)
<[, (F(v)-hs (F ()] ' [F(

upon using the relation (6). Now expanding g (F (X))
binomially in (31), we get

My (v mk).x (s.0.mK) (t.t,)
[o(1-¢*)] c,,
(s (me1)”
<2 (—1)” [rJIJI ((u+1)(m+1), s=r-1, ;/S).

Making use of Lemma 3.2, we establish the relation
given in (30).

]ys dydx

Special Cases

1) Putting m=0, k=1 in (30), the explicit formula
for the joint moment generating function of order statis-
tics of the Erlang-truncated exponential distribution can
be obtained as

Copyright © 2012 SciRes.

h
w

My, ., (t:t) =Cs e )U+v( ;1]

u=0 v=0

T

(e

X

where
n!

S T in-s)

2) Putting m=-1 in (30), we deduce the explicit ex-
pression for joint moment generating function of upper k
record values for Erlang-truncated exponential distribu-
tion in view of (29) and (28) in the form

1

[1 ~{t/ko(1-¢ )}}

[1-{(t +t)ko(1-e)} | |

Differentiating M, i x(snm (1-1;) and evalu-

s—r

M(Yr(k)sYs(k)) (t] stz ) =

X

ating at t, =t, =0, we get the product moments of gos
when m=#-1

E[ X (r.n,m,k)X (s,n,m,k)]
_ Co
(r=1)(s—r-1)!

1 —r
x ; > () G2
[o(1=)] (m+1) 55 i

X(r—lj(s—r—l} Vew +2750
u v (yr—u )3 (}/S*V )2

and when m=-1 that

(K (0] _ r(s+1)
E[Y Y] ol )T (33)
and for k=1
E[ Xy Xugs | = (e

Making use of (6), we can derive the recurrence rela-
tions for joint moment generating function of gos from
(5).

Theorem 3.2 For the distribution given in (1) and for
I<r<s<nnx>2and k=12,--

0JS
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t (i)
[1 _WJ M e mmix (snm) (151

J (34)

= ('J S S
=Mx Q(I—e’ﬂ);fs

(r.n.m.k), X (s—1,n,m.k) (tl’tZ ) +

xM ('(Jr n)m k), X (5,0,m,k) (tlatz )

Proof [10] has shown that for 1<r<s<n,neN,
meR,i,j=0,1,2,--- and a fixed positive integer
k>L1<r<nn=>2,

Mx(r,nmk) (snmk)(t b ):Mx(rnmk) (s—ln,m,k)(tl’tZ)
2 (r— I [, e [FO]" £ (x)
xgr(F(x))[hm(F(y))—hm(F<x>>T B

<[ F(y)]" dydx.

Differentiating both the sides of (34) i times with
respect to t, and then | times with respect to t,, we
get

M §<I’(:’?I‘l,m.k),x(s,n,m,k) (tl ’tz ):

t (i)
m M X(Jr,n‘m,k),X(s,n,m,k) (tl 9t2 )

j i
+m M (x'(Jr,nl,)m,k),x(s,n,m,k) (t.t,),

which, when rewritten gives the recurrence relation in
(26).

At t, =t, =0 in (34), we obtain the recurrence rela-
tions for product moments of gos from Erlang-truncated
exponential distribution in the form

E[Xi(r,n,m,k)xj(s,n,m,k)]
:E[Xi(r,n,m,k)xj(s—l,n,m,k)} (35)

M Q’(Jr?n,m,k),x(s—l,n,m,k) (tl :tz )

+

+9(1_e_1)7/s E[X (r,n,m,k) X" (s,n,m,k)].

One can also note that Theorem 2.1 can be deduced
from Theorem 3.2 by letting t, tends to zero.

Remark 3.1 Putting m=0, k=1 in (34) and (35),
we obtain the recurrence relations for joint moment gen-
erating function and product moments of order statistics
for Erlang-truncated exponential distribution in the form

t2
{1_9(1—e1)(n—s+1)JM(x's)“ (t.t)

J (i.31)
MO (¢t
o(1-¢*)(n-s+1) (t.t)

=M S;.js),,:n (tl )t ) +

Copyright © 2012 SciRes.

and

J (i, j-1)
+ E| X/
ﬁ(l—e‘l)(n—sﬂ) [ e ]
as obtained by [14] for exponential distribution at
i=j=1 and O(1-¢*)=1.
Remark 3.2 Substituting m=-1 and k >1, in (34)
and (35), we get recurrence relations for joint moment

generating function and product moments of upper K re-
cord values for Erlang-truncated exponential distribution.

4. Characterization

Let X(r,n,m,k),r=12,---,n be gos, then the condi-
tional pdf of X(s,n,mk) given X(r,n,mk)=x,
1<r<s<n,in view of (4) and (5), is

f><(s,n,m,k)\><(r,n,m,k) (y| X)
Co

(s—r-1)!C,

« [hm (F (Y))— h, (F (X))]S*Pl I:lf(y)]%%
[lf(x)]ml

X<Yy.

Theorem 4.1 Suppose F(x)<1, for all xe(0,:)
be a distribution function of the random variable X and
F(0)=0, F(x)=1, then

E |:et><(s,n,m,k)‘ X (Is n,m, k) = X:|

=e“ﬁ ALy l=r,r+l1 o0
= 7l+j_{t/'9(l_e%)} -
if and only if
E()=c """ x20,0,150.
Proof From (36), we have
E [etx(s’”’m‘k)‘ X(r,n,mk)= Xj|
(st —1)!CC:,S_11(m+1)“1 %
_ e I _
o {d] | (R +e

E
By setting u= 'E(y) =¢ — from (2) in (38),
we obtain

0JS
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E[etx(s‘”’""k)‘ X(r,n,mk)= Xj|

_ Aemruys—lf{t/g(pe%)} (1 g™ )s—r—l au,

0

(39)

where
Cs—l .
(s—r-1)1C,_ (m+1)""

Again by setting v=u"" in (39), we get

E[e‘x(s’”‘m’k)‘ X(r,n,mk)= X:|
Ae® o1 k_{t/a(l_eil)}

— m+1

m+1°7°

+n-s—1

(1 —V)H’1 dv

) Cr_lij[)/r+j —{t/@(l —e™* )}J

and hence the relation given in (37).
To prove sufficient part, we have from (36) and (37)

Cs—l
(s—r-1)1C,_, (m+1)"""
SEFO-FO)™ T o)

<[F(y)]" f(y)dy
=[F() " H, (x),

1

where

T Vrsj
1 Y —{t/@(l—c_/1 )}

Differentiating (40) both the sides with respect to X,
we get

H, (x)=¢"

G [F] ()
(s=r=2)1C, (m+1)"""
e[y o)
[F]™ 1 (v)ay

=H ()[F)]™ ~7aH, (O[F)]™ £ (x)

or
_7r+1 r+1 [ F

(OLF (] -

:|7r+2+m (X)
FeuHe (O[F (O] 1 (%),

where

Copyright © 2012 SciRes.

Hr!(x)_tetxs_r 7/I’+J
= Vi {t/H(I e )}
and
H.. (X)—H,(x)
__h Yoo to(i-¢)
=—c
j=1 }/H] {t/g(l (5] )} Vra
Therefore,

f_(x) _ Hr'(X)
FOO  7ea[Hea (0=H, (4]

:H(I—e”l)

which proves that

[10]

F(x)= efgx(lfe%), x>0,0, 1>0.
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