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ABSTRACT

Let d and n are positive integers,

quent of primitive digraphs of order n with exact d vertices having loop is {1, 2,--+,N —{——‘} .

n>2,1<d <n. In this paper we obtain that the set of the 2

— common conse-

d
2
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1. Introduction

Let V={a,-,a,] be a finite set of order n,
G=(V,E) be a digraph. Elements of V are referred
as vertices and those of E as arcs. The arc of E from
vertex Uto vertex V is denoted by (u,v). Let A be
a nNxn matrix over the Boolean algebra { ,1}. If the
adjacency matrix of G is A, where A—(mu), m; =1, if
(a,,aJ ) eEandm; =0 0therw1$e then A is Boolean
matrix. G is called adjoint digraph of A.
The map: A <> G isisomorphism.

Let G' be a digraph corresponding to the A', and

aG' ={aj ev‘( ;)€ E(G' )}

where | > 0 is an integer.

In 1983, S. Schwarz [1] introduced a concept of the
common consequent as follows.

Definition 1.1 Let G be a digraph. We say that a
pair of vertices (al,aj),a, #4;, has a common con-

sequent (C.C.) if there is an 1nteger | > 0 such that
aG'Na,G' =4 M

If (ai,aj) have a ccC.then the least integer |>0
for which (1) holds is denoted by Lg (a;.a;)

Definition 1.2 Let G be a digraph. The generalized
vertex exponent of G, denoted by expg (1), is the least
integer |1 >0 such that

n

4 2
In 1996, Bolian Liu [2] extends the common conse-

quent to the k—common consequent (k—C.C.) as fol-
lows.

Copyright © 2012 SciRes.

Definition 1.3 Let G be a digraph. We say that a
group of vertices

{a,-a eV ={a,.a},
2<k<n,a_=#a ,S#t,
S t

has a k —common consequent (k —cc.), if there is an
integer | >0 such that

_rk]aijG' ¢ 3

L3

-a } for which
k

If {&,--,8 ; have a k—cc., then the least integer
I >0 for which (3) holds is denoted by Lg (a S a %

If there is at least one group {ail’

Ls (ah,'-- 8, ) exists, we define

’ IkLG() maxLG( R ,k)

where {an’ . ,a,k} runs through all groups with k
elements for which Lg ( -1 ) exists. If there is no

group {ail’ . ’aik} for which Le(ail,---,aik) exists,

we define Lg(k)=0. Lg(k) iscalled k—cc. of G.

A digraph G is said to be strongly connected if there
exists a path from u to v for all u, VEV(G). A di-
graph G is said to be primitive if there exists a positive
integer P such that there is a walk of length p from
u to v for all u,veV(G). The smallest such p is
called the primitive exponent of G.

A digraph G is primitive iff G 1is strongly con-
nected and the greatest common divisor of all cycle
lengthsof G is 1.

Let V ={a,-,a,} and P,(d) be the set of all pri-
mitive digraphs of order n with exact d vertices hav-
ing loop. It is obvious that if GeP, (d) , then
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Ls (aiI ,'--,aik) exists for any group
{a- »""aik}’ 2 <k <n.We define

L(n,d,k)zmax{LG (k)|G eP, (d)}

The properties of primitive digraphs and its k—c.c.
see [3-5]. In this paper we obtain that the set of the 2 —
common consequent of primitive digraphs of order n
with exact d vertices having loop is

jacaft)

where n and d are positive integers, n>2, 1<d <n,
[a—| is the least integer greater or equal to a.

2. Preliminaries

It is easy to see that L(n,d,k) exists by [1].

Lemma 2.1 Let G=G(V) be a primitive digraph of
order n(n>2) and V, bea nonempty proper subset of
V , then V|G contains at least one element of V
which is not contained in V.

Lemma 2.2 Let G=G(V) be a primitive digraph of
order n(n>3) and a eV , where vertex a with
having a loop, 2 <k <n,then |ain“| >k.

Proof: Since vertex @ has a loop, hence g, €aG,
and |ain"|2k by lemma 2.1.

The follow lemma is obvious.

Lemma 2.3 [2] If 2<k <k, <n, G is a primitive
digraph, then Lg (k)< Lg(k,).

Lemma 24 LetV ={a,,---,a,},

E-=

{(ai,ai),(aj,aj+1),(an,a,)|i =1,--,d, j :1,---,n—1},
G, =(V.E),

where n,d,k are integers and 1<d<n, 2<k<n,
then

L, (z):n{%]and e, (n)=n-1.

Proof: First of all, It is obvious thatG, is belong to

P, (d).
Let V, ={a,-,a,},V, ={a,;,84,,,:-,8,} , then V,

is a set in which every vertex have a loop, For all

uveV,uzv.

Casel u,veV,.

There exists a walk of length less than or equal to

n—’rg-‘ form u to v (or from v to u), and
d

n— Bw <n- {%w , then uG;FH ﬂngiH 9.

Case2 u,veV,.
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There exists a walk of length less than or equal to
n—d form u to & (andform v to @),

n-d SH—[E—‘,
2

d d

uGOn_H N VG;‘_H of{a}#g.

then

Case3 ueV,veV,.
There exist a walk of length less than or equal to
n—d form v to xeV ,by Lemma 2.2,

Zn{g—lﬂ-
2

d d

>d- {%—l +1- uG(;PH N vG(;PH
d
Pt

d

uG: 7H VG: {%w

d

d
i ettt

d
+ vG; 7H

zn{g—l+1+d{9—‘+1—n:d—2{9—|+2>o,
2 2 2
d

d —

hence UGS_[EW ﬂVG:_M =¢.

d )

So we have uG;_H ﬂvG;_M #¢ for all u,veV .

Note that if |< n—{%—‘, then aHG"I ﬂad+1(30' =¢.
2

Hence Lg (2)=n {%w

Let u be arbitrary vertex belong to V , then there
exists a walk of length less than or equal to n—1 form

n
u to &, then ﬂaieg” #¢. It is easy to see that if
i=1
n
l<n-1 then [)aG. =¢.
i=1

Hence Lg (n)=n-1.The proof is now completed.

3. The Main Results
Theorem 3.1 Let G e P, (d),n,d be integers,
n>3,1<d<n,
d
then L(n,2,d)=n- B
Proof: Let V ={a,,---,a,} be set of vertices of G
and V, be subset of V in which each vertex have a

loop, V, =V -V, . forall u,veV,u=v.
Casel u,veV,.
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There exists a walk of length less than or equal to

n
n- 5—‘ form u to v (or from v to u), and

_ d d
n— ﬂs n{%w _then aniH nanH 44

Case2 u,veV,.
Suppose that there be a walk of length equal to

o> and there be a

d
n— B of U:uuU,---Ug VXX, -+ X

walk of length equal to n— {%—‘ of

VIWN, -V UY, Y, Yy s

where S+p:t+q:n—{%—‘.
Let X:{xlxz,m,xp} and Y:{ylyz,m,yq}. If
there be one vertex of X or Y belongto V,,then
d
{E]QVG [2W¢¢

Otherwise, V —{U,UI,UZ,"' u

sUs_19

v,xl,xz,n-,xp} and

V—{V,Vl,vz, Ve WY Yo, ,yq} contains at most

[%—‘ element of V,. In other word, {u,ul,uz,---,uH}

contains at least ’V%-‘ element of V,. Note that G is
strongly connected, u # V. There exists a walk of length
less than or equal to n —{%—‘ from v to one vertex of

{u,,u,,---,u,_, } which belong to V, . Therefore

G"{ﬂ mvonﬂ s

Case3 ueV,,veV,.
There exist a walk of length less than or equal to
n—d form v to xeV,, by Lamma 2.2

e 2”‘(%1“'
>d —Ew el van_m

e e T

2n—{£—|+l+d—[g—‘+l—n=d—2{£1+2>0,
2 2 2

d

d
hence aniH NvG M z¢.

e

d
aniH —uG
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So we have qum N venfm +¢ forall uveV .

Hence
L(n,2,d)< n{gw.
’ 2

Note that

then

L(n,z,d):n-m.

The proof is completed.

Corollary 3.2 Let GeP,(d) and n,d be integers,
n>3,1<d<n,then L(n,nd)=n-1.

Proof: Let V be a set of vertices of G and let u
be an arbitrary vertex belong to V , then there exists a
walk of length n—1 from u to X, where X having
a loop. Hence

fn]aiG“‘1 ¢, L(n,n,d)=

i=1
Note that L (n)=n-1 by Lemma 2.4, hence

L(n,nd)=n-1.

Applying Lemma 2.3, Theorem 2.1 and Theorem 2.2,
we have conclusion.

Corollary 3.3 Let GeP,(d),n,k,d and be integers,
n>3,2<k<n,1<d<n, then

n{%}s L(nk,d)<n-

Corollary 3.4 Let G be a primitive digraph of order
n with girth s(1<s<n-1), then

osfof2)

Proof: Since G is a primitive digraph of order n
with girth s, then G° is a primitive digraph of order
n with exact s vertices having loop. By Theorem 3.1,

we have
Le(2)< s(n—B-D :

Theorem 3.5Let n and d be integers,
1<d <n, n>2, then there exists Q € P, (V,d)so that

3]

S
Proof: Let V ={v,,v,,---,V,} .

We construct Qe P, (V,d) sothat L,(n,2)=r for

LQ(n,2)= r for arbitrary r 6{1,2,---,n
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arbitrary r e {1, 2,---,Nn —{%-‘} .

Casel r=1.
Let

=) it =2
(

G(Q)=G(V,E).Itis obvious that Q eP,(V,d) and
LQl(n’ ):1
Case 2 Zﬁrsn—{%-‘

|

g
2
d
,<d<n2<r<n—-|—|,

Case2.1 r> L
d
2 2

Let m:rJ{

Hence d<m,3<m<n.
Let

= :{(Vi’vi)°(V19Vj+1)»(mepvk),(vk,vl)h —1,-.d,
j=12--,m-2k=mm+1-,n}
G(Q,)=G(V,E,).
obviously,
Q,eP (V.d).

Let V, ={v,,V,,---,V, }, then V, is the set of vertices
which is in cycle lengths of m. Let V, =V -V,, arbi-
trary vertex u,veV,u=v.If uveV,orueV,veV,,
by Lemma 2.4,

d d

w2 v g
If u,veV,,then qum_H ﬂszm_m S{v}#g.

|4 | '
If I<m {J,then vazﬂvdHQz—qﬁ.

Hence L, (n,2)=r.

Case2.2 r= LEJ .
2

Let m= r+{%1,thenm=d .

Let

E, :{(Vi’vi)’<V1’V1+1)»[qu,Vk],(Vk,vl)(vm,v1)|i =1,
d,j=1,2,---,m-1Kk =m+1,---,n}

G(Q3)=G(V,E3).
Itis obvious that Q; e P, (V,d) and L, (n,2)=r.
Case 2.3 r<L9J.

2
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Let m=r+r=2r,then m<d . Let

E4={(vi,vi),(vj,vm),[vmfl,vk],(vk,vl)(vmfl,vt)(vm,vl)
i=1-.d,j=12,,m-Lk=m+1--n,
s=d+1,---,n,t=m+1,~~,d}

G(Q,)=G(V.E,).

It is obvious that Q, € P, (V,d) and L, (n,2)=r.

The proof is now completed.

Remark 3.6 By Theorem 3.5, we obtain that the set of
the 2 — common consequent of primitive digraphs of or-
der n with exact d vertices having loop is

-

But, in Theorem 3.5, Qe P, (V,d) is not unique.
Example.
Let

n=7,d=5r=3V ={1,2,3,4,56,7},

E, ={(i,i),(J, j+1),(6.1),(7.1),(5.7)[i = 1,2,

5, J :1’...’5}
E ={(ii), (i i +1),(6,1),(7.1),(5.7),(3,2) i = 1,2,---,
5, J :1’...’5}

G(Q)=G(V,E),i=56.
Obviously,
Q eP(V,5),i=5,6. Lo, (7,2)= Lo, (7,2)=3,

but M; =M (Q;) and My =M (Q,) are not isomor-
phic digraph.
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