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ABSTRACT

Let V, and V, be two I'-Banach algebras and R, be the right operator Banach algebra and L, be the left operator
Banach algebra of V, (i = 1,2). We give a characterization of the Jacobson radical for the projective tensor product

V,®,V, in terms of the Jacobson radical for R ®, L,.If V, and V, are isomorphic, then we show that this charac-

terization can also be given in terms of the Jacobson radical for R, ®, L, .
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1. Introduction

In [1,2], using the right quasi regularity property, Kyuno
and Coppage and Luh gave a characterization of Jacob-
son radical in T'-rings. Many interesting results on the
internal properties of Jacobson radical for I'-rings were
developed in [2-5] by different research workers. In [6],
some of these results are extended to I'-algebras. In this
paper, we consider two I'-Banach algebras V; and V, and
consider their projective tensor product V, ® V,. Let R;
be the right operator Banach algebra and L; be the left
operator Banach algebra of V, (i = 1,2) . We give a char-
acterization of Jacobson radical J (V, ®, V2) in terms
of J(R®,L,)

Before going to present our main results, we first give
some basic terminologies (refer to [5-12]) which are
needed in our discussion.

Definition 1.1

Let X be a ring having the unit element e. A new mul-
tiplication called the circle composition (refer to [5]) on
X is defined by: Xx-x'=x+x"—xx".This composition
makes sense even when X does not have the unit element.
An element X of X is said to be right quasi regular if it
has a right quasi inverse w.r.t. this composition, i.e.,
there exists X'eX such that X-x'=x+x'—xx"=0.

Definition 1.2

Let V and T be two linear spaces over a field F. V is
said to be a I'-algebra over F if, for X, ¥y, zeV; «,
pel’; aeF,the following conditions are satisfied:

1) XxayeV;

2) (xay)pz=xa(ypz);
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3) a(xay)=(ax)ay=x(aa)y=xa(ay);

4) xa(y+1z)=xay+xaz,
X(a+p)y=xay+xpy,
(x+y)az=xaz+yaz.

The T'-algebra is denoted by (V,F ) IfVand I are
normed linear spaces over F, then I'-algebra (V,F) is
called a I"-normed algebra if conditions 1) to 4) hold and
further

$) [ <[] -] nolas.

A T-normed algebra (V,I') is called a I'-Banach al-
gebra if V is a Banach space. Any Banach algebra can be
regarded as a ['-Banach algebra by suitably choosing I.

Definition 1.3

A subset | of a I'-Banach algebra V is said to be a right
(left) I'-ideal of V if

1) | is a subspace of V (in the vector space sense);

2) xayel(yaxel)vxel,ael;yeV
ie, IVcI(VIlIcl).

A right I'-ideal, which is a left T'-ideal as well, is
called a two-sided I'-ideal or simply a I'-ideal.

Definition 1.4

Let V be a I'-Banach algebra and let xeV,
Then the mapping [a,x] defined by
y[a,x]=yaxvyeV is a right Banach space endo-
morphism of V. The collection R of all endomorphisms
generated by [a,X]; ael’, xeV, is a Banach alge-
bra under the operations:

ael.

[a,X]+[a,y]=[a, x+Y],
[a,x]+[B.x] =[a+B.X]
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a[a,x]=[a,ax]=[aa,x]
where aeF ,
[a.X][B.y] =[a.xBY].a, BT,
and the norm:

[Cee. x| = leel [,

This Banach algebra is termed as the right operator
Banach algebra of I'-Banach algebra V. We can similarly
define the left operator Banach algebra L of V as the Ba-
nach algebra generated by the set of all left endomor-
phisms of V in the form [x,az] where

[X,a]y=xayVyeV.

Definition 1.5

Let V and V' be I'-Banach algebras over F and ¢:
V —»V' be a mapping. Then ¢ is called a I'-Banach
algebra homomorphism if

1) ¢(ax+by) =ag(x)+bg(y) and

2) ¢(xay)=¢(x)ag(y) for all x,yeV ;
and a,beF

Definition 1.6

Let X and Y be two normed spaces. The projective
tensor norm ||||y on X ®Y isdefined as:

Ju, =in I ] 0= x @

ael

where the infimum is taken over all (finite) representa-

tions of u. The completion of (X ®Y,||.||A ) is called the

projective tensor product of X and Y, and is denoted by
X®,Y.

Let (V,I') and (V',I) be I'-Banach algebras over
F, and F, isomorphic to F. The projective tensor product
(V.I')®, (V'.I'") with the projective tensor norm is a
I' ®T' -Banach algebra over F, where a multiplication is
defined by the formula:

(x®y)(a®B)(X®Y')=(xax")®(y'BY).
wherex, yeV; X ael’, Bel’.
Definition 1.7
Let V be a I'-Banach algebra. Let o €I". An element

, y'eV';
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X in V is said to be « -right quasi regular with o-right
quasi inverse Y if X+Yy—Xay=0. X is said to be a right
quasi regular element of V if it is a-right quasi regular
foreach ael.

Equivalently, an element xeV is called right quasi
regular if for any a eI, there exist y, €', v, eV,
i=1,2,---,n such that

VOzXJan:v;/ivi —Zn:wzx;/i  =0vveV

i=1 i=1

An ideal | of V is said to be right quasi regular if each
of its elements is right quasi regular.

We have, right quasi regularity is a radical property in
an algebra. The maximal right quasi regular ideal is
called the Jacobson radical of V and it is denoted by J(V).

2. Main Results

In [6], we have the following Lemma regarding right
quasi regularity of a I'-Banach algebra and its operator
algebra.

Lemma 2.1

An element X of a ['-Banach algebra V is right quasi
regular if and only if forall ael", [a, X] is right quasi
regular in the right operator Banach algebra R of V.

Extending this result to the projective tensor product
of I'-Banach algebras, we prove,

Lemma 2.2

Let Vand V' be two I and T -Banach algebras re-
spectively. Let R be the right operator Banach algebra of
V and L be the left operator Banach algebra of V'. If
D% ®x is right quasi regularin V ® V', then

Z[a, X, |®[x,a'] is right quasi regular in R®, L for
I

a®a' eI ®T', and conversely.

Proof. Since Z X; ®X is right quasi regular in
V® V', so, for any a®a'el'®T" , there exist
77J=Z}/jn®y}nel“®l"’, pJ=Zij®X}m eV@yV',

j=1,2,---,n, such that for any ¢ :Zk:Vk ®v, eV, V',

q(a@a')[zi:xi ®x{j+:z_0‘;q77j P —iq(a@a')[zi:xi ®x{j77j p; =0

Ny

:{;vk ®vgj(a®a’)(2x ®x, j

_i[zk:vk ®v;j(a®a [Zx ®x j(zn ®y}n)(§ Xin ®x}mj: 0

)_

o ! ! ! !
=D vax ®xa'y, 2 Vi nXim @ X ViV
ki k,n,m

+“z°[

j=1
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Hzwen)zren[zron)

@.1)

Ny
o !
Z[ > vkax;/mxjm®x]m;/mxavkj 0
k,i,n,m

j=1
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Let X:Z[a,xi]®[x{a

Now,

j=l nm

a'] . We take yziZ[J/m,ij]@[X}mJ}n}

(x+ y—xy)(zk:vkcbv@:((Z[a,x [X,a'] zj:nz:[yjn,xjm]ca[x}m,y}n]

(Z[a 18] x,,a) ", ka
[ 700X | ® Xins 7 ]( Vi ®Véj

(Stentepia) Ex

j=1n,m

Ny

)

(Z a,%]®[X,a' ][ > [ 70 Xim | ®[ X 7o N(kac@vk
>
)

33 rnxale ] Zuov

j=ln,m

=Y vax ®xa'v, +Z( > Vi inXim ®xjmyjnvk] 2( D V@Y o Xim ®x]my1nxav|;}:0
K.i k,n,m

j=1

(by (2.1)).
But, sz ®v, eV® V' is arbitrary.
k

iZ[a’Xi]®[Xi,,0!’] is

So, X +y —xy = 0. Thus, X, i.e.,

right quasi regularin R® L.

The converse follows in the same way. [
n [13], we have defined the following ideal for the

projective tensor product of V and V'.

Lemma 2.3

Let Vand V' be two I' and T’ -Banach algebras re-
spectively. Let R be the right operator Banach algebra of
V and L be the left operator Banach algebra of V' . Let J
be an ideal of R®, L. We define:

J° ={(in ®X{)6V ®7V’:Zi:[l",xi]®[xi’,l“’]g J}

where [F,Xi]z{Z[aJ,XIJ a, el'} , and

]

()| S oo T

Then J° isan ideal of V ®,V'.

Using the above defined ideal, now, we give the char-
acterization of Jacobson radical for the projective tensor
product of two I'-Banach algebras V;(i=1,2) in terms
of the Jacobson radical of the projective tensor product of
corresponding right and left operator Banach algebras.

Theorem 2.4

Let Vj be a I'-Banach algebra (over F) with right op-
erator Banach algebra R; and left operator Banach alge-
bra L (i = 1,2) respectively. Then the Jacobson radical

of V,®,V, isgivenby: J(v,®,V,)=[I(R®, L)
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j=1 \ k,i,n,m

Proof. Let Y x, ®x €J (Vl ®, V2) .
Then in ®x/ is a right quasi regular element of

V,®,V,. By Lemma 2.2, for any a, a' el
D [a.x]®[x,a'] is a right quasi regular element of

R®, L,,ie,

Z[a,xi]@)[xi',a']e I(R®,L,).

So,
Y[Tx]8[x. T (R®, L)
Hence,
Yxexe[I(Re,L)].
Thus,

Iviev)e[I(rRe,L)].
Conversely, let
L fI(re,L)].
Then
Yrx]®x.rlcI(R®,L,).

i
So, for any @, a'el’, Y [a,%]|®[X,a'] is a right

quasi regular element of R ® L,. By Lemma 2.2,

D X ®x is a right quasi regular element of V,®,V,,

ie. 2 x®xel(V,®,V,) So,
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[3(Re,L)]
Thus, 3(v,®,V,)=[I(R®,L,)]. O

Let the I'-Banach algebras V, and V, are isomorphic.
In that case, we have the following result.

Theorem 2.5

Let V; be a I'-Banach algebra (over F) with right op-
erator Banach algebra R; and left operator Banach alge-
bra L;(i=1,2) respectively. If there exists a I-Banach
algebra isomorphism f from V; onto V,, then R, ®, L,
is a homomorphic image of R, ® L.

Proof. Let Zrn ®l, R, ®y L,, where | = [yn,ﬂn],

n

cJ(v,®,V,).

r,=[a..x]. Wedefine ¢:R,®, L >R ®, L, by

o Zron o[t Kot )
=2 e %] f(v,).5,].

n

where x|, =f(x,), X, €V,.

Let " eR; (The dual space of R)).

We define 1, :R, »C by r,([a’.x])=1 ([«.X]),
where x'= f(x).

Then 1, eR;.

Similarly, for |, € L, we can define I e L] by

1 ([y. A1) =1 ([ £ (v).8])-

Now, let
el =>T el
where
B =[@ %01 b =] o B |
:(zrn@nj(h,k):(zrm®rmj(h,k)
VhenR;,keL’;. m

In particular, taking h=r, k=
oo (5
= S-S e )
:‘Zr( 25 ([ 4,])
=25 ([én. )'?([ym,ﬁm)
:Zr( )l ([f )
=2 (%) (L1 (50)- 4 )

where x| = f(x,),and % =f(X,).

.
I/, we get,

jrz,ll)

n’n
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~(Slarx o1 ()4 ])(r1)
S HCESCROVA) (NS

:{qp(;rn ®|nD(r;‘,|;) ={¢(;rm ®|"mD(r;‘,|;).

But r"eR’ and |, e, are arbitrary. So,

¢(Zrn®|nj=¢(2fm®fmj Thus ¢ is well defined.

Now, Let a,beF . Then
q{a;rn@)ln+bzm:fm®l~mj:¢(zn:arn®ln+§bfm®l~mj
o Zaler. 1l A1+ Tolan e [5. ]
o Slaaixle (v ) oo s 1o (5.
Slea x]8[ (,).4,]

+ Zloa, 2,18 (5.3,

where X! = f(x,),and %, =f(%,).

=Yl 18 f (). 4]
+ 20, %,]® [ 1 (Yn). 50 ]

:a[;[a;,f(xn)m[f(yn),ﬂnﬂ
+b(§[a’m, f(x,)]®[ f (y’m),ﬂﬂj
:a¢(;rn ®Inj+b¢(§ﬁn ®fmj

Again,

((zon)mnon)-zeen

—¢(Z[am X1 [ % 1®[ Tns }[yn,ﬂn]j 22)
—q{Z[an, "n% | ® [ym/fmyn,ﬁn]J

We have, X, X
such that x| = ¥ (
Now, X @.%. €

V So, there exist X,, X, €V,

"3 = 1(%,)- '

- nd
i) = 1 () (%) =%,

So, the expression (2.2) is equal to
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_Z[an’xna X ] [f(ym)ﬁmf(yn)’ﬂn]

:(Z a.%,18[ £ (y,) ﬂJj

-[n;[d;,im]@v[f(ym),ﬁm]j
{zref(zeer)

So, 9:R,® L >R ®, L, isahomomorphism.
Since f is onto, so, ¢ is also onto. Also, it can be
shown that ¢ is one-one.

Thus, R ®, L, =¢(R,®,L,).
Corollary 2.6

Let the I'-Banach algebras V, and V,, as defined in
Theorem 2.4 are isomorphic. Then we have,

I(v®, Vz):[J (¢(R.®, Ll))T.

Remark 2.7

If the isomorphism f from V| onto V, is isometric, then
we can show that ¢:R,® L >R ® L, is also an
isometry. So, in that case,

(v, ®7V2);[J (4(R @, Ll))T.

The notion of direct summand for I'-rings is discussed
in [10] by Booth. For a I'-Banach algebra V, an ideal P is
called direct summand if there exists a I'-ideal Q of V
such that every element v of V is uniquely expressible in
the foomv=p+q, peP, qeQ, and V is written as
V=P®Q. Clearly, if V=P®Q, then for peP,
geQ, paq=0vael.

Now, we prove:

Deduction 2.8

If P is the direct summand for the I"-Banach algebra
V,®,V,, then J(P) is the direct summand for

I(V,®,V,).
Proof. Let V, ® V, =P®Q Clearly,

J(P)NI(Q)={0}.

Let XeJ(V1®yV2) and X =p + q, where peP,
geQ.

Since X is right quasi regular in V, ® V,, so, for any
a®a' e ®I', we have, there exists yeV,® V, such
that x+y-x(a®a')y=0.

Let y=p,+0q,,where p,eP, g Q.

So,
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(p+a)+(p+a)~(p+a)(a®a’)(p +0,)=0
=(p+p-p(a®a)p)t(d+q-q(a®a’)q)=0

[since p(a®a’)g, =0 and q(a®a’)p, =0]

But p+p, — (a@a') p, € P and
q+q, —q(oz@o:’)q1 €Q,and PNQ={0}.

So, p+p -p(a®a’)p, =0 and
q+0,-0(a®a')q =0, forany a®a'eI'®T.

Thus p is right quasi regular in P and q is right quasi
regularin Q,i.e., peJ(P) and qeJ(Q).

Hence J(V,®V,)=J(P)®J(Q).

In [4], there is a characterization of Jacobson radical
for I'-rings in terms of maximal regular left ideals.

Lemma 2.9

Let X be a I'-ring. Then J (X ) =M, where the in-
tersection is over all maximal regular left ideals M of X.

Considering this aspect, we can raise the following
problem:

Let the structures of maximal regular left ideals of the
operator Banach algebras R; and L, are given. Using this,
can we obtain the structure of the Jacobson radical for
Vi®,V,?

In [6], Behrens radical for [-Banach algebras is intro-
duced which contains the Jacobson radical. Let I'T denote
the class of all subdirectly irreducible I'-Banach algebras
V such that the intersection of all non-zero ideals of V
contains a non-zero idempotent element. The upper radi-
cal Rg determined by the class IT is called the Behrens
radical for V.

Lemma 2.10

For a simple I'-Banach algebra V, J (V)< Ry (V).

Now, another problem can be raised:

Can we derive analogous result as in Theorem 2.4 in
case of the Behrens radical for V, ®,V,?
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