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ABSTRACT

The exchange option was introduced by Margrabe in [1] and its price was explicitly computed therein, albeit with some
small variations to the models considered here. After that important introduction of an option to exchange one commod-
ity for another, a lot more work has been devoted to variations of exchange options with attention focusing mainly on
pricing but not hedging. In this paper, we demonstrate the efficiency of the Malliavin derivative in computing both the
price and hedging portfolio of an exchange option. For that to happen, we first give a preview of white noise analysis

and theory of distributions.
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1. Introduction

White noise analysis and theory of distributions is treated
extensively in [2-5] and references therein. Applications
in the form of the generalized Clark-Haussmann-Ocone
(CHO) formula was studied in [6-8] and references there-
in. The theorem takes advantage of the martingale repre-
sentation theorem which expresses every square inte-
grable martingale as a sum of a previsible process and an
Itd integral. The power of the generalized CHO is that
one can take advantage of the Malliavin derivative for
computing the hedging portfolio. The Malliavin deriva-
tive is a better mathematical operation as opposed to the
delta hedging approach whose limitations are a failure to
explain differentiation of some payoffs which are not
differentiable everywhere or if the underlying security is
not Markovian. Most of the attention in contingent claim
analysis is directed at pricing because of its importance
to market practitioners. It is in this regard that explicit re-
sults of hedging portfolios for different options are not
always readily available. In this paper, we present both
explicit results of the price and hedging portfolio of an
exchange option, written on two underlying securities
with independent Brownian motions. The ground-break-
ing work was done in [1]. The market setup is a complete
market setup to escape the problem of not finding a per-
fect hedge.

Hedging portfolios are just as important as prices of
options in that they give us an understanding of how
sellers or writers can managed dynamically to replicate
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the payoff of a contingent claim. The price at any time of
the contingent claim equals the intrinsic value of the
hedging portfolio at that point.In the case of a European
exchange option, the payoff

OF (@) =(X,(T)-X, (T))+ is the difference in termi-
nal value of the underlying securities, conditional on the
buyer’s terminal asset price X, (T) being more than the
seller’s, X, (T). A more interesting problem will be to
look at an American exchange option where the buyer
would exercise on or before maturity. Such an exercise
time will be a stopping time and the price for such an
option will be the essential supremum, over all stopping
times, of the payoff above. Our attention in this paper is
on the European exchange option.

The price of the exchange option will be determined
from the CHO formula as the discounted expectation of
the payoff F(w) while the hedging portfolio will be
obtained from the integrant in the martingale represen-
tation theorem setup of the the payoff. This integrant
involves the Malliavin derivative of the payoff and its
market price of risk and in the case that the latter is
time-dependent, it reduces to the discounted expectation
of the Malliavin derivative of F(®) conditioned with
respect to the filtration.

Preliminaries

The following is a summary of important results from [6]
and [7]. One of the weaknesses of the delta hedging
approach is its failure to justify fully the delta
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alt)= % F(®) because F(w) may not be differen-

tiable. Here a(t) represents the number of units of
stock to be held at any time t.

In this setup, if for example
F(o)=¢""(S(T)-K)", then F(@) is not differ-
entiable everywhere. As a result, white noise theory
justifies differentiability of F in distribution. The dif-
ferential operator is the Malliavin derivative D, . This
operator is defined in the space of distributions S
discussed fully in [6] and summarized below.

Let S=S(R) be the Schwartz space of rapidly
decreasing smooth functions and S'=S'(R) be its dual,
which is the space of tempered distributions.Now, for
weS and ¢eS, let w(¢)=(w,p) denote the
actionof ® on ¢, then by the Bochner-Minlows theo-
rem, there exists a probability measure P on S’ such
that

| S0
_[S,e'<”‘¢(t)>dP(a)) =e?  ;¢eS (1.1

where ||¢||2 :J']R|(/5(X)|2 dX:||¢||2L2(R). In this case P is
called the white noise probability measure and
(S, B,P) is the white noise probability space.

As a result, we shall be considering the space S, as
the sample space (), so that our asset prices will be
defined on the probability space (Q,F,P) where F
is the family of all Borel subsets of S'. The construction
of a version of the Brownian motion then is a direct
consequence of the Bochner-Minlows theorem in that if

t):{lif se[0,t]

0if se[0.t] then clearly ||¢||i2(R) —t and thus

12
-l
e 2

Isyei<“”¢>dP(a))= —¢? so that immediately we

conclude that (w,4)=B(t) where B(t) is normal
with mean 0 and variance t. One can easily prove that
B(t) is really a standard Brownian motion described in
[7] as a continuous modification of the white noise
process constructed above.

The Brownian motion constructed this way is a dis-
tribution and thus special operations like the Malliavin
derivative, defined below, are possible. Note that the
Brownian motion is not differentiable in the classical
sense but is differentiable in the Malliavin sense. The
Malliavin derivative is a stochastic version of the direc-
tional derivative in classical calculus, with the direction
carefully chosen. The following definition is from [7].

Definition 1.1 Assume that F:Q — R has a direc-
tional derivativein all directions y of theform
y(t)=[;0(s)ds where ge*([0.T]) for fixed T in
the strong sense that

D,F(w):= ano%[F (0+27)-F(e)]
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exists in L*(Q) and assume further that there exists
y(tw)el’ [O,T]XQ) such that

T :
D,F (@)= v (t.w)g(t)dt, then we say that F is
differentiable and we call
DF (o) =y (t.w)e *([0,T]xQ) the Malliavin deri-
vativeof F .

Just like any operation where using “first principles” is
not usually easy operationally, one can use a series of
characterizations to the above definition, which includes
the chain rule, to compute the Malliavin derivative of any
random variable which is differentiable. The set of all
differentiable square integrable random variables was

denoted by D,, in [7]. As an illustration, we see that
DB(T)=1;, =1 and the chain rule yield that,

D, [%e[r;JZJTWB(T)J ) O'S)e[r%UZJTWB(T). Here and else-

1 if xeA

where in this paper, 1{ A= {O otherwise

Therefore classically, one sees that the Malliavin deri-
vative, in some sense, mimics differentiation in deter-
ministic calculus. This is a big departure from Itd deri-
vation which does not in any way make sense as a
derivative in classical sense. Thus the space S'=Q, the
sample space, is rich enough to accommodate the con-
cepts we require for our calculations.

The paper is organized as follows: The next section
gives the general pricing and hedging formulae for ge-
neral contingent claims. The next section defines our
market model and the final section gives our pricing and
hedging results for the European exchange option.

2. General Pricing and Hedging Modelsin
Complete Markets

We now consider the asset prices defined on the filtered
probability space (Q,P,F) where F is the standard
filtration generated by the Brownian motions, and which
is rich enough to represent the information available to
traders about all assets on the market at any time t>0.

The first security is a risk-free asset, e.g. bank account
where the balance in the bank is X, (t)= X, (t,@) and
is a solution of the deterministic differential equation

0%, (1) = p(1) %, (1)t

under the assumption of existence of a unique solution
X, (t). In this case p = p(t) is the interest rate which
we shall later assume is constant for computational ad-
vantages.

The other securities are risky securities, e.g. stocks
where for each 1<i<n, the price X, (t)= X (t,®) of
stock number i is given by the Ito diffusion

2.1)
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=g, (t,a))dt+zn:aij (t.w)dB, (1),

j=1

dX; (t) X; (0)=x(2.2)
where «; is the appreciation rate of security number i
and o; is the volatility coefficient of the Brownian
motion B, (t) in security i.
Tr
Let az('[):(ozl (t,w), - a, (t,a))) be the vector of
appreciation rates for the stocks and the matrix

o, Op - Opn
0, O, ... O
21 22 2m
U(t’ a)) N : : :
Oy Op - Om

be the matrix of coefficients of volatility where for easy
writing we suppressed dependence on time and noise and
the risk factors are modeled by the n dimensional
Brownian motion

B(t)=B(t.@)=(B (1), B, (t),B,(t)".
Then if X (t)=(X, (), X, (t))"
dX (1) = a(t)dt+o(t)dB(), X(0)=%  (2.3)

In all these cases we consider 0<t<T for some
finite time horizon T and throughout this paper, we are
taking Tr to mean transposition.

An investor who selects a portfolio consisting of the
(n+1) assets will have to work out the proportions of
his wealth that he has to invest in each of the (n+1)
securities. The vector

4 gn (t’ a)))

0(t)=0(t,w)=(6,(L.0),6, (tw),

represents the investor’s holdings at any time te[0,T],
where for each 1<i<n, 6 (t,a)) is the number of
units of security number i that the investor will hold. In
future we shall refer to the vector of prices

X (t)=(X, (1), X, (1), Xn(t))Tr as the market and the
vector @(t,a)) as the portfolio. The holder of a
portfolio ® may decide to liquidate his position at any
time te[0,T], and his wealth is the cumulative savings
in the bank account plus the trading gains up to and
including the date of liquidation. We assume that the
portfolio is self financing, so that, the value of this
portfolio at time t>0 is given by

Ve (t)=V°(t,o)
=V (0)+[:6,X, (s)+

, we have

> [ (s)dx

1) EQ _||F||L2(Q):| <®©
2) Eo| [} IDF[f g it | <o

The portfolio ® is called admissible if it is self
financing and the value process {V® (t);OSt ST} is
bounded below.

We note that by writing the value of the portfolio
VO(t) as V®( )= ZT £; (1) X, (t) and assuming that
the portfolio is self financing and admissible, then, if o

is invertible, we have

dVe (t)=p(t)V®(t)dt
+T(t)o[ o™ (a—pl)dt+dB(t)]

where T'(t)=(6,,--,0,)" . If we let
u=o" (a—pX(t))z(ul,---,un)Tr, where )A((t) is the

vector of stock prices and if we further assume that u
satisfies the Novikov conditions, then, by the Girsanov
theorem, B(t),0<t<T given by

dB(t)=udt+dB(t) is a Brownian vector with respect
to the probability measure Q given by

dq<w)_exp(j u()48(s) - [[Ju(s)f ds]dp (0).

In this case we are considering |||| as the usual norm in
R".
Therefore
dve (t)=p(t)V®(t)dt+T(t)odB(t).  (2.4)
Solving for V® we get

elsnge (T j e (t)odB(t) (2.5)
From now on, without loss of generality, we assume
constant coefficients. Then Equation (2.5) becomes

o)+ e

This is a particular version of the Martingale Repre-
sentation Theorem which can be found for example, in [9]
applied to a particular square integrable martingale

F(@w)=e""V®(T). It is this Martingale Representation
theorem which the CHO formula relies on. We state here
the theorem without proof and refer the reader to [6] for
more details.

Theorem 2.1 (The generalized Clark-Ocone-Hauss-
mann for mula)

Suppose that F € D,, and assume that the following
conditions hold:

e V(T

t)odB(t)  (2.6)

3) EQ:||F||L2(Q) J, (J;Du(s.@)dB(s)+ [, Du(s0): u(s,a)))zdt}<oo

Copyright © 2012 SciRes.
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then

F(0)=E[F]+ | E [(DlF ~F['Du(s w)dlg(s)‘ F[dl_s;(t))‘ Fl}dé(t)

where u(s,) isthe Girsanov kernel, Q is the equivalent martingale measure and B(t)-B(t,») is a Brownian

motion with respectto Q.

By letting G(w)=¢""F(®) and applying the generalized CHO formula to G, we have

G(w) = Ey[G]+ ], Eq [(DtG—GLTDtu(s,a))dé(s)‘ FtdB(t))‘ Ft}dlg(t). @.7)

where D, denotes the Malliavin derivative.

By uniqueness due to the Martingale Representation Theorem, we get

V(0)=V®(0)=E,[G] (2.8)

and

T (t)o -, {( 0,G-G]'Du(s )dB (s Fas(1)

Ft} (2.9)

where as before T(t)=(6,,---,6,)" and Tr means transpose.

n
Therefore

r(t)=e""s'g, [(Dte -G .[tTDtu(s,a))dé(s)

This gives the explicit number of units of stocks. The
holding 6, (t) in the bank account can be found from
the self financing condition.

The importance of these results is that in a complete
market, every contingent claim with payoff F(w) is
attainable by a portfolio of stocks and bonds. Therefore
V(0), the initial value of a self financing portfolio,
equals the price of such a derivative, since
F(T)=V(T). It then shows that the time zero price of
such a contingent claim is the discounted expectation of
the payoff. Simplifying (2.8) depends on the nature of the
payoff. One may directly compute the expectation on
condition that the distribution of F(w) is known.
Sometimes it may be easier to determine the Black-
Scholes partial differential equation satisfied by the value
function with corresponding boundary conditions. If such
a boundary value problem can be simplified explicitly, or
through numerical techniques, then the price can be
determined either explicitly or as a good approximation
respectively. Other direct numerical methods of solution
like the Monte Carlo simulations involve simulations of
the underlying security itself and approximations of the
expected values give estimate of (2.8). In this paper, we
will find explicit results using some important change of
measure transformations which we prove first.

3. The Two Dimensional Market M odel and
Transformation Theorems

Suppose that traders will agree to trade an option which

Copyright © 2012 SciRes.

(2.10)

Edé(t))‘ Ft}

gives the holder the right, but not obligation to exchange
a predetermined risky security with another predeter-
mined risky security, then we call such an option an
exchange option. We shall consider the case of a Euro-
pean exchange option. Suppose that the underlying se-
curities in question have time t prices X, (t) and
Xz(t) and to simplify our computations, we assume
that the market consists of a bank account and these two
stocks. The price of the bond is given by (2.1) albeit with
constant force of interest p . The risky securities are
given by

X, (t)= X (O)exp[(ai —%ioﬁjt+ 0,8, );i _12

j=1 j=1
3.1)

where as before B, (t), j=1,2 is a standard Brownian
motion.

Assume that these stochastic processes are defined on
a filtered probability space (Q,F,F,P) where
F.=F’ is a filtration for the assets such that the
stochastic processes {Xi (t);t> O},i =1,2 are adapted.
Suppose that at terminal time T >0, then
P(X,(T)>X,(T))>0. Then the payoff of the ex-
change option will be F (@) =(X, (T)-X, (T))+ .

We want to determine the price and the hedging
portfolio of this option by using the generalized CHO
formula. We assume in our case that the coefficients are
constant.

The Girsanov change of measure for this setup can be
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1
easily done by letting oc-Uu=a—pl where I= L} ;

az[a“ 0'12); u=(u,u)" and a=(a,a,)" .

Oy On
Then with constant coefficients, we can easily justify

that u satisfies the Novikov conditions, so that the
probability measure Q defined by

dQ(w) =M (T)dP(a) (32)
is equivalent to P and e X (t) (i=1,2) is a mar-
tingale with respect to Q. In this case
M (t) :exp[zl u;B, - Zilufj isa P martingale.

Moreover B, (t)=u;t+B,(t) (j=12) is a Brow-
nian motion W1th respect to Q Let

B(1)=(8(1).8,(1))"

With respectto Q price X, is

%)= 0 [o-1357 1+ T 0)

so that
7 X (t)= X (1)

X, (0)exp z ()—%tg(fﬁ]; =12

is a Q-martingale.

In order to exploit the results from the previous dis-
cussions, we note here that the market
X (1) =(X, (1), X, (1), X, (t))Tr is a special case of the
(n+1) -dimensional market considered in the previous
section with N = 2 in this case. We assume that o is
invertible so that the market is complete. Therefore if we
choose a self financing portfolio © = (6, (t).6, (t).6, )Tr
which is also admissible, then the discounted value of the
portfolio at any time 0<t<T is given by

eV (1) =V (0)+ [« (s)dB(s)

where T'(t)=(6,(s):6,(s))"
In this case we note that from the CHO formula , for
any contingent claim F (@)=V°(T), we get

Ve (0)=Eq[e”F(0)] (3.3)
and

L(t)=e""o™'Ey [ DF (0)|F ] (3.4)

where Glzl[ T2 _UIQJ and

0y Oy

A=0,,05, —0,,05 .

Copyright © 2012 SciRes.

Note that since we have assumed that the market is
complete, then A#0.

Transformation Theorems

In order to facilitate our computation and taking advan-
tage of the distribution of the terminal values of the
underlying securities X,(T) and X, (T), we provide
some important transformation results. Their usefulness
will be evident in simplifying both (3.3) and (3.4).

Proposition 3.1 Let X, and X, be two indepen-
dent standard normal random variables and let 1 eR.
Define a probability measure P* equivalent to P
with density

dPY axlz
dP ’

Then the random Gaussian variable X, -4 and X,
are independent standard normal variables with respect
to P

Proof.

We have to prove first that X, -4 and X, are
independent normally distributed random variables with
respect to the probability measure p)

Recall that a random variable X with mean

m=E(X) and variance C:E[(X—E(X))ZJ is nor-

mally distributed if its characteristic function is

E[eitx ] _ e—%ctzﬂtm

1 _ 1
EP(;‘) |:eilX1 :| =E, |:eitx| . elXFEﬂz :| _E, |:e(|t+ﬂ)x12/12:|

Lesin

In our case we have

Liiteay-Ls2
= 62 2 =

Therefore X, is normal with mean A and variance
1, with respect to P . Therefore X, —A is normal
with mean zero and variance 1 with respect to pw)

In the same way we can show that X, is normal with
mean

/1x1-%/12
EPW[XZ]zEP e X,
lxl—%lz
=E.|e E; [Xz] =0
and variance 1 since

1
E,[X:]= E{e“‘ 2 xj}l.

To prove that X, -4 and X, are independent with
respect to P it suffices to prove that X, -4 and
X, areuncorrelated , thatis, E_, [(X,-2)X,]=0.

JMF



S. MATARAMVURA 285

Now

ax -k AX—1a2
Ep(l)[(xl—/l)xﬂzE{(Xl—/l)xze 2 }:EP[XZ]E{(XI—A)e 2 }0 D.

Corollary 3.1

Let X, and X, beasgivenin Proposition3.1 andlet vy,,y,,4 and A, bereal numbers. Then

£[(s-5) ]-<"" q{u]_e@[u]

NFYs

where S =™ and S =e?"
Pr oof.
We have

E, [(S —%)ﬂ Es [(3 _32)1{3252}}

— EP |:641X1+Y1 1

{AX+y1 20X, 4y, | :| - EP |:e

NP

HXy+Ys
{11X1+)’127~2X2+YZ}:|

AX1+Y +11|2 *17»12 HXy+yy +1122 *1/122
= EP e 2 21 X > - Ep c 2 271 N
{AX1+912H Xy +y2} (X1 +y12 0 Xy +Y,

l/112+)’1 41X1*1412
=e? Eole 21

(X +y1 20X, 4y, :|

1 1
Eizzﬂ’z E A X, *5422 1
—¢ pl€ {(AX1+y12H X5 +y, )

By using the notation in Proposition 3.1, then the previous expression can be re-written

1

*112+)’1
l72+y
PR

1.2
A+
ZIYI

l72+y
S+
2 —e2
€ Ep(;”]) |:l{11X1+Y1212x2+Y2}:| c

EP(;LZ) I:l{/llxl+y12/tz><2+yz}:|

12
—A5+Y
PAAX +y, 24X, +y, |- PRIAX +y, 24X, +y,]

(6)

= TP (X =)= AX, 2y, -y - A ]

1.2
—+
22YZ

— PRI, (X, - A4) - AX, Sy -y, — A2

We have shown in Proposition 3.1 that the random
variables X, and X, —AB are standard normal distri-
tions with respect to P | so that with respect to the
same probability measure, the random variable
Z =24 (X, —4)-4X, has a normal distribution with
mean zero and variance o = A’ +A; . In the same way,
with respect to P")  the random variables X, and
X, — A, are standard normal distributions so that
Z,=24(X,—4)-A4X, is a normal distribution with
mean zero and variance o; =07 = A7+, .

Therefore (6) becomes

em%aﬁ@ Y=Y, + A —ey”%ﬁCD Y- Y, -4 .
NERYs NERs

Remark 3.1

Proposition 3.1 still holds in an m-dimensional case

where both X, and X, are independent multivariate
standard normal random vectors. In that case, the fol-

Copyright © 2012 SciRes.

lowing results will be extensions of the preceding pro-
position and corollary respectively.

Proposition 3.2

Let X, and X, be two independent m-dimensional
normal random vectors each with mean equal to the zero
vector and covariance matrix equal to the identity matrix
and let ueR™ be any non-zero vector. Define a pro-
bability measure P"“) =Q, equivalent to P with den-

sty dPY (@)= ™2
normin R™.

Then X,—u and X, are independent Gaussian
vectors with zero mean (vector) and covariance matrix
equal to the identity.

Consequently Corollary 3.1 can be extended as fol-
lows:

Corollary 3.2 Let X, and X, beasin Proposition
32andlet y and y, bereal numbers. If u, and u,
are mdimensional vectors, then

dP(®), where || is the usual

JMF
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EP|:(SI_ +:|

S)
N +%HU1HZ ® [M]
o+ e

2 2
o+l

where §=¢"" and §=¢”"" and || denotes
theusual normin R™.

4. Price and Hedging Portfolio of an
Exchange Option

Note that if, for a fixed time horizon T, the random
variables X, and X, in the previous proposition are
Brownian vectors B, (T,®) and B,(T,®) respec-
tively, then the equivalent probability measure P will

T2
X -2

be given by the density dP") (0)= and we

would also insist that the vector u satisfy the Novikov
conditions.

We are now ready give the price and hedging portfolio
of the European exchange option.

4.1. Price of a European Exchange Option

Proposition 4.1 The price of the European exchange
option is given by

1.

where @(x j —e 2" 4z is the cumulative distri-

bution function of the standard normal distribution.

Proof.

We had noted that with respect to the equivalent
martingale measure Q which we defined, the prices of
the two underlying assets X, and X, are given by
p—%zﬁzl of ]t+zf:1 oiiBj (1)

X (t)=X; (O)e[

T _
~—Juil+uiB(t)

=X;(0)e”-e 2 ,i=1,2

where U =(0y,,0,,)" ,i=12 and

~ ~ ~ Tr

B(t)=(B(1).B,(1)) .

Therefore the time zero price of the European
exchange option is

V(0)=E,[e”"F(0)]= EQ[(XI (T)-X, (T)ﬂ

= EQKXI(O)e

T _
*EHul [P+u(T)

TP +u,B .
_x,(0)e 2! 2B(T)J }

T _
] +u B(T)

If we define the probability measure Q“), i =1,2 equivalentto Q by dQ"’ (w)=¢? , then

Ty fPuB SN ’
EQ[(XI(O)S 2” 1 IB(T)_XZ (0)6 ZH 2 2B(T)] ]

=X,(0)E

1 X, (0)E_ . |1
(ur) 2 (u2)
Q [{ulaa)uza(n»n[xz((“ ) Tl uzz}] Q {uzsw)—ulé(nzm( SO, - uuluz}

e Tl Tt i |

X,(0)

—xz(o)d”{uz<B(T>—uz>—u1é<T>sln[m}gnuznz—%nu,uZ—TuuznZ]

By using the results of the previous proposition, we
then conclude that the time zero price of the European

Copyright © 2012 SciRes.

exchange option is given by
V(0)=X,(0)@(d,)-X,(0)®(d,) where

JMF
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X, (0 T T
o o)} Tl
T+l

X,(0) ul —=[u
D
ATl +r)

T(Juff )
Frllurlef)

Moreover, since U, =(o,,0, )Tr and
u, =(0,,0,)" , then |u| = Z?:lo'lzj and ss

and

Note that d, =d, —

||u2||2 =2?:10'22] so that the time zero price of the
European exchange option becomes

XI(O) T 2 2 2
ln[x2 (O)J+221‘1(O—2J +0'1j)
V(O): X, (O)CD \/Tzz (0'2- +02_)

" m Ly ol +ol
~ X, (0)® 1 [Xz(O)j 221:1( 5o

O

Note that this price does not depend on the appre-
ciation rates of the stocks nor on the market interest rate
p , but just on the market volatilities. This result is also
similar to the one obtained in [1] but in that paper the
author considers the case when the Brownian motions are
correlated and also with a special assumption that the
noise terms for each stock are different. We have allowed
that stock prices to depend on the two Brownian motions.

4.2. Hedging an Exchange Option

We now calculate the hedging portfolio
®=(6,(t).6,(t).6,(t)). For this two dimensional case,
thanks to the CHO formula, we get, from (2.9), that

r(t)= e T U5 = [Dt F| Ft] , where, as before

o= I[ Oz _012] , with | =(0y,0, —0120'21)71 and
—0y Oy
r(t)=(a(t) 6(1).

Now
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D F =(0-11 >0y )T X, (T)lD _(0'21 »0 )T X, (T)ID

where
D ={w:X,(T,®)> X, (T,0)}. Therefore
[D F| F} O ’Glz)T EQ[Xl (T)1D|Ft:|
_(0'21,0'22)T EQ[X21D|FJ.

We thus have the following result
Proposition 4.2 The perfect hedge ©(t) isgiven by

6 (t) = il:xl (t)<o'110'22 -y )(D(dl)

=X, (t)(0'220'21 —0,0y )(D(dz )]

and
0, (t) = i[xl (t)(o'nalz — 07,0 )(I)(dl)

-X, (t)(o_llo_zz -a; )CD(d2 ):I

where A=o0,,0,, —0,,0,,,

X1 t - 2 2 2
)
V0% (o5 +03))

and

n X (1) -— +0
T et o)
J(T—t)ZZj:l(Gﬁ- +03))

Proof.

In order to calculate EQ[Xi (T)1D|Ftl L2, we
need to use the Markov property . We first calculate
E, [Xl (T)1D| FJ as follows:

Eo[ X, (T)1| ]
-, [xl (DT
= B[ F(X, (M)|F ]
e[ (v(T-)R]

where f (y)=f(

d

%=X (1), =X, (t)
X% )= % L

Therefore the previous expression becomes

Eo™ [Xl (T —t)l{xm—t)zXz(T*‘)}J '

Note that, with respect to Q, we have

g2 2 2 5
/’_Ezj:lgij}*Zj:lUIij (t)

(O)e(

Therefore since Y (T —t) is independent of F, then

X (t) =X

Li=1,2.
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o™ [f (Y(T-v)) F‘]xﬁxl(t),xfxm)
_ EQ {Xl (t)e(/f%zﬁ:lafj J(Tt)+2?|alj(Tt)1D] - X, (t)ep(T—t)EQ |:eTz_tZ%1‘7121 +3540118; (Tt)lD:|

where

D:{Z? o8 (T-1)- Z;GZJBJ' (T—t)Z%Z;(Uﬁ —O"zzj)+ll{x2 (t)]}

X (1)

. . . T T . .
Using the previous notations of u, =(o,,,0,) " and u, = (051,02) ", then the previous expression reduces to

T-t 2 ~
. ——HUIH +uyB(T-t)
X, (t)e T VE, | e 2 1
1 {ulan (T PP 1[“(‘)]}

X(t)

where B(T—t)=(B,(T-t).B,(T-t))".

Now, with respect to Q and for each j = 1, 2 we have Bj (T —t) is a normal distribution with zero mean and vari-

B(T-t
ance T—t then Z (T —t) = \;T_) is a normally distributed random vector with mean zero (vector) and covariance
-t

matrix equal to the identity matrix. Moreover the previous expression becomes

X, (t)ep(T—t) E, {G-thuﬂ,ulﬂzl(T-t)lD}

where
X, (t
o'~ Tt (1)t (0= o o360 |
1
Therefore
X1 (t)ep(T—t)EQ |:eT21U12+\/ﬁu121(Tl) le:|
with
- T-t > t-t 2 Xz t) _ A(T-t) AU m
D" = \/T—tulzl(T—t)—«/T—tUZZI(T—t)ZT"ul" —T||u2|| +hn| ) =X, (t)e”" Q" [D"]
1
where
W T t X (t)
D" =4u, (VT -tZ,(T-1)- (T—t))—«/T—tuZZ](T—t)>— Yulf - ||u2|| +In %0
1
=X( (d))
where

) ln[ X, (t)}T;tZ?_,(%ﬂ +o1))

X (1)

\/(T_t)zj 1(0'11 +O—21)

Xi(T)2 X, (T)}

In the same way we can also calculate E, [Xz (T)l{ Ft} to get the result as X, (t)e”" Y@ (d,) where
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(i s

In summary we have

Eo[ DF[R]=(01.0u)" X, ()"0 (d)~(0,1.0)" X, (1) D(d,).

Therefore the equation T'(t)=¢” gt Eq [Dt F| Ft] gives

F(t) = (0'11, oy, )T X, (t)o"lCD(dl)—(O'ZI, Oy )T X, (t)o"lCI)(d2 ) .

Solving for 8, and 6, we get:

and

D> | —

where A=o0,,0,, —0,,0, .
The number of units in the bond, at any time t>0
will be computed from the expression

Ve (n)-25.60, 1% (1)
X, (1)

To the best of our knowledge, this result has not been
obtained before in its explicit form. However, since the
market is Markovian, we could still check this result of
the hedging portfolio by differentiating the value func-
tion with respect to the stock prices X, (t) and X, (t).

6, (t):

5. Conclusion

We have shown that white noise analysis is of vital im-
portance to Finance in that the generalized CHO formula
becomes important in finding explicit expressions for the
price and hedging portfolio of European contingent
claims. Extensions of these results would be to get simi-
lar explicit results when modelling stock prices with
general 1tO-Lévy processes, though one has to carefully
consider the models of prices to avoid incompleteness.
Hedging an option is important in that the seller would
know how much of each security to hold in order to
hedge his liability. In complete markets, this should
always be possible and thus the results in this paper can
be applied to any European contingent claim. The [1]
opened the door for pricing the exchange options though
in that paper, the stock prices were influenced each by
one Brownian motion and the two were given as cor-
related. In our case, we allowed the stock prices to each
depend on the two noise terms which are independent.
Also in our paper, we have computed explicitly, the he-

Copyright © 2012 SciRes.

|:X1 (t)(0'”012 — 01,0, )(I)(dl)_ X, (t)(o'no'zz _0221)(D(d2 ):|

dging portfolio, something which was not done in [1]. As
a result, our results are extensions of that paper with the
strength of using white noise analysis.
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