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ABSTRACT

In this paper we prove that the join of two path graphs, two cycle graphs, Ladder graph and the tensor product P, ® F,
are H,-cordial labeling. Further we prove that the join of two wheel graphs W,, and W;,,, n+m=0 (mod 4) admitsaH-

cordial labeling.
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1. Introduction

All graphs considered here are finite, simple and undi-
rected. The origin of graph labelings can be attributed to
Rosa. Severa types of graph labeling have been investi-
gated both from a purely combinatorial perspective as
well as from an application point of view. Any graph
labeling will have the following three common charac-
teristics. A set of numbers from which vertex labels are
chosen, v, (i) number of vertices of G having label i
under f. e (i) = number of edges of G having label i
under f .

The concept of cordial labeling was introduced by .
Cahit, who called a graph G is cordid if there is a vertex
labeling f :v(G)—{0,1} such that the induced label-

ing f":E(G)—{0,1} defined by

f*(xy):|f (x)— f (y)| for al edges xye E(G) and
with the following inequalities holding

Vi (0)-v; (D[ <1 and |e, (0)—e; (1)[<1.

In [1] introduced the concept of H-cordial labeling. [1]
calls a graph H-cordial if it is possible to label the edges
with the numbers fromthe set {1,-1} insuchaway that,
for some k, at each vertex v the sum of the labels on the
edges incident with v is either k or —k and the inequalities
|vf (k)-v, (—k)| <1 and |ef (1)-e (—1)| <1 are also
satisfied where v(i) and () are respectively, the
number of vertices labeled with i and the number of
edges labeled with j. He calls a graph Hy-cordid if it is
possible to label the edges with the numbers from the set
{£1,%2,---,£n} in such away that at each vertex v, the
sum of the labels on the edges incident with visin the set
{£1,42,---,£+n} and theinequalities |vf (i)—vq (—i)|sl
and |e; (i)-e (-i)|<1 arealso satisfied for each i with
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1<i<n.

In[1] proved that k, isH-Cordia if and only if n>
2 and “n” is even; and k, ,,m=n is H-cordia if and
only if n=1(mod4), misevenandm>2,n>2.

In [2] proved that k, is H-Cordial if and only if n=0
or 3(mod4) and n=3.

W, is H-cordid if and only if n is odd. k, is not
H,-cordial if n=1(mod4). Also [2] proved that every
wheel has an H,-cordia labeling.

In [3] severa variations of graph labeling such as
graceful, bigraceful, harmonious, cordid, equitable, hum-
ming etc. have been introduced by several authors. For
definitions and terminologies in graph theory we refer to
[4].

1.1. Definition: Thejoin G = G; + G, of graph G, and
G, with digjoint point sets V; and V, and edge sets E; and
E, denoted by G = G; + G; is the graph union G UG,
together with all the edges joining vy, V,. If Gy is (p1,01)
graph and G; is (p2,02) graph then G, + Gz is (py + P2, s
+ 0+ Pt Py).

1.2. Definition: Let G, = (Vl, El) and G, = (Vz, E2) be
two graphs. The Cartesian product of G, and G, which is
denoted by G, xG, isthe graph with vertex set v =v; x
v, consisting of vertices V ={u=(u,u,),v=(v,V,)/u
and v are adjacent in G, xG, whenever u; = v, and U
adjacent to v, or u; adjacenttov; and u, = v2} .

1.3. Definition: The tensor product G=G, ®G, of
graphs G; and G, with digoint point sets v; and v, and
edge sets E; and E; is the graph with vertex set V, xV,
such that (uy, Up) is adjacent to (vy, Vo) whenever
{u,vi} eE and {u,,v,}€E,. If Gy is (py, g1 graph
and G, is (p2, p) graph, then G, ®G, isa(P:P2, 2010p).

In this paper we have investigated some results on H-
and H,-cordial labeling for join of two graphs, Cartesian
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product and tensor product of some graphs.

2. Main Results

2.1. Theorem: The join of two path graphs P, and P,
admits a H,-cordial labeling whenn+m=1,2(mod4).

Proof: Let v, V,,---,v, and u, U,,---,u,, are the
two vertex sets of the path graphs P, and P,,. The edge
set E; and E; is the graph union of P, and P, together
with al the edges joining the vertex sets v; and u;,
i=1 2,---,n.

Define the edge labeling

fE(G)—>{L-1

The edge matrix of P, + Pyisgivenin Table 1.
In view of the above labeling pattern we give the poof
asfollows:
1) When n+m=1(mod4)
Consider thejoin of two path graphs P; and P,.
Using Table 1 the edge labd matrix of P; + P, is given by
ul u2
v 1 -1] 1
v, 1 1)1-1
v 1 -1| -1
-1 -1
with respect to the above labeling total number of verti-
ceslabeled with 1°,-1°,2"° and -2'° aregivenby
Vi ()=n-4, v, (-1)=n-4, v,(2)=n-3 and
Vi (-2)=n-4.
|vf (1)-v, (—1)|+|vf (2)-v, (—2)| =[1, differ by one.
The total number of edges labeled with 1°°,-1°,2"°
and -2'° aregiven by
n-1 n+1
ef (1) :T, ef (—1) :T, ef (2) = ef (—2) = O

~Je; (1) —ef (<1)|+|e; (2)-¢f (-2)| =1, differ by one.
Hence the join of two path graphs P; and P, admits a
H,-cordial labeling.
2) When n+m=2(mod4)
Consider thejoin of two path graphs P, and P».
Using Table 1, the edge label matrix of P, + P, isgiven by

Table 1. Edge matrix of P, + Py,.

u

R e N
VoY ViU, o ViU, ViV,
LS AV AR

v, VU vy, AT I AAYA

m n-1

uu, uu,uu, - u.u

m-1"m
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v (-1 1| 1
v, | 1 1li1-1
v, 1 -1}]-1-1
v, -1 111

In view of the above labeling pattern the total number
of edges labeled with 1°,-1°,2"° and —2'° are given
by e (1)=n/2,e (-1)=n/2,e(2)=0,e (-2)=0
|ef (1)-e (—1)|+|ef (2)-e (—2)| =0, differ by zero.

The total number of vertices labeled with 1'°,-1°°,2'
and -2'° aregiven by
Vi ()=n-4,v; (-1)=n-4,v, (2)=n-5 and
Vi (-2)=n-5.
|vf (1)-vq (—1)|+|vf (2)-v (—2)| =0, differ by zero.

Thus in each cases we have
|vf (1)-vq (—1)|+|vf (2)-v (—2)| <1 and
|ef (1)-¢ (_1)|+|ef (2)-¢ (_2)| <1.

Hence the join of two path graphs P, and P, admits a
H-cordial labeling of graphs.

In Figure 1 illugtrates the Hy-cordial labeling on P4 + P,.
Among the twelve edges, six edges receive the label +1
and the other six edges receive the label —1. The in-
duced vertex labels are given in the figure.

2.2. Theorem: The join of two cycle graphs C, and C,,
admits a Hp-cordial labeling when

o, 1 U,

Figure 1. H,-cordial labeling on P4 + P».
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n+m=13(mod4),n,m>3.

Proof: Let v, V,,---,v, and u, U,,---,u,, are the
vertex set of cycles ¢, and ¢, respectively. The edge sets
E; and E; isthe graph union of ¢, and c,, together with all
the edges joining the vertex sets v, v,,---,v, and
U, Uy, U, .

Wenotethat \V(G)=p,+p, and

|E(G)|:q1+%+ PP,
Define f:E(G)—{1-1}.
The edge matrix tableof ¢, +c, isgiveninTable2.
In view of the above labeling pattern we give the proof
asfollows.
Case (1) when n+m=3(mod4),n,m>3.
Consider thejoin of two cycle graphs c; and c;.
Using Table 2 the edge lable matrix of c; and ¢, is
given by
U u, U, u,
v [1 | 1] -11
v, |1 -1 -1 -1 -11
v, -1 -1 1 1 1
-1 -11 1-1 -11
In view of the above labeling pattern the total number
of edgeslabeled with 1'°,-1'°,2"° and -2'° aregivenhy

n+1 n+2
& (1)27’ e (-1)= 5 ' © (2)=0, & (-2)=0.
~le (-e (<1)|+[e; (2)—e; (-2)| =1, differ by one.
The total number vertices labeled with 1°,-1°,2'°

and -2'° aregiven by
Vi (1)=n-5,v; (-1)=n-5,v, (2)=n-5 and

Vi (-2)=n-6.

|vf (1)-v; (—1)|+|vf (2)-v, (—2)| =[1, differ by one.
Thus in each cases we have
|vf (1)-vq (—1)|+|vf (2)-v, (—2)| <1 and
|ef (1)—e (—1)|+|ef (2)-e (—2)| <1.
Hence the join of two cycle graphs c; and ¢, admits a
H,-cordial labeling.

Table 2. Edge matrix of ¢, + Cp.

U, u, U, o u,

v, [vu, [V T VA TR SRR VITI I VAVARVAYA
Vo | Vol Vo, VoU, o VU, MAZAA
Vo [Valy ViU, v o VU, AAA A

U, Ul U, uu, - s WU, U U
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Case (2) when n+m=1(mod4),n,m>3.
Consider the join of two cycle graphs ¢s and c;.
Using Table 2 the edge label matrix of ¢s + ¢4 isgiven by

L'11 u2 u3 u4
vwi-1 -1 1 11
vi-1 -1 1 -1]1-1
i1 1 1 -1]-11
v[-1 -1 -1 1|1-1
w1 1 -1 111

-1 1-1 -1 -1

In view of the above labeling pattern the total number
of edgeslabeled with 1°,-1°,2'° and -2'° aregivenby

e (=" e (-9-"22 e (2)-¢ (-2) -0

~le; (1)-e (<1)+[e; (2)-e (-2)| = 0, differ by zero,
The total number of vertices labeled with 1'°,-1°,2'°

and -2'° aregiven by

Vi ()=n-7,v,(-1)=n-7

Vi (2)=n-6,v; (-2)=n-7

|vf (1)-v, (—1)|+|vf (2)-v, (—2)| =1, differ by one.
Thusin each cases we have
Ve (D)= (<D +]v; (2)-v; (-2)| <1 and

|ef (1)—e (—1)|+|ef (2)-e (—2)| <1.

Hence the join of two cycle graphs ¢s and ¢, admits a
H,-cordial labeling.

In Figure 2 illustrates the Hy-cordial labeling on Cs +
C4. Among the 29 edges, fifteen edges receive the label
+1 and the remaining fourteen edges receive the label
—1. Theinduced vertex labels are given in the figure.

2.3. Theorem: The join of two wheel graphs W, and
W, admits a H-cordial labeling when n+m=0(mod4).
Proof: Let v, V,,---,v, and u, u,,---,u, are the ver-
tex set of the wheel graph W, and W,,. The edge set E;
and E; is the graph union of W, and W, together with all
the edges joining the vertex set v;, v,,---,v, and

U, U,,--, U, . Wenote that |V(G)|: p,+p, and

|E(G)| =0t G+ PP

Define f:E(G)—{1-1}

The edge matrix isgivenin Table 3.

In the view of the above labeling pattern we give the
proof asfollows:

when n+m=0(mod4)

Consider the join of two wheel graphs W, and W,. Us-
ing Table 3 the edge label matrix of W, + W; is given by
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\A
1 | 1
UJ Uz
v,
\'A
y 1
, 1
U4 Ua
Vs V3 ]
1 C,

-1
Figure 2. Ho-cordial labeling on Cs + C,.

Table 3. Edge matrix of W, + W,

U u, u,
V: viY, iy, o ViU, ViVos Vi Vs o iV,
v v, U, v,u, . v,u, AVRVARVASRVAVA
V, WA A o ViU, WA AR A

Uy, Ul ---u U Uy, UpUs U U uu uu U Uy

Copyright © 2012 SciRes.
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u U, U, u,
v[-1 -1 -1  1]11-1
v, | -1 1 1 -1/1-1-1
v 1 -1 1 -1(1-11
v, | 1 1 1 -1 -1-11

-1-11 -1-11 -1-11 111

In view of the above labeling pattern we give the proof
asfollows.

The total number of edges labeled with 1° and -1°
aregivenby e (1)=n/2, e (-1)=n/2
.'.|ef (1)-e (—1)| =0, differ by zero. The total number
of vertices labeled with 1° and -1° are given by
Vi ()=n/2 and v, (-1)=n/2
|vf (1)-vq (—1)| =0, differ by zero.

Thus in each cases we have |vf (1)-vq (—1)| <1 and
e (1)-e (-1)| <1.

Hence the join of two wheel graphs w, and w, admits a
H-cordial labdling.

In Figure 3 illustrates the H-cordial labeling on W, +
W,. Among the twenty eight edges, fourteen edges re-
ceive the label +1 and the other fourteen edges receive
thelabel —1. Theinduced vertex labels are shown in the
figure.

24 Theorem: L,=P,xP, (adso known as ladder
graph) isH,-Cordial labeling for even n.

Proof: Let G be the graph P, xP, where n is even
ad V(G)={V, i=12--nad j=12/ be the
vertices of G.

Wenotethat [V (G)=2n and |E(G)/=3n-2.

Define f:E(G)—{1-1} asfollows

Case (1) When n=0(mod4)

For 1<i,k<n-1

f (vil ,vkl):l

For n-1<i,k<n

f (V'l ’Vkl) =-1

For 1<i,k<n-1

f (Viz,'VkZ) =1

For n-1<i,k<n

f (Viz, kaz) =-1

For 1<i<n-1

f (Vil'ViZ) =-1

For n-1<i<n

f (Vi vi2) =1

Case (2) when n=2(mod4)

For 1<i,k<n-2

f(Viy Vi) =1

Copyright © 2012 SciRes.

Figure 3. H-cordial labeling on W, + W,

f (ViZ’sz):l

For n-2<i,k<n
f (Vil'vkl) =-1

f (Viz’sz):_l
For 1<i<n-2

f (Vil'ViZ):_l
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For n-2<i<n,

f(MpVio) =1

In view of the above defined labeling pattern we give
the proof asfollows.

The total number of edges labeled with 1°,-1°,2"°
and -2° are given by e (1)=n/2 e (-1)=n/2,
e (2)=¢ (-2)=0.
|ef (1)-¢ (—1)|+|ef (2)-e (—2)| =0, differ by zero.

The total number of vertices labeled with 1'*and-1°,
2'° and -2'° aregivenby
Ve ()= v, (-1)=(n-4)/2;

Vi (-2)=(n-4)/2,v;(2)=(n-4)/2.
|vf (1)-v (—1)|+|vf (2)-v, (—2)| =0 differ by zero.

Thusin each cases we have
|Vf (D)-v, (_1)|+|Vf (2)-v; (_2)| =1
|ef (1)-e& (_1)|+|ef (2)-¢ (_2)| <1

Hence the ladder graph P, x P, admits a Hp-cordia
labeling.

In Figure 4 illustrates the H,-cordia labeling on
P, x B,. Among the ten edges, five edges receive the la-
bel +1 and other five edges receive the label —1. The
induced vertex labels are shown in the figure.

2.5 Theorem: The tensor product P, ® P, is H,-cor-
dial labeling.

Proof: Let G bethegraph B, ® P, and
V(G)={uv, i=12--,nad j=12} be the verti-
cesof G.

Wenotethat V(G)=2n and |E(G)|=2n-2

Define f:E(G)—{1,-1} two cases are to be con-
sidered.

V21 sz
1 1
(=) )
V., ! Vi

Figure 4. H,-cordial labeling on P, x Ps.
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Case (1). Whenniseven

For 1<i<n
=1 ifi=1(mod2)
f(uv,u,V. o
(Uva.bhs 2){:—1 if i =1(mod?2)
For 1<i<n
=-1 ifi=1(mod2
)| = Hmed2)
=1, if i=1(mod2)
Case (2) Whennisodd
For 1<i<n
= if i =1,3(mod4
(Ut )| T R3mOR)
=-1, if i=0,2(mod4)
For 1<i<n
=-1 ifi=13(mod4
(U )|~ = ESmode)
=1 if i=0,2(mod4)

In view of the above defined labeling pattern we give
the proof asfollows.

The total number of edges labeled with  1°,-1°,2'"°
and -2° are given by e (1)=n/2 e (-1)=n/2,
e (2)=¢ (-2)=0.
|ef (1)-e (—1)|+|ef (2)-e (—2)| =|0], differ by zero.

The total number of vertices labeled with  1'°,-1'°,2'°
and —2'° aregiven by
vi (1= v; (-1)=(n-8)/2;

Vi (-2)=(n-4)/2,v;(2)=(n-4)/2.

Figure5. H,-cordial labeling on P, ® P,.
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|vf (1)-vq (—1)|+|vf (2)-v, (—2)| =0 differ by zero.
Thus in each cases we have
|v, (1)-v, (—1)|+|vf (2)-v, (—2)| <1

|ef (1)—e (—1)|+|ef (2)-e (—2)| <1

Hence the tensor product P, ® P, admits a Hp-cordial
labeling.

In Figure 5 illustrates the H,-cordia labeling on
R ®P,. Among the eight edges four edges receive the
label +1 and the other four edges receive the label —1.
The induced vertex labels are shown in the figure.

3. Concluding Remarks

Here we investigate H- and H,-cordia labeling for join
of path graphs, cycle graphs, whed graphs, Cartesian
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product and tensor product. Similar results can be de-
rived for other graph families and in the context of dif-
ferent graph labeling problem is an open area of research.

REFERENCES

[1] 1. Cahit, “H-Cordial Graphs,” Bulletin of the Institute of
Combinatorics and Its Applications, Vol. 18, 1996, pp.
87-101.

[2] M. Ghebleh and R. Khoeilar, “A Note on ‘H-Cordia
Graphs,’” Bulletin of the Institute of Combinatorics and
Its Applications, Voal. 31, 2001, pp. 60-68.

[3] J A. Gdlian, “A Dynamic Survey of Graph Labeling,”
The Electronics Journal of Combinations, Vol. 18, 2011.

[4] D. B. West, “Introduction to Graph Theory,” Prentice-
Hall of India Pvt. Ltd., Delhi, 2001.

OJDM



