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ABSTRACT 

In this study, the vibration of a cylindrical tank partially filled with liquid under motion modeled as mass lumped is in- 
vestigated. A three-dimensional quasi-static model of a partially-filled tank of circular cross-section is developed and 
integrated into a comprehensive three-dimensional vehicle model to study its dynamic performance as a function of 
acceleration, and the fill volume. The liquid load movement occurring in the roll and pitch planes of the tank is derived 
as a function of the longitudinal acceleration, and then the corresponding shifted load is expressed in terms of center of 
mass coordinates and mass moments of inertia of the liquid bulk, assuming negligible influence of fundamental slosh 
frequency and viscous effects. The vibration characteristics of the partially filled tank vehicle are evaluated in terms of 
load shift, forces and moments induced by the cargo movement, and dynamic load transfer in the longitudinal direction. 
The semi analytical response is obtained by means of SimuLink™ Matlab Software. The effects of longitudinal ace- 
leration of the tank system on the liquid surface inclination and consequently shifting of centroids and moment of iner- 
tia are illustrated. 
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1. Introduction 

Sloshing is the low frequency oscillations of the free 
surface of a liquid in a partially filled container. This 
phenomenon in a moving tank is an important field of the 
fluid—structure dynamic research. The dynamic response 
of structures holding the liquid can be significantly in- 
fluenced with these oscillations, and their interaction 
with the sloshing liquid may lead to instabilities as in 
many engineering applications, such as ground storage, 
marine transport of liquid cargo, aerospace vehicles, 
earthquake-safe structures and liquid moving tanks. Due 
to its dynamic nature, sloshing can strongly affect the 
performance and behavior of transportation vehicles, es- 
pecially tankers filled with oil. Furthermore, seismic de- 
sign of liquid storage tanks requires knowledge of slosh- 
ing frequency of liquid and hydrodynamic pressure on 
the wall. The corresponding hydrodynamic seismic forces 
can be obtained using the frequency of sloshing, [1].  

Vibration analyses of fluid-structure interaction prob- 
lems have gained much attention with various aspects 
and approaches proposed for giving solutions to instabi- 
lity behavior. Veletsos and Yang [2,3] presented solu- 
tions for the dynamic pressure and the impulsive mass 
under the assumption of certain deformation patterns of 

the tank wall. When liquid mass represents a large per- 
centage of the total mass of a structure, sloshing could 
induce disturbance to its stability. This is mainly contri- 
buted to by the induced dynamic loads and shift of the 
centre of gravity. Therefore, the liquid-tank system was 
treated as an equivalent mechanical spring-mass system 
[4-6]. Rammerstorfer et al. [7] obtained the vibration 
mode shape of the container shell wall by using an itera- 
tive procedure which starts by adopting an initial guess 
of the mode shape. Welt and Modi [8] showed that 
sloshing resulting from external forces is critical when 
the excitation frequency is close to the fundamental 
sloshing frequency. Jain and Medhekar [9,10] studied 
this mechanical model with different models for rigid 
and flexible tanks. Chen and Haroun [11] obtained the 
natural frequencies and mode shapes of standstill flexible 
containers with liquid. Takahara et al. [12] simulated 
sloshing of fluid in cylindrical tanks subjected to pitching 
excitation at a frequency in the neighborhood of the low- 
est resonant frequency. Kyeong and Seong [13] studied 
the free vibration of either a partially liquid-filled or a 
partially liquid-surrounded circular cylindrical shell with 
various classical boundary conditions. In their study, the 
liquid-shell coupled system was divided into two regions. 
One region is the empty shell part in which Sanders’ 
shell equations are formulated without the liquid effect. *Corresponding author. 
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The other is the wetted shell region in which the shell 
equations are formulated with consideration of the liquid 
dynamic effect. The same authors [14] later extended the 
study to the hydroelastic vibration of partially liquid- 
filled cylindrical containers with arbitrary boundary con- 
ditions. It was found that the variation of the natural fre-
quencies depends on the axial mode number and cir- 
cumferential wave number. Chang and Chiou [15] ob- 
tained the natural frequencies of clamped-clamped lami- 
nated cylindrical shells conveying fluid by using Hamil- 
ton’s principle. Anderson [16] studied the container flexi- 
bility as a control of liquid sloshing. Numerical and ex- 
perimental results showed that the sloshing wave amp- 
litude can be significantly reduced by tuning the interac- 
tion of the flexible container with liquid sloshing. Gar- 
rido [17] studied the effect of sloshing in a rectangular 
container which is first accelerated, and then decelerated 
due to frictional forces using pendulum model.  

Several methods were used to analyze the partially 
filled tank system. To and Wang [18] and Subhash and 
Bhattacharyya [19] employed the finite element method 
(FEM) that made use of two-node thin elastic shell and 
eight-node fluid elements for the coupled vibration 
analysis of the liquid-filled cylindrical containers. Amabili 
[20] employed the Rayleigh-Ritz method to study the 
vibration of simply supported, circular cylindrical shells 
that are partially-filled with an incompressible sloshing 
liquid. The Rayleigh quotient is transformed into a sim- 
pler expression where the potential energies of the com- 
pressible fluid and free surface waves do not appear. 
Wang and Khao [21] used a finite element method to 
study sloshing in a two dimensional rectangular container 
subjected to random excitation. The method is based on 
fully nonlinear wave potentional theory based on the 
finite element method. Vamsi and Ganesan [22] pre- 
sented a semi-analytical finite element approach to dis- 
cretise the shell structure in cylindrical containers filled 
with fluid. The fluid velocity potential was approximated 
by polynomial functions instead of Bessel functions. The 
study was carried out for both elastic and viscoelastic 
shells. The natural frequencies of the system obtained by 
the polynomial approach compared very well with other 
results using numerical methods. They concluded that the 
polynomial approach would be more elegant and general 
than the Bessel function approach since in the later ap- 
proach, Bessel function values have to be evaluated de- 
pending on shell dimensions. Thus, very few attempts 
were carried out to analyze the system analytically. Jeong 
and Kim [23] obtained an analytical method for deter- 
mining the natural frequency of shells filled with liquid. 
In this study, the liquid was constrained to move through 
rigid plates placed at the top and bottom of the shell.  

Sloshing may cause large internal forces and deforma- 
tion in the tank walls, particularly when the external 

forcing frequencies are close to the natural sloshing fre- 
quencies. Tank walls may therefore be damaged arising 
from high fluid dynamic pressures as a result of reso- 
nance. A significant example of area where the effect of 
sloshing is of concern is in the transportation of various 
types of liquid in moving tanks. Strandberg [24] con- 
ducted experimental investigations to measure the liquid 
inclination force in longitudinal oscillated model tank. 
The effect of liquid forces on overturning and skidding 
Tendencies was evaluated from simplified tanker vehicle. 
Ranganathan [25] studied the directional stability of a 
tank vehicle and concluded that the directional response 
characteristics of a tank vehicle are affected by the liquid 
load shift of the fluid. He investigated directional re- 
sponse characteristics of partially filled tank vehicles 
during a given steering maneuver by utilizing an equiva- 
lent pendulum model. Rakheja et al. [26] conducted a 
field test of a two-axle truck with a tank body under a 
lane change maneuver and constant radius turn. Popov et 
al. [1] studied dynamics of liquid vibration in sinusoidal 
road containers under variable acceleration. 

The objective of this paper is to determine the vibra- 
tional behavior of a liquid sloshing including the mode 
natural frequencies in three dimensional cylindrical mov- 
ing tanks. In particular, a mechanical spring damper 
model to address the coupled liquid-tank interaction 
problem will be developed and used to study the effects 
of liquid sloshing on the structural response of the tank 
walls and the stability of the tank. The mode inherent 
frequencies will be deduced and the response will be 
obtained analytically by means of SimuLink™ Matlab 
Software. The analysis will reveal the effect of accelera- 
tions on liquid inclination and on the system vibration of 
cylindrical tank. 

2. Problem Statement 

Dynamic behavior and structure integrity of heavy com- 
mercial vehicles carrying liquid cargo on the highways 
are greatly influenced by the moving cargo within the 
partially filled tank. Liquid vibration in tank containers 
has received considerable attention in transportation en- 
gineering in the last two decades. Figure 1 shows the 
mechanical system considered in this study. The system 
consists of the mass M which represents the vehicle body 
and engine called sprung mass with tank length L and 
diameter D = 2R, its center of gravity changes based on 
the acceleration ya  subjected to the system, the masses 

1  and 2m  which represent axles, suspension and tire 
masses, springs stiffness 1 2  and damping coeffi- 
cients 1 2  are shown in Figure 1. The system is ex- 
cited by a base excitation harmonic displacement  

0b

m
, ,k k k

,c c

sinz z t  and the harmonic excitation displace- 
ment frequency   is a function of time,  t  , due 
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Figure 1. Mechanical model of the system. 
 
to the acceleration, i.e., the base excitation frequency is 
not constant and is changing with time during the system 
motion. 

2.1. Patterns of Surface Inclinations 

Figure 2 shows different patterns or modes of liquid sur- 
face inclination subjected to longitudinal acceleration. 
Pattern 1 occurs under medium fill volume and accelera- 
tion while pattern 2 and 4 may occur in case of low and 
high fill volumes, respectively. Pattern 3 corresponds to 
medium fill condition at high acceleration. In this study, 
a complete analysis for pattern 1 will be performed and 
the other patterns can be treated in a similar manner with 
minor changes. 

For pattern 1, the open tank liquid shown in Figure 3 
is accelerating to the right, the longitudinal direction, at a 
rate of ya . For this pattern to occur a net force must act 
on the liquid which is accomplished when the liquid re- 
distributes itself as shown by A B CD  . Under this con- 
dition the hydrostatic force at the left end is greater than 
the hydrostatic force at the right end, which is consistent 
with Newton’s second law. Furthermore, the quantitative 
analysis of the acceleration of the tank of liquid is char- 
acterized by using Bernoulli’s equation: 

  lp z a
l

 
  


               (1) 

 

Figure 2. Patterns of surface inclination due to longitudinal 
acceleration. 
 

 

Figure 3. The inclined angle for open tank liquid. 

 
where the pressure along the liquid surface A B   is con-  

stant p = patm, and consequently 0
p

l





. The accelera-  

tion along A B   is given by cosla a  . Hence Equa- 
tion (1) is reduced to: 

  cosz a
l
  

 


            (2) 

The total derivative is used since the variables do not 
change with time; the specific weight in Equation (2) is 
constant, and therefore, it becomes: 

cosz a

l g


 


               (3) 

But sin
z

l


 


 thus 

cos
sin

a

g

                 (4) 

Hence, the inclination angle   can be determined 
from: 

tan
a

g
                   (5) 

Equation (5) describes the inclination angle of the liq- 
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uid surface at the existence of acceleration. 
Clearly, the liquid surface inclination angle,  , is di- 

rectly proportional to the acceleration value.  

2.2. Shifted Liquid Centroid and Moment of  
Inertia 

To perform a complete analysis for the system, the cen- 
troid and the moment of inertia of the liquid mass must 
be defined since the two values change with the value of 
longitudinal acceleration. The approach used in this 
study to find centroid and the moment of inertia of the 
liquid mass is for the case considered (pattern 1) and 
other patterns can be treated similarly. Figure 4 shows a 
cylindrical partially filled tank of length L and circular 
cross section of radius R. The liquid of height R is ex- 
posed to acceleration so that the liquid will incline with  

angle 1tan ya

g
   based on fluid mechanics principles  

presented earlier, and this will move the center of gravity 
of the liquid bulk to a direction opposite to ya  direction 
for a distance corresponds to the angle  .  

Figure 5 shows a 3D sketch of the deflected liquid 
bulk according to pattern 1. To find the centre of mass 
y  (in y direction) and z  (in z direction) of the de- 

flected liquid bulk, the triple integral over a certain re- 
gion or regions can be used, and the equation of plane 
MNOP can be written as: 

tan
2

L
z   

 
y

                  (6) 

where the value of y  and z can be obtained from the 
following formulas, respectively: 
 

tan
2

L
R 

tan
2

L
R 

 

Figure 4. Partially filled moving tank model under accele- 
ration. 

1 2

1 2

d d

d d
R R

R R

y V y

y
V V





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             (7) 

1 2

1 2

d d

d d
R R

R R

z V z V

z
V V






 

 
             (8) 

R1 is a symmetrical region without inclination and R2 
with inclined liquid level as shown in Figures 6 and 7. 

Hence, for the system considered the value of y  and 
z  can be obtained from Equations (9) and (10), respec- 
tively. 
 

 

Figure 5. A 3D sketch of the deflected liquid. 
 

 

Figure 6. Integration regions R1 and R2. 
 

tan
2

L 

tan
2

L 

 

Figure 7. Combined R1 & R2 regions. 
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The liquid bulk the moment of inertia xI  is evaluated 
by triple integral over the regions discussed earlier based 
on the following equations keeping in mind that this 
value is evaluated around the x-axis which is at a dis- 
tance equals y  from the position of center of gravity. 

1 1 2 2

1 2

V y V y
y

V V





               (9) 

1 1 2 2

1 2

V Z V Z
Z

V V





            (10) 

where    

 

 

2 2

02 2

tan 2 2
2 tan2

2 2tan
2

2 2 2 2

1 2

tan
2

2 2

2 2

0

d d d d d d

d d d

d d d

L

L zL
R z

L
R z

x
R R

L
R z

R R z

I y z x y z y z x y

y z y x z

y z y x z








 













  



   

 

 

 

  

  

z

  (18) 

2 2

2 2

tan
2

1 1
0

d d d

L
R z L

R R z

V y y y x z




  

             (11) 

tan 2 2
2 tan2

2 2tan
2

2 2
0

d d d

L zL
R z

L
R z

V y y y x z









 

             (12) 

2 2

2 2

tan
2

1 1
0

d d d

L
R z L

R R z

V Z z y x z



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              (13) 
where   the density of the liquid (1000 kg/m3) for wa- 
ter). Using the parallel axis theorem, the shifted mo- 
ment of inertia is written as: tan 2 2

2 tan2

2
2 2tan

2

2
0

d d d

L zL
R z

L
R z

V Z z y x z









 

            (14) 
 2 2

xg xI I m y z                (19) 

2

1 2

π

2

R
V V L                 (15) 2.3. The Mechanical Vibration System 

tan 2 2
2

02 2

1 d d d

L
R z L

R R z

V
 

  

    y x z           (16) 

tan 2 2
2 tan2

2 2tan
2

2
0

d d d

L zL
R z

L
R z

V









 

    y x z         (17) 

As shown in Figure 1, the vehicle is modeled with four 
degrees of freedom, namely,        1 2, , andz t t z t z t , 
the vertical displacement of the tank, rotational dis- 
placement of the tank, and the front and rear wheels of 
the vehicle, respectively. Hence, four governing vibration 
equations of motion for the system are written in matrix 
form as:  

 

 
     

 

 
 

1

1 2 1 2 1 2

2 2
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1 11 1 1
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1 2 1 2 1 2
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0 0 0
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0 0 0 0

xg

k k L y k y k k kM ZZ

I L y k y k L y k y k L y k k y
m ZZ k L y k k k

m ZZ k y k k k

C C C L y C y C C

C L y C y L


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




 

 
3. Results and Discussion behavior where the centroids and mass moment of inertia 

of the system, respectively, are decreasing, correspond- 
ing to the decrease of resistance against rotation, as the 
longitudinal acceleration increasing. 

The effect of acceleration on , , , , andx xgy z I I is illus- 
trated in Figures 8-10, respectively. The input parame- 
ters used for a partially filled cylindrical moving tank are 

 (with volume V = 
4.712 m3, Semi-filled). Figure 8 shows the relationship 
between the inclined angles of liquid surface with ap- 
plied acceleration value. Apparently, the higher the lon- 
gitudinal acceleration the larger the inclination angle of 
the liquid surface. Figures 9 and 10 show an opposite  

1 m, 3 m, 712.38 kgR L M   The vibration system of partially filled liquid moving 
tank is modeled and the governing equations are written 
in a matrix form. This nonlinear system is simulated us- 
ing MatLab simulink to find the time responses. The in- 
put parameters used in this study are listed in Table 1, 
and the natural frequencies for the system are found as:  
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Figure 8. The liquid surface inclination angle versus the 
longitudinal acceleration of the vehicle. 
 

 

Figure 9. The variation of the two varying centroids as a 
function of the longitudinal acceleration of the vehicle. 
 

 

Figure 10. The variation of the mass moment of inertia as a 
function of the longitudinal acceleration of the vehicle. 
 

1  4.25 rad/s,  2 7.13 rad/s,   3 29.60 rad/s,    

4 40.95 rad/s  . The dynamic response is shown in 
Figures 11-14. These figures show the dynamic res- 
ponse of the tank, z, θ, z1, and z2. The figures show 
clearly the transient behavior characterized with high 
amplitude which it may lead to tank accident and the 
vibration decays with time due to damping. 

Table 1. The input parameters used for the system. 

Parameter Value Parameter Value 

k1 50 kN/m M 4712.38 kg 

k2 60 kN/m L 3 m 

c1 4.5 kNs/m ya  2 m/s2 

c2 5 kNs/m y  1.3072 m 

m1 150 kg oz  0.05 m 

m2 300 kg xgI  3765 kg·m2 

k 200 kN/m bZ     2sin πo yz a t  

 

 

Figure 11. The lateral displacement of the tank, Z response 
versus time t. 
 

 

Figure 12. The rotational displacement θ response versus 
time t. 
 

 

Figure 13. The front wheel displacement, z1 versus time t. 
 

 

Figure 14. The rear while displacement z2 versus time t. 
 

Notice that  
2π

t

v

T
  , where  is the velocity in y  v

direction and 0 yv v a t  , where 0  is the initial ve- 
locity. Assuming zero initial velocity, 

v

yv a t . Then for 
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T = 2 m, the harmonic base excitation can be written as 
  2sin πb o yZ z a t . 

4. Conclusion 

In this study, the vibration of cylindrical moving tank 
partially filled with liquid is modeled as mass lumped. A 
three-dimensional quasi-static model of a partially-filled 
tank of circular cross-section is developed and integrated 
into a comprehensive three-dimensional vehicle model to 
study its dynamic performance as a function of accelera- 
tion, and the fill volume. The liquid load movement oc- 
curring in the roll and pitch planes of the tank is derived 
as a function of the longitudinal acceleration, and then 
the corresponding shifting load is expressed in terms of 
center of mass coordinates and mass moments of inertia 
of the liquid bulk, assuming negligible influence of fun- 
damental slosh frequency and viscous effects. The vibra- 
tion characteristics of the partially filled tank vehicle are 
evaluated in terms of load shift, forces and moments in- 
duced by the cargo movement, and dynamic load transfer 
in the longitudinal direction. The results showed that 
cargo acceleration is directly proportional to the inclina- 
tion angle of the liquid surface in a partially filled mov- 
ing tank. The moment of inertia and center of gravity of 
the system are obtained and shown to be shifting to the 
opposite side of longitudinal acceleration direction. The 
inertia is decreasing when acceleration is increasing. The 
dynamic response of the system was obtained and showed 
a significant critical transient behavior with large ampli- 
tude, and the displacements are decaying after that due to 
the existing damping in the system. 
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