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ABSTRACT 

This paper provides a proof that the well-known quadratic Mincer (1974) Equation, wherein the log of wage or salary is 
a quadratic function of the years of experience, is inconsistent with the usual assumptions of utility maximization. The 
proof requires the use of the dynamic version of the Mincer Equation and the assumption of an isoelastic marginal util-
ity function. The result is that a polynomial of degree three or greater is required to relate the log of wage or salary to 
the number of years of experience. 
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1. Introduction 

The traditional Mincer [1] curve yields the convenient 
result that the log of wages or salary (henceforth wage) is 
a quadratic function of the years of experience. Murphy 
and Welch [2], however, found that making the log of 
wages a second degree polynomial function of experi-
ence often provides only a weak explanation of the data. 
This has also been found, by the current authors, to be 
the case for professional salaries such as lawyers, doctors 
and CPAs. In particular the quadratic function tends to 
underestimate the log of wages early in the career and 
overestimate the log of wages in the mid to later years. 
Murphy and Welch find that replacing the second degree 
polynomial with a third degree or higher polynomial 
greatly improves the estimated relationship. There is lit-
tle theoretical justification offered, however, for increas-
ing the degree of the polynomial. 

The famous Stone-Weierstrass [3] Theorem states that 
any continuous function can be approximated to any de-
gree of accuracy by a polynomial function of finite de-
gree. In economics, whenever an approximating function 
is needed, the second degree polynomial function is usu-
ally chosen. It is well known that increasing the degree of 
an approximating polynomial function will always im-
prove predictions. But increasing the degree of the poly-
nomial can also produce its own econometric problems, 
e.g. multicollinearity, as well as invoke the criticism that 
it turns the relationship being sought into an econometric 
“fishing trip”. If the second degree polynomial is justi-
fied, theoretically, in the original Mincer model then 
what is the underlying justification for adding the third 

degree polynomial?  
In this paper it is shown that there is a simple justifica-

tion for why a third degree polynomial should be used to 
estimate the earnings Equation, at least for occupations 
where individuals can optimally choose the level of con-
tinuing education (CE). The underlying characteristic of 
CE for professional occupations is that individuals are 
rewarded for CE and are free to choose their optimal 
utility maximizing amount along their working life-cycle, 
subject to a required minimum level necessary to remain 
certified. 

2. Literature Review 

The Mincer model has been modified by others over the 
years to account for various changes in the assumptions, 
(Heckman, et al., [4] and Lemieux, [5]). While the Min-
cer model is inherently a dynamic model since it involves 
a life-cycle analysis, some variations are more dynamic 
than others. Ben-Porath [6] provides possibly the earliest 
dynamic model. His model uses familiar dynamic growth 
Equations to model the growth of human capital stock. 
Wages are then related to the accumulated human capital 
stock. Sheshinski [7] is the first to use optimal control to 
determine the level of education that maximizes income 
over the life-cycle. Haley [8], again using optimal control, 
relates the amount of investment to the individual’s 
earning potential based on human capital stock accumu-
lation. Ryder, et al., [9] includes the choice of leisure in 
the dynamic model. Haley [10], like Ben-Porath, formu-
lates the problem as one with the embedded optimal for-
mation of human capital stock and then estimates the 
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parameters as a nonlinear regression problem. Leibowitz 
[11] shows that the “intensity of education”, based on 
ability, can alter the shapes of the Mincer curves. Driffill 
[12] modifies the earnings model by allowing the retire-
ment age to be endogenous. Behrman and Birdsall [13] 
modify the Mincer model by allowing the rate of return 
on the investment in CE to be a function of the quality of 
the initial schooling. This creates subsequent effects over 
the working life-cycle. 

In a slightly different direction there have been several 
attempts to determine empirically the best functional 
form of the relationship between wages and experience 
without relating it to theoretical modifications in the 
Mincer model. Heckman and Polachek [14] and Frazis 
and Loewenstein [15] both rely on actual data and a Box 
and Cox transformation to examine this. Heckman and 
Polachek conclude that the log of wages as a quadratic 
function of experience, i.e., that used in the traditional 
Mincer model, provides satisfactory results. Frazis and 
Loewenstein resort to a harmonic (Fourier) approximat-
ing function that can accomplish basically what ap-
proximating polynomials can do. They are, on the other 
hand, less familiar to most economists and do not easily 
reveal the sign of the second derivative of the estimated 
functions. 

All of the above extensions or modifications of the 
Mincer model result in direct or implied variations in the 
underlying relationship between earnings and years of 
experience. None, however, specifically shows that the 
quadratic estimation of the relationship between wages 
and experience is inconsistent with basic theory. This 
paper explains why a third degree polynomial, not the 
quadratic, is appropriate in estimating a modified Mincer 
curve. 

The next section is used to derive the dynamic version 
of the Mincer model. In section four the Mincer model is 
modified by allowing the individual to choose the opti-
mal level of CE. This is followed by the conclusion. 

3. The Traditional Mincer Equation 

The traditional Mincer Equation models the relationship 
between the log of wage in period t, ln(wt), the years of 
formal schooling, s, the years of experience EXPER, and 
the years of experience squared, EXPER2  

 ln A Bs CEXPER

A ,B,C 0, D 0

tw
  

   

  

 

2D EXPER ,




1 1t t tw w rI  

    (1) 

Derivation of Equation (1) has been made conven-
iently simple by the work of Heckman, Lochner, and 
Todd [16]. The initial Equation for deriving the tradi-
tional Mincer equation is: 

                (2) 

Equation (2) implies that the wage in period t equals 
the wage in the previous period plus some return, r, on 
the investment in CE in the previous period, 1tI  . It is 
important to note that the investment in CE is not just the 
explicit cost of taking additional courses in formal edu-
cation. The additional, perhaps primary, cost for the 
types of professions under consideration is the opportu-
nity cost of time whenever one chooses to give up imme-
diate income-earning activities in order to make future 
efforts more productive. Some types of investment in the 
future are not easily measured, at least directly, but the 
opportunity cost of time is proportional to the current 
wage and, as such, it is an important part of the Mincer 
Equation. 

The level of investment in continuing education in the 
previous period is assumed to be dependent on where the 
individual is located within his or her working life-cycle, 
t < T, where T is the retirement period and t is the current 
period and also the current years of experience. The level 
of investment at any time t is defined as a fraction of the 
share of current wage, f, devoted to continuing education. 
This fraction changes systematically along the working 
life-cycle and thus is a function of the amount of working 
experience, or  tf f t . In this paper it is convenient 
to refer to  f t  as the “CE function”. In the discrete 
case the fraction of wage in the previous period deter-
mines the level of investment in the previous period. This 
is written as the simple product: 

 1 11t trI rf t w  

1 1( 1)t t tw w rf t w

               (3) 

Substitution of Equation (3) into Equation (2) pro-
duces:  

            (4)    

Alternatively as the intervals in time become short 
relative to the entire working period T, Equation (4) can 
be rewritten as a continuous time Equation:  

 d dt tw t rf t w                 (5) 

Thus in this model the change in wages is totally de-
pendent on investment in education. Certainly other 
things can be involved but the goal here is to focus only 
on the original Mincer assumptions. Equation (5) can 
also be written as: 

 d d
d ln d

w t
w t rf t

w
 

 
0

ln d
t

tw A r f t t  
The traditional Mincer Equation imposes a specific 

          (6) 

The growth rate in wages depends only on the fraction 
of current wages used for investment in education and 
the return on this investment. 

Integration of (6) yields the following Equation: 

            (7) 
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functional form on  f t as it changes with experience 
over the working life-cycle. The assumption is that 
 f t  is a negatively sloped linear function of time. The 

ion  funct f t  is a large fraction of one’s current wage 
at the beginning of the career, when t is low. This implies 
that when individuals are just beginning their careers 
they choose an investment in further education that is a 
significant portion of their current wage, knowing that 
they have until retirement, T, or  T t  years, to reap 
the benefits. Also their wages are lower in the early years 
and the fixed cost of CE might be a larger portion of the 
current wage. As time t increases, individuals logically 
choose to allow the fraction  f t  to decrease since 
there is less time to reap the be ts. The CE function 
for the traditional Mincer Equation is: 

   

nefi

1 ,t s T Ef Jt tt        , , 0Es J      (8) 

where  1 ,T    E s  1J T , and s = the years
e formal education (see 

 of 
full-tim Appendix A for deriva- 
tion). Thus f(t) is assumed to be linear with a negative 
slope so that d d 0f t   and 2 2d d 0f t   for the tradi-
tional Mincer E

Substitution of Equation
quation. 

 (8) into Equation (7) and in-
te

9) 

4. Optimal Amount of Continuing Education 

gration over t yields the well-known quadratic rela-
tionship equivalent to that shown in Equation (1), or:  

2ln , , 0, 0w B Ct Dt B C D               (t

The traditional Mincer Equation imposes a decreasing 
linear functional form on the CE function,  f t . This is 
reasonable as a first approximation, but an  form of 
the function,  

exact
f t , should be derived from an optimiza-

tion approach. is case linearity is seldom the optimal 
solution.  

As the a

 In th

bove literature review indicates, there are 
many variations in the optimal choice problem facing the 
professional. The most basic decision is that of holding 
onto one’s wealth or investing it in further CE that can 
provide more income in the future. The individual’s util-
ity, U, at any time t is assumed to be a function of his or 
her wage at that time minus the investment in CE. The 
return from additional CE is enjoyed in a later period. Let 
           1t w t w t f t w t f tx           , be the net 

dual’s utility 
function is given by:  

 

wage after investment in CE. The indivi

2 2, 0U x U x         (10) 

For simplicity the utility function is not an explicit 
fu

 choosing the optimal amount of x(t) at 
ea

, where 0U U x t  

nction of time. 
The problem of
ch point of time, and therefore the optimal amount of 

CE, can be formulated as a standard optimal control 

problem with fixed time, T,   00w w  and  w T  
unspecified. The problem is writt

T

en as: 

 
 

0

maximize
t

t

t
f

U x t e 



                  (11) 

Subject to the differential Equation (5). The Hamilto-
ni

 

an is written as: 

   

       

,
f

t

t
t p t

U x t e p t rf t w t

  

   
          (12) 

with 

maximize H x

  00 0w w   0,w t t T  . The costate vari- , 
able p t  is the d ounted margin

incre
ns for an interior solution, 

al

isc al utility of x(t) due 
to an ase in gross wages. 

The optimal control conditio
ong with Equation (5), are: 

 H F T 

      0tU x t x f e p t rw       
    (13) 



 
       

d d

1 ] t

p t H w t

U x t f t p t rf t

  

           
   (14) 

Combining Equations (13) and (14) yields a relation-
ship that holds for all utility functions (see Appendix B): 

   d d d ln dp t p p t t r              (15)  

Equation (15) implies that the growth rate 
co

of the dis-
unted marginal utility of current wage is negative and 

equal to the negative of the return on further education. 
Thus  p t  decreases over the working life cycle but at 
a cons rate. The negative growth rate in the dis-
counted marginal utility of  

tant 
x t  is negatively propor-

tional to the return on the inv ent in future wages. A 
higher return on the investment in education, and thus 
future wages, decreases the growth rate in the discounted 
marginal utility of 

estm

 x t . 
While others ha rmve fo ed the above optimal control 

problem, it is essential to seek an explicit solution to the 
optimal CE function,  f t . In order to do this a specific 
utility function must ssumed. One familiar utility 
function used in dynamic models is the isoelastic (mar-
ginal) utility function:  

be a

   1U x x , 1, 0                 (16) 

where: 0  (bounded utility),   0 
and 0

 (Bernoulli log 
utility), 1   (unbounded u  and tility)  1    
is Pratt’s mea relative risk aversion. 

Using the optimization conditions of Eq
sure of 

uations (13)- 
(15) along with the utility function given by Equation 
(16), the optimal CE function  f t  can be derived (see 
Appendix B for complete deriv ): ation

       ln 1 1 lnw p tf t  lnt r t              (17) 
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In Equation (17) as the parameter λ decreases, t
function decreases and the individual tends to choose 
m

he CE 

ore current consumption over future consumption. Of 
interest here are the first and second derivatives of the 
CE function  f t  with respect to time. Taking the de-
rivative of  f t  with respect to time in Equation (17) 
and making us  both Equations (5) and (15) the fol-
lowing derivat s are obtained  

e of
ive

     d d 1 1f t rf t r             (18)  

 d dr f t           

The traditional Mincer Equa
sumption that the first tiv

2 2d df t        (19) 

tion embodies the as-
e of  deriva f t  is negative 

and the second derivative is zero, i.e., the function is lin-
ear with a negative slope. For d d 0f t  nd  a   0f t   
in Equation (18) it requires that r > ρ, i.e., the return to 
CE is greater than the personal rate. Th  
generally accepted assumption in such models. From 
Equation (19) it can be seen that if df/dt < 0, then it must 
be true that 

discount is is the

2 2d d 0f t  . The implication is that if it is 
optimal to decrease the CE function over time, then it is 
optimal to d at an increasing rate, not at a 
constant (linear) rate as in the traditional Mincer Equa-
tion. Thus the continuing education function 

ecrease CE 

 f t  is 
assumed to be negatively sloped but concave from below 
during the earlier stages of the professional’s care

Estimating the CE function  
er. 

f t  with a polynomial 
function when it is concave from below rather than linear
re ee p

rom below CE function must 
ev

ion 

In this study a proof is provided that demonstrates t

cer Equation is inconsistent with the 

[1] J. Mincer, “Schooling, Experience and Earnings,” Co-
lumbia Univer 74. 

 
quires a quadratic (second degr olynomial) function, 

not a linear function. But this implies that estimating the 
log of wage as a function of experience, i.e., the integral 
of the CE function, requires a third degree polynomial, 
not a second degree polynomial as in the traditional 
Mincer Equation. Thus whenever researchers report that 
the traditional Mincer curve fails to explain wages, it is 
not just expedient but theoretically consistent that they 
increase the polynomial from second degree to a third 
degree. Increasing the degree of a polynomial Equation 
used for estimation purposes will, of course, always im-
prove its explanatory power. But there should be a justi-
fication for adding degrees to a polynomial. Whenever 
individuals can make their own optimal choice of CE, the 
log of wage should be explained by a third degree poly-
nomial, not the quadratic. 

It should be also noted that if there is a minimum CE 
requirement the concave f

entually become concave from above in the later years 
of the working life-cycle. In this case the log of wages 
would be a 4th degree polynomial function of the years of 
experience. 

5. Conclus

hat 

the quadratic Min
generally accepted view that there is a diminishing mar-
ginal utility of net income (after investment in continuing 
education). The proof depends on the assumption that 
individuals will choose their own optimal level of con-
tinuing education (CE) over their working life-cycle. 
This results in a functional relationship that has a nega-
tive second derivative in the continuing education func-
tion with respect to time. This, in turn, implies that if a 
polynomial function is used to estimate the earnings 
Equation it should be at least a third degree polynomial 
function of experience, not the traditional quadratic func-
tion. Our results provide a theoretical justification to the 
empirical findings of Murphy and Welch (1990). 
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Equation (8) is derived: 
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Taking the log of both sides: 

 1f t         (A2) 

Using the relationship 

  
 



      

maximize ,

t

H x t p t

e p t rf t w t

 



with 


f t

U x t

 

 
            (B1) In this appendix 

 1 11t t tw w f t w   

  00 0w w 

 2012 SciR

1

0 0
n ln ln 1

t

t j
w w




  

       2 3 41 3 1 4x x x    

where  
ln 1 1 2x x  
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On the other hand if f t v , then Equat

0lntw w t

ion (A2) 
yields: 
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(19) are derived. Begin with the 

Appendix B 

Here Equations (18) and 
assumption: 

  ,  Tw T w 
from Equation (6): 

0 ,   0w t  , and 

   d d t B2) 

The optimal cond

w t rf t w                        (

itions for an interior solution are: 

 H f T 
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and: 
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Given: 

 

           
 

1x w w f w ft t t t t t
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using (B5), (B3) can be rewritten as: 

,

x t 

       tH f t U x t w e p t rw 0          

And thus: 

      0tH f t U x t e p t r          

: 



And finally

   tU x t e p t r                     (B6) 

 (B4) and (B6): 

  

Now combining
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f t p t rf t


  

http://dx.doi.org/10.2307/2285656
http://dx.doi.org/10.2307/2285656
http://dx.doi.org/10.2307/2285656
http://dx.doi.org/10.2307/2285656
http://dx.doi.org/10.1016/S1574-0692(06)01007-5


S. S. HAMLEN, W. A. HAMLEN 120 

or: 

     f t rf t    

ielding: 

d d 1p t p r  

Y

 d dp t p r                          (B7) 

7) holds true for all utility functions. 
 isoelastic (marginal) util-

ity function: 

Equation (B
Therefore assume there is an

 1 , 1, 0U x                     (B8) 

1U x x                             (B9) 

Using (B9) in (B6): 
1 tx pre    

an  (B5): 

  tf pre


d from the definition
1

1w 
     

th sides: Taking the natural log of bo

   1 ln ln 1 ln lw f p n r t          

or  

    ln 1 ln ln 1 lnf p r t w        

But  ln 1 f f    for 1 1f    , a simplifica-
tion also used in the tion of the deriva original Mincer 
Equation. Thus: 

   ln ln 1 lnf p r  t w           (B10) 

and: 

     d d d d 1 1f t w t w r p          (B11) 

Substituting (B2) into (B11) results in: 

   d d 1 1f t rf r p                 (B12) 

and: 

 2 2d d d df t r f t                    (B13) 

If hat 2 2d d 0f t  . d d 0f t  it implies t
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