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ABSTRACT

Some new oscillation criteria are given for forced second order differential equations with mixed nonlinearities by using
the generalized variational principle and Riccati technique. Our results generalize and extend some known oscillation

results in the literature.
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1. Introduction

The oscillatory behavior of second order differential
equations has a major role in the theory of differential
equations. It has been shown that many real world
problems can be modelled, in particular, by half linear
differential equations which can be regarded as a na-
tural generalization of linear differential equations [1-
14]. A considerable amount of research has also been
done on quasi-linear [15-18] and nonlinear second order
differential equations [19-23].

In this paper, we investigate the oscillatory behavior
of second order forced differential equation with mixed
nonlinearities.

(FOp " @) + PO x()
+iqj(t)|x(t)|”i" x(t)=e(t), t>t,,

j=1

)

where reC ([to,oo),(O,oo)) ,

p.q; (1< j<m),eeC([t),),(—w,)) and
O0<a<p <p,<--<p, arereal numbers,

P, dq; (l <j< m) and e might alternate signs.

By a solution of Equation (1), we mean a function
x(t)eC' ([Tx,oo),(—oo,oo)) , where T, >t, depends
on the particular solution, which has the property that
r('[)|x'('[)|0kl x'(t)eC'[T,,») and satisfies Equation
(1). We restrict our attention to the nontrivial solutions
x(t) of Equation (1) only, ie., to solutions X(t)
such that sup{|x(t)| :t ZT} >0 forall T>T,.Anon-
trivial solution of (1) is oscillatory if it has arbitrarily
large zeros, otherwise, it is called non-oscillatory.
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Equation (1) is said to be oscillatory if all its nontrivial
solutions are oscillatory.

Equation (1) and its special cases such as the linear
differential equation

(r(t)x (1) +a(t)x(t) = e(t). @

the half-linear differential equation

(FOP @ x @) +a@OKE " xO)=e0) @)

and the quasi-linear differential equation

(r(t)|x'(t)|““ x'(t))' g x()=e(t) @

have been extensively studied by numerous authors
with different methods (see, for example, [1-5,15-19]
and the references quoted therein).

In 1999, Wong [1] proved the following theorem by
making use of the “oscillatory intervals” of e(t) and
Leighton’s variational principle (see [10]) for (2).

Theorem 1.1. Suppose that for any T >t,, there
exist T <s, <t <s, <t, such that

e(t){ <0, tefs,t]

>0, te[s,t] ®)

Denote
D(si,ti)={u eCl[si,ti]:u(t)io,u(si)=u(ti)=0},
i=12.

If there exist Ue D(s,,t;) such that
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G

Q (u)=[[a(®)e* O -r () k=0, i-12

Si
(6)
then Equation (2) is oscillatory.

Afterwards, in 2002, the authors of [2] extended
Wong’s results, using a similar method, to Equation (3)
as follows.

Theorem 1.2. Suppose that for any T >t,, there
exist T <s, <t <s, <t, such that (5) holds. Let

D(s,.t)={ueC'[s.t]:u(t)20,u(s)=u(t) =0},
i=12.

If there exist H e D(s;,t;) and a positive, nonde-

creasing function ¢ e C' ([t0 , oo)) such that

}Hz(t)qﬁ(t)q(t)dt

. L(t)ml
i AU

fori=1, 2, where K= (l/(a
latory.

Later, in 2007, Zheng and Meng [16], considering a
more general Equation (4), improved the paper [2] and
showed that the results obtained in [2] for Equation (3)
can not be applied to the case « >1. The main result
of Zheng and Meng [16] is the following.

Theorem 1.3. Assume that for any T >t,, there exist
T <s <t <s, <t, such that (5) holds. Let

™)

l))w , then (3) is oscil-

D(s;.t)= {u eC'[s,t]:u“'(t)>0,te(s,t) and u(s,) } fori=1,2.
Suppose that there exist H e D( 0> I) and a positive, nondecreasing function ¢ e C' ( —oo oo such that
a+1
tyH ! (t t)] |H'(t t>0 8
)= ot [ QRO ! ] - ®
for i =1, 2. Then Equation (4) is oscillatory, where
Q(t) _ a—a/ﬂﬁ((ﬂ_a))(a-ﬂ)/ﬂ [q(t)}a/ﬂ |e(t)|(ﬂ-a)//f’ L 0<a<p ©)

with the convention that 0° =1.

Also, in [2009], Zheng et al. [17] extended the
results obtained for Equation (4) to Equation (1) as
follows.

Theorem 1.4. Assume that for any T >t,, there
exist T <s <t <s, <t, such that
g;(t)>0(1< j<m) for te[s,t]u[s,,t,] and (5)
holds. Let

D(si,ti)={ueCl[si,ti]:u“”(t)>0,te(si,ti)and u(si)=u(ti)=0} fori=1,2.

If there exist H € D(s;,t;) and apositive function ¢eC' ([to,oo), R) such that

I¢ H 1)+, (t)] He! (t)—r(t)(|H’(t)|+ (H Mg J }m 0 (10)

j=

for i =1, 2. Then Equation (1) is oscillatory, where

Q;(t)= a B; [m(ﬁj - )J i [

with the convention that 0° =1.

Recently, Shao [15] generalized the results of Zheng
and Meng [16] by using the generalized variational
principle due to Komkov [24] and gave the following
result for Equation (4).

Theorem 1.5. Assume that, for any T >t,, there
exist T <s, <t <s,<t, such that (1.5) holds. Let
ueC'[s.t, ] and nonnegatlve functlons G,,G, satis-
fying G, (u ) ( l)+ 0 (u)=G/(u) are
continuous and (g (u( )> 1)0Hl Gf (u(t))
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a+1)p(t)

(1] et 1< j<m (11)

for te[s.,t],i=1, 2. If there exists a positive func-
tion ¢eC' ([to,oo), R) such that

Q’ (u)

_ 4 G. 1/(a+1) |¢| a+l Nt 0
} I¢Q| |U|+ (a+1)¢ () >

(12)
for i = 1, 2, then Equation (4) is oscillatory, where
Q(t) is the same as (9).
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Motivated by the above theorems we propose some
new oscillation results by employing the generalized
variational principle and Riccati technique for Equation
(1). Our results extend and generalize some known
results in the literature. We now state our main results
and several remarks.

2. New Oscillation Results

In order to prove our results we use the following well-
known inequality which is presented by Hardy et al.
[25].

Lemma 2.1. (see [25]). If X and Y are non-
negative, then

X7 +(y=1)Y7 2yXY"", y>1, (13)

=1

Jot {( o) (())—r<t>{|u'(t>|+

for i =1, 2, then Equation (1) is oscillatory, where
Q; (t) is the same as (11).

Proof. Suppose that x=x(t) is a nonoscillatory
solution of Equation (1). Then, there exists a T, >t,
such that x(t)=0 for all t>T,. Without loss of
generality, we may assume that Xx(t)>0 for all

149

where equality holds if and only if X =Y.
Theorem 2.1. Assume that, for any T >t,, there
exist T <s, <t <s, <t, such that
g;(t)=0(1< j<m) for te[s,t]uls,t,] and (5)
holds. Let ueC'[s;,t;] and nonnegative functions
G,,G, satisfying

G (u(s))=G(u(t))=0, g,(u)=G/(u)
are continuous and
(0 (u()) <(a+1)" 6 (u(1))

for te[si,ti] , 1 =1, 2. If there exists a positive
function ¢eC' ([to,oo), R) such that

G ( (t))| (t )| dt >0 (14)
(a+1)g(t)
t>T,. We introduce the Ricccati transformation
wn) =) U XW r )

a-1
(O x(1)
Differentiating (15) and using (1), we obtain, for all
t=T, ,

By the assumption, we can choose st 2T, so
that e(t)<0 on the interval I,
Asin[18], for given tel,, set

F ()=, (1)s

It is easy to verify that

ﬂj_a—i?, 1<j<m, s>0.
ms

_a/ﬂjﬂ [ (

Then, by using (17) in (16), we get
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=[s,,t,] with s <t.

e(t) :|_a |W(t)(a+l)/a
xOF x(t) ] (p0)r )"
(16)
F/(s;)=0and F"(s]) >0,
g
wheres]f: L(t) .
m(p;—a)a; (t)
So F;(s) obtains its minimum on s; and
a (#i-2)/5;
)] ﬂ’/ﬁj[ OF ] =00, (17)
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(18)

Multiplying G, (u(t)) through (18) and integrating over I, we have
(a+])/a

j¢ ( +iQ]()] ((t))dts—IGI(u(t))w’(t)dt{jllel(u(t))%w(t)dt—a:jzel(u(t))(g\;it))rwdt.(w)

j=1

By integration by parts and using the fact that G (u (S1 )) =G, (u( 1)) =0, we have

jG )dt = G, (u(t))wit) | - le dt——jg1 ))u'(H)wit)dt. (20)
In view of (19) and (20), we conclude that

Joo] o)+ S, 0o (o0

<tl u u'(t)+G,(u ﬂW —ozll u M

<Jlo w0 o G poa-efo o) T

< TN WA SN 1 ”

<[ oo o) St uera-afe o L

<fanf &l 0h 6 w0} Sk oo o

< ! | | (a+1)¢(t) ; I (¢(t)l’(t))1/a

According to Lemma 2.1, we obtain for te[s,,t,]

a+ a/(a+l) u’ + u |¢'(t)| jlw —a u W—
( 1){6 (t))| (t)| Gl( (t))(a+1)¢(t) | (t)| Gl( (t))(qﬁ(t)r(t))l/a

G« (u(t))|¢'(t) G/l ( (t))| (t ):|a+1
(a+1)p(t) (@ 1)g(t) )

_é((w( )r(t )){|u’(t)|+ } =¢(t)r(t)[|lf(t)|+

Therefore, (21) yields

Gl/a+1( (t))| () a+l
(@Dl ] &

j¢{ +iQJ()J (t))dts3¢(t)r(t){|u'(t)|+

j=1

which contradicts the assumption (14) for i=1. negative. Hence, any solution is oscillatory. This com-

When x(t) is a negative solution for t>T,>t,,
we may employ the fact that e(t)>0 on 1, =[s,,t,]
to reach a similar contradiction. Therefore, any solution
x(t) can be neither eventually positive nor eventually

Copyright © 2012 SciRes.

pletes the proof of Theorem 2.1.

If p(t)=0 and m=1, then Equation (1) reduces
to Equation (4). Thus by Theorem 2.1, we have the
following oscillation result:
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Corollary 2.1. Assume that, for any T >t,, there

exist T <5, <t <, <t, such that (5) holds. Let
ueC' [S,,t,] and nonnegative functions G,,G, satis-
G/ (u) are

fying G( (i)):Gi(u(ti)):()’ g (u)=

:j¢(t) Q(1)G; (u(t))=r(t)] |u'(t)+—

for i = 1, 2, then Equation (4) is oscillatory, where
Q(t) is the same as (9).

Remark 1. Corollary 2.1 shows that Theorem 2.1 is
a generalization of Theorem 1.5.

Remark 2. Let G, (u)=G,(u)=u“" in Corollary
2.1, then our main Theorem 2.1 reduces to Theorem
1.3.

Remark 3. If we choose G, (u)=G,(u)=u“" in
Theorem 2.1, then we obtain Theorem 1.4.

Remark 4. If we choose G, (u)=G, (u)=u“"" and
¢(t)=1 in Theorem 2.1, then we obtain Corollary 2.3
of Paper [17].

Remark 5. If we choose G, (u)=G, (u)=u“"" and
#(t)=1 in Corollary 2.1, then we obtain Corollary
2.3 of paper [16].

Remark 6. Let

G (u)=G,(u)=u"", q;(t)=0,1<j<m

Gl/ a+1( (t))| ()|

continuous and (gi<u (t)))m+1

(a+1) 67 (u(t)
for te[s,t] for i =1, 2. If there exists a positive
function ¢eC1([t0,oo),R) such that

a+l

(a+1)4(t)

dt>0 22)

and ¢(t) =1 in Theorem 2.1, then Theorem 2.1 is a
generalization of Theorem 1.1.

Remark 7. Let q; (t ) 0,(1< j<m). If we choose
G (u)=G,(u)= u"’+l in Theorem 2.1, then Theorem
2.1 improves Theorem 1.2, since the positive constant
o in Theorem 2.1 can be chosen as any number lying
n (0,00).

Remark 8. If the condition (5) in Theorem 2.1 and
Corollary 2.1 is replaced by

e(t){zo,te[sl,tl]

<0,tels,.t,]

then the results given in this paper are still valid.

3. Examples

Example 3.1. Consider

(e x'(t))' AR x () x ()] x(t) = —sin’t, (23)

for t>1, where y,4>0 are constants. Let a=1
and f=3,s0 Q(t)= (3/3/2)'[’”3 sin’t . The zeros of

forcing term —sin’t are nm. For any T >1, we
choose n sufficiently large so that nt=2kn>T,

@2k+D)m

j¢(t)(p(t)+Q(t))Gi(U(t))dt= f (sm t+(3/\/7)sm t)exp( smt)dt>—(

2kn

and

]'¢(t)r(t)[|u'(t)|+e “(;(ngz') ¢ )|] &

Therefore, Equation (14) is satisfied for i = 1 pro-

1 A\ .
vided that 0 <y <— 1+=1| . In a si-
! e[ 434 ]/ [ j

milar way, for s, =(2k+1)n and t, =(2k+2)n, we
choose u(t)=sint<0, G,(u)=u’exp(u) (itiseasy

2
to verify that (Gz'(u)) <4G,(u) for u<0) so that

Copyright © 2012 SciRes.

s, =2kn and t =(2k+1)m Letting
u(t)=sint>0, G, (u)=u’exp(-u) (itis easy to ve-

rify that (G]'(u))zg4Gl(u) for u=0), g(t)=t*>,

then we obtain

)

2e

6t

. . 2 2
Asint —sint/2
7{|Cost|+ sintexp(~sint) )J dt<7[1+§j .

that (14) is valid for i = 2. Thus (23) is oscillatory for

e le( 4fj/( 2)2

by Theorem 2.1.
Example 3.2. Consider the following forced quasi-
linear differential equation
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[7(2 +cost)t*? |X'|a_] X'J’ +t743 exp(sint/5)|x|a_1 X+t exp(sint)|x|ﬂ_] X =—sin’ t

for t>1, where y,4>0 are constants. Let a=1

5 s . 4
and B=5, so Q(t):wt exp(sint/5)sin*t. The
zeros of forcing term —sin’t are nm. Forany T >1,
@2k+)m

Jo(0)(p(0)-(0)G ()t~

2kn

l n
>
R _([(

and

a+l

dt=

. | G (u ()l (V)
£¢(t)r(t) Ju'(t)]+ (a+1)4(t)

n

E.TUNC ET AL

@24

we choose n sufficiently large so that
nm=2kn>T, s =2kn and t =(2k+1)m. Letting
u(t)=sint>0, G (u)=u’exp(-u), ¢(t)=t*7,

then we obtain

sin2t+isin6tj -_T

(2k+D)m

2kn

7(2+ cost) [|cos t| +

sin’t+——sint Jexp(_“?ntjdt

o

25
@) e [8J4_J

Asintexp(-sint/2) zdt
10t

< [3y(1+2/10) dt = 3y (1+ 2/10)" .

0

that 0<y <

Therefore, Equation (14) is satisfied for i = 1 provided
1 2
———— , where §=—7_+ 8+—5 .
3(1+ 4/10) 16e V4t
In a similar way, for s, =(2k+1)n and
t, =(2k+2) 7, we choose u(t)=sint<0,
G,(u)=u’exp(u) so that (14) is valid for i = 2. Thus
(24) is oscillatory for 0<y < é‘/S’(l+/1/10)2 by Theo-
rem 2.1.

4. Conclusion

The oscillatory behavior of many different kinds of dif-
ferential equations has been investigated and a great deal
of results has been obtained in the literature. In this
article, we generalized the results obtained in [16,17] and
extended the results of Shao [15] by using the gene-
ralized variational principle and Riccati tecnique. In a
similar way, the results obtained for Equation (1) can be
extended to a more general class of differential equa-
tions.

5. Acknowledgements

The authors would like to express sincere thanks to the
anonymous referee for her/his invauable corrections, com-
ments and suggestions on the paper.

REFERENCES

[1] J.S. W. Wong, “Oscillation Criteria for a Forced Second-
Order Linear Differential Equation,” Journal of Mathe-

Copyright © 2012 SciRes.

(3]

(9]

matical Analysis and Applications, Vol. 231, No. 1, 1999,
pp- 235-240. doi:10.1006/jmaa.1998.6259

W. T. Li and S. S. Cheng, “An Oscillation Criterion for
Nonhomogeneous Half-Linear Differential Equations,”
Applied Mathematics Letters, Vol. 15, No. 3, 2002, pp.
259-263. doi:10.1016/S0893-9659(01)00127-6

J. V. Manojlovic, “Oscillation Criteria for Second-Order
Half-Linear Differential Equations,” Mathematical and
Computer Modelling, Vol. 30, No. 5-6, 1999, pp. 109-
119. doi:10.1016/S0895-7177(99)00151-X

Q. R. Wang, “Oscillation and Asymptotics for Second-
Order Half-Linear Differential Equations,” Applied Mathe-
matics and Computation, Vol. 122, No. 2, 2001, pp. 253-
266. doi:10.1016/S0096-3003(00)00056-4

Q. R. Wang and Q. G. Yang “Interval Criteria for Oscil-
lation of Second-Order Half-Linear Differential Equa-
tions,” Journal of Mathematical Analysis and Applica-
tions, Vol. 291, No. 1, 2004, pp. 224-236.
doi:10.1016/j.jmaa.2003.10.028

J. Jaros and T. Kusano, “A Picone Type Identity for Sec-
ond Order Half-Linear Differential Equations,” Acta Ma-
thematica Universitatis Comenianae, Vol. 68, No. 1, 1999,
pp. 137-151.

A. Elbert, “A Half-Linear Second Order Differential Equa-
tion,” Colloquia Mathematica Societatis Janos Bolyai: Qua-
litative Theory of Differential Equations, Szeged, 1979,
pp. 153-180.

A. Wintner, “A Criterion of Oscillatory Stability,” Quar-
terly of Applied Mathematics, Vol. 7, 1949, pp. 115-117.

I. V. Kamenev, “An Integral Criterion for Oscillation of
Linear Differential Equations of Second Order,” Mate-
maticheskie Zametki Vol. 23, No. 2, 1978, pp. 249-251.

AM


http://dx.doi.org/10.1006/jmaa.1998.6259
http://dx.doi.org/10.1016/S0895-7177(99)00151-X

(10]

(1]

E.TUNC ET AL

W. Leighton, “Comparison Theorems for Linear Differ-
ential Equations of Second Order,” Proceedings of the
American Mathematical Society, Vol. 13, 1962, pp. 603-
610. doi:10.1090/S0002-9939-1962-0140759-0

Q. Kong, “Interval Criteria for Oscillation of Second-
Order Linear Ordinary Differential Equation,” Journal of
Mathematical Analysis and Applications, Vol. 229, No. 1,
1999, pp. 258-270. doi:10.1006/jmaa.1998.6159

H. J. Li and C. C. Yeh, “Sturm Comparison Theorem for
Half-Linear Second Order Differential Equations,” Pro-
ceedings of the Royal Society of Edinburgh, Vol. A125,
1995, pp. 1193-1240. doi:10.1017/S0308210500030468
0. Dosly and P. Rehak, “Half-Linear Differential Equa-
tions,” North-Holland Mathematics Studies, Vol. 202,
Elsevier Science, Amsterdam, 2005.

R. P. Agarwal, S. R. Grace and D. O’Regan, “Oscillation
Theory for Second Order Linear, Half-Linear, Superlinear
Dynamic Equations,” Kluver, Dordrecht, 2002.

J. Shao, “A New Oscillation Criterion for Forced Second-
Order Quasi-Linear Differential Equations,” Discrete Dy-
namics in Nature and Society, Vol. 2011, Hindawi Pub-
lishing Corporation, New York, pp. 1-8.

Z. Zheng and F. Meng, “Oscillation Criteria for Forced
Second Order Quasi-Linear Differential Equations,” Ma-
thematical and Computer Modelling, Vol. 45, No. 1-2,
2007, pp. 215-220. doi:10.1016/j.mcm.2006.05.005

Z. Zheng, X. Wang and H. Han, “Oscillation Criteria for
Forced Second Order Differential Equations with Mixed
Nonlinearities,” Applied Mathematics Letters, Vol. 22,
No. 7, 2009, pp. 1096-1101.

doi:10.1016/j.am1.2009.01.018

Copyright © 2012 SciRes.

(18]

[19]

(20]

(22]

(23]

(24]

(23]

153

J. Jaros, T. Kusano and N. Yoshida, “Generalized Pi-
cone’s Formula and Forced Oscillation in Quasi-Linear
Differential Equations of the Second Order,” Archivum
Mathematicum, Vol. 38, No. 1, 2002, pp. 53-59.

J. Shao and F. Meng, “Generalized Variational Principles
on Oscillation for Nonlinear Nonhomogeneous Differen-
tial Equations,” Abstract and Applied Analysis, Vol. 2011,
2011, pp. 1-10.

Q. Yang, “Interval Oscillation Criteria for a Forced Sec-
ond Order Nonlinear Ordinary Differential Equations with
Oscillatory Potential,” Applied Mathematics and Computa-
tion, Vol. 135, No. 1, 2003, pp. 49-64.

D. Cakmak and A. Tiryaki, “Oscillation Criteria for Cer-
tain Forced Second-Order Nonlinear Differential Equa-
tions,” Applied Mathematics Letters, Vol. 17, No. 3, 2004,
pp. 275-279. doi:10.1016/S0893-9659(04)90063-8

E. Tung, “A Note on the Oscillation of Second-Order
Differential Equations with Damping,” Journal of Com-
putational Analysis and Applications, Vol. 12, No. 2, 2010,
pp. 444-453.

E. Tung, “Interval Oscillation Criteria for Certain Forced
Second-Order Differential Equations,” Carpathian Jour-
nal of Mathematics, Vol. 28, No. 1, 2012, in Press.

V. Komkov, “A Generalization of Leighton’s Variational
Theorem,” Applicable Analysis: An International Journal,
Vol. 2, No. 4, 1972, pp. 377-383.
doi:10.1080/00036817208839051

G. H. Hardy, J. E. Littlewood and G. Polya, “Inequali-
ties,” 2nd Edition, Cambridge University Press, Cambridge,
1988.

AM



