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ABSTRACT

In this paper we prove that the split graphs of K, and B, are prime cordial graphs. We also show that the square

graphof B, isaprime cordial graph while middle graph of P, isaprime cordial graphfor n> 4. Further we prove
that the wheel graph W, admits prime cordial labelingfor n>8.
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1. Introduction

We begin with simple, finite, connected and undirected
graph G=(V(G),E(G)) with pverticesand ¢ edges.
For standard terminology and notations we follow Gross
and Ydlen [1]. We will provide brief summary of defini-
tions and other information which are necessary for the
present investigations.

Definition 1.1 If the vertices are assigned values sub-
ject to certain condition(s) then it is known as graph la-
beling.

Any graph labeling will have the following three com-
mon characteristics:

1) A set of numbers from which vertex labels are cho-
e,

V; (i) = number of vertices of G having label i under f

& (i) = number of edges of G having label i under f *

Definition 1.4 A binary vertex labeling f of agraph
G is called a cordial labeling if |v; (0)-v, ()|<1 and
|ef (0) - (1)|£1. A graph G is cordial if it admits
cordial labeling.

The concept of cordial labeling was introduced by Ca-
hit [4]. Some labeling schemes are also introduced with
minor variations in cordia theme. Some of them are
product cordial labeling, total product cordial labeling and
prime cordia labeling. The present work is focused on
prime cordial labeling.

Definition 1.5 A prime cordial labeling of agraph G
with vertex set V(G) isabijection
f :V(G)—){l2,3,---,|V(Ge)§ and the induced function
f":E(G)—>{0,3 isdefined by
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2) A rule that assigns a value to each edge;

3) A condition that this value has to satisfy.

According to Beineke and Hegde [2] graph labeling
serves as a frontier between number theory and structure
of graphs. For a dynamic survey of various graph label-
ing problems along with extensive bibliography we refer
to Gallian [3].

Definition 1.2 A mapping f :V(G)—>{0,3}is called
binary vertex labelingof G and f(v) iscalled thelabel
of thevertex v of G under f .

Notation 1.3 If for an edge e=uv, the induced edge
labeling f":E(G)—>{0,3} isgivenby

f*(e)=|f(u)—f(v)|.Then

}Wherei=0and1

0; otherwise

satisfies the condition |e; (0)—e, (1)| <1. A graphwhich
admits prime cordial labeling is called a prime cordial
graph.

The concept of prime cordia labeling was introduced
by Sundaram [5] et al. and in the same paper they have
investigated several results on prime cordial labeling.
Vaidya and Vihol [6] have also discussed prime cordial
labeling in the context of graph operationswhilein [7] the
same authors have discussed prime cordial labeling for
some cycle related graphs. Vaidya and Shah [8] have
investigated many results on this concept. In the present
paper we obtain some new prime cordial graphs.

f*(e= uv):{l if ged(f (u), f(v))=1
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Definition 1.6 Bistar is the graph obtained by joining
the apex vertices of two copies of star K, .

Definition 1.7 For agraph G the split graph is obtained
by adding to each vertex v anew vertex v’ such that v/
is adjacent to every vertex that is adjacent tov in G. The
resultant graph is denoted as spl (G) .

Definition 1.8 For a simple connected graph G the
square of graph G is denoted by G?and defined as the
graph with the same vertex set as of G and two verticesare
adjacent in G? if they are at adistance 1 or 2 apart in G.

Definition 1.9 The middle graph M(G) of agraph G is
the graph whose vertex set is V(G)UE(G) and in
which two vertices are adjacent if and only if either they
are adjacent edges of G or one is a vertex of G and the
other is an edge incident with it.

2. Main Results

Theorem 2.1 spl (K, , ) isaprime cordial graph.

Proof: Let v,,v,,v,,---,v, be the pendant vertices, v
be the apex vertex of K, and u,u;,U,,Us, -, U, arethe
vertices corresponding to v,v;,V,,V,,--+,V, in $I(K1,n).
Denoting spl (K,,)=G then V(G)|=2n+2 and
|E(G)|=3n.

To define f :V(G) >{123,--,2n+2} , we consider
following two cases.

Casel:n=2,3

The graphs spl (K,,) and spl(K,;) are to be dealt
separately and their prime cordia labeling is shown in

Figurel.
Case2: n>4
f(v)=4,
f(u)=2
f(v)=2+4 1sisEJ+1
. . n-2
f =2-1 1<i<|——
[VBJA-H] ! 1' ! ’7 2 —‘
f(u)="~(v,)+2; 1£i£n+1{%2—‘

f(Upai)=2(n+2-i); 1<i g[”;ﬂ

In view of the labeling pattern defined above we have
3n
& (0)= P

e (0)= f—ZnJ = (1)-1 (for nodd). Thuswe have

e (1) (for neven)and

|ef (0)—e (1)| <1.

Hence G isaprime cordia graph.
Hlustration 2.2 Prime cordial labeling for spl (K, ;)
isshownin Figure 2.
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Figure 1. spl(K,,),spl(K,;) and their prime cordial la-
belling.

Figure2. spl(K,,) and itsprime cordial labelling.

Theorem 2.3 spl (B, ) isaprime cordial graph.

Proof: Consider B, , with vertex set
{u,v,u;,v,,1<i<n} where u,v, are pendant vertices.
In order to obtain spl(By,) add u',v,u,v vertices
correspondingto u,v,u,,v, where 1<i<n.If
G=spl(B,,) then V(G)|=4(n+1) and
|E(G)|=6n+3. We define vertex labeling
f:V(G)—>{1,23:,4(n+1)} asfollows.

f(u)=6

f(v)=2

f(u)=4

f(v)=1

f(u)=8+2(i-1); 1<i<n
f(u)="f(u,)+2; 1<i<n-1
f(u)=3

f(v)=5+2(i-1); 1<i<n
f(v)="f(v,)+2; 1<i<
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In view of pattern defined above we have
e (0)=3n+2=¢ (1)+1.

Thatis, |e, (0)-e; (1)[<1.

Hence G isaprime cordial graph.

[lustration 2.4 Prime cordia labeling of the graph
sl (B, ) isshownin Figure3.

Theorem 2.5 nyn isaprime cordia graph.

Proof: Consider B, ,with vertex set
{u,v,u,v,1<i<n} where u,v, are pendant vertices.
Let G bethegraph BZ, then |V (G)|=2n+2 and
|E(G)|=4n-+1.

Todefine f:V(G)—{123-,2n+2}, we consider
following two cases.

Casel: n=23

The graphs B, and B, are to be dealt separately
and their prime cordial labeling is shown in Figure 4.

u
.@

Case2: n>4
Choose a prime number p such that 3p<2n+2<5p,

f(u) =2
fu) =1

f(u)=m, where m is distinct even numbers be-

tween 4 and 2n + 2 except 2p with 2<i<n.
f(v)=2p,

f(v)=3+2(i-1) for 1<i<n.

In view of the above defined labeling pattern we have
e (0)-1=2n=¢g (1).

Thusin both the cases we have |ef (0)-e (1)| <1.

Hence G isaprime cordia graph.

[llustration 2.6 Prime cordial labeling of the graph
B, isshownin Figure5.

&)

vl v3
)
@ 8
u, u, L
2
By
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Figure4. BZ,, BZ, and their primecordial labelling.
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Theorem 2.7 M (PR,) isnot aprime cordial graph for
n =23

Proof: Let v,,v,,---,v, and g,e,,---,&_, are respec-
tively be the vertices and edges of P,. Add vertices
ViV, -,V corresponding to the edges e,e,,-:-,6,
in order to obtain middlegraph of P,.Let G bethegraph
M (R,). Then \V(G)=2n-1 and |[E(G) =3n-4.

For the graph M (P,) the possible assignment of la-
bels to adjacent vertices are (1,2), (1,3), (2,3). Such as-
signment will generate no edge with label 0 and two edges
with label 1. That is, |e; (0)-e, (1) =2>1. Therefore
M (P,) isnotaprime cordial graph.

For the graph M (R,) the possible assignment of la-
bels to adjacent vertices are (1,2),(1,3), (1,4), (1,5), (2,3),
(24), (2,5), (34), (35). Such assignment will generate
maximum one edge with label 0 and minimum four edges
with label 1. That is, [e; (0)-e, (1) =3>1. Therefore
M (P,) isnotaprime cordial graph.

Hence G isnot aprime cordial graphfor n=2,3

Theorem 2.8 M (P,) is a prime cordia graph for
n>4.

Proof: Let v,,v,,---,v, and g,e,,---,& _, arerespec-
tively be the vertices and edges of P, . Add vertices
Vi, V,, -,V , corresponding to the edges g,e,,---,€,;
in order to obtain middle graph of P,. Let G be the
graph M (P,). Then |V(G)|=2n-1 and
|E(G)|=3n-4.Todefine
f:V(G)—>{123:--,2n-1 , weconsider following two
Cases.

Casel: n iseven, n>4.

f (Vl):l.

f(v,)=4,

f(V,,;)=10+4(i-1); 1<i gg_z

flv, _\J=3+4(i—1), 1§|§D
§+| 2

f(v)=2

f(V,)=8+4(i-1); 1<i _g_

f(v'n j=5+4(i—1); 1<i sg—

In view of the above defined labeling pattern we have
3n
ef (0):7—2:ef (1) .

Case2: n isodd, n>5

Copyright © 2012 SciRes.
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f [V[QJH J =3+4(i-1); 1<i< EJ

In view of the above defined labeling pattern we have

e, (o):f”“‘J:ef (1)-1.

Thus in both the cases we have |ef (0)—e (1)| <1.

Hence G isaprimecordia graphfor n>4.

[llustration 2.9 Prime cordial labeling of the graph
M (R;) isshowninFigure®.

Theorem 2.10 W, isnot aprime cordial graphforn =
3ton=7.

Proof: Let v, be the apex vertex of wheel W, and
V,,V,,--+,v. be the rim vertices. Then |V(Wn) =n+1
and [E(W, )|=2n.

For the graph W, the possible pairs of |abels of adja-
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Figure6. M(Pu) and itsprime cordial labelling.

cent vertices will be (1,2), (1,3), (1,4), (2,3), (2,4), (3,4).
Such assignment will generate maximum one edge with
label 0 and minimum five edges with label 1. That is,
|ef (0)—e (1)| =4>1. Hence W, isnot a prime cordial
graph.

For the graph W, the possible assignment of abels to
adjacent vertices will be (1,2), (1,3), (1,4), (1,5), (2,3),
(2,4), (2,5), (3,4), (3,5), (4,5). Such assignment will gen-
erate maximum one edge with label 0 and minimum seven
edgeswith label 1. That is, |ef (0)—e (1)| =6>1. Hence
W, isnot aprime cordial graph.

For the graph W, the possible assignment of |abels to
adjacent vertices will be (1,2), (1,3), (1,4), (1,5), (1,6),
(2.3), (24), (25), (26), (34), (35), (3,6), (45), (4.6),
(5,6). Such assignment will generate maximum four edges
with label 0 and minimum six edges with label 1. That is,
|ef (0)—e (1)| =2>1. Hence W, isnot aprime cordial
graph.

For the graph W, the possible assignment of labels to
adjacent vertices will be (1,2), (1,3), (1,4), (1,5), (1,6),
(1.7), (23), (24), (25), (26), (27), (34), (355), (3,6),
(3,7), (45), (4,6), (4,7), (56), (57), (6,7). Such assign-
ment will generate maximum four edges with label 0 and
minimum eight edgeswith label 1. That is,
|ef (0)-e (1)| =4>1. Hence W isnot a prime cordial
graph.

Now in W, to satisfy the edge condition for prime
cordial labeling it is essential to label seven edges with
label 0 and seven edgeswith label 1 out of fourteen edges.
But all the possible assignments of vertex labels will give
rise to O labels for at most six edges and 1 labels for at
least eight edges. That is, |ef (0)—e (1)| =2>1. Hence
W, isnot aprime cordial graph.

Hence W, isnot aprime cordia graphforn=3ton=7.

Theorem 2.11 W, isaprime cordial graphfor n>8.

Proof: Let v, be the apex vertex of wheel W, and
v, V,, -+, Vv, betherim vertices. To define

f:V(W,)—>{1,23:--,2n} , we consider the following
three cases.

Case1: n=8,9,10

The graphs W, , W, and W, are to be dealt sepa-
rately and their prime cordial labeling is shown Figure 7.

Case2: n iseven, n>12

Copyright © 2012 SciRes.

f[v ,)=11+2(i—1); 1<i 32_4

In view of the above defined labeling pattern we have
e (0)=n=¢g (2).
Case3: n isodd, n>11
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Vs

Figure7. W,, W, and W,, and their prime cordial labelling.

In view of the above defined labeling pattern we have
e (0)=n=¢g (2).

Thusin all the cases we have |ef (0)-e (1)| <1.

Hence W, isaprime cordial graphfor n>8.

[llustration 2.12 Prime cordial labeling of the graph
W, isshownin Figure8.

3. Concluding Remarks

As not every graph admit prime cordial labeling it is very
interesting to investigate graph or graph families which
admit prime cordia labeling. In this paper we have in-
vestigated some new prime cordial graphs. To investigate
similar results for other graph families as well as in the
context of different labeling problems is an open area of
research.

Figure8. W,, and itsprimecordial labelling.
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