Applied Mathematics, 2011, 2, 1448-1452

doi:10.4236/am.2011.212206 Published Online December 2011 (http://www.SciRP.org/journal/am)

o5 Scientific
(> )
+* Research

Degree of Approximation of Conjugate of Signals
(Functions) by Lower Triangular Matrix Operator

Vishnu Narayan Mishra®, Huzoor H. Khan?, Kejal Khatri'
'Department of Mathematics, S. V. National Institute of Technology, Surat, India
Department of Mathematics, Aligarh Muslim University, Aligarh, India
E-mail: vishnu_narayanmishra@yahoo.co.in, huzoorkhan@yahoo.com, kejal0909@gmail.com
Received May 4, 2011; revised October 25, 2011; accepted November 5, 2011

Abstract

In the present paper, an attempt is made to obtain the degree of approximation of conjugate of functions
(signals) belonging to the generalized weighted W(Lp, &(7)), (p > 1)-class, by using lower triangular matrix

operator of conjugate series of its Fourier series.
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1. Introduction

Let f bea 2m-periodic signal (function) and let
f €L [0,2n] =L, . Then the Fourier series of a function
(signal) f at any point X is given by
F(x) ==+ (a, cos kx+b,sin kx)
= (1.1)

u, (f5%),

1l
I Mes [\S} |oQ

with partial sums s, ( f;x) —a trigonometric polynomial
of degree (or order) n, of the first (n+1) terms.

The conjugate series of Fourier series (1.1) of f 1is
given by

S (b cos kv —aysin k) =S v(fix)  (1.2)
k=1 k=1

with partial sums 5, (f;x).
If fis Lebesgue integrable and p >1, f'eLip(&(2), p),
then

2nf (x) = —[ W () ot (1/2)dt = —ymﬂ/(t)cot (t/2)d1,
-0y

0

exists for all x Zygmund [1, p. 131], f(x) is called the
conjugate function of f(x).

The matrix T=(a,,), in which qa, , is the element
in n-th row and k-th column is usually called the matrix
of T. Matrices T such that a,, =0, for k>n, are

called lower triangular.
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Let T=(a,,) be an infinite lower triangular matrix
satisfying Toeplitz [2] conditions of regularity, i.e.

n

2

k=0
of n,

amk| <M , where M is a finite constant independent

lima,, =0, foreach k>n and hmZank—l

n—>o * n—0 ()

0 . . . t"l
Let anoun be an infinite series whose (k+1)
. k
partial sum s, =" u,.

The sequence-to-sequence transformation
o0 0
T, = Zk:oan,k S = Zk:oan,n—k Sy_k> = 0,L,2,---,

defines the sequence {z,} of lower triangular matrix
summability means of sequence {s,} generated by the
sequence of coefficients (a, ;). The transforms 7, are
called linear means or matrix means (determined by the
matrix T) of the sequence {s,}.

An infinite series Xu, is said to be summable to s by
lower triangular matrix T-method, if lim 7, exists and

n—
is equal to s Zygmund [1, p. 74] and we write 7,—s(T),
as n — o The summability matrix T or the sequence-
to-sequence transformation 7, is said to be regular, if
lims, =s=limr, =5.

n—0 n—»0

A function (signal) f(x)eLipa,for O0<a <1, if
|/ (x+0)= f ()| = O¢")
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A function (signal) f(x) e Lip(a, p) for
p=1,0<a<1,Fadden [3], if

27 I/p
{{ FACERNAC) 8 dx} =0(@"),

Given a positive increasing function £(¢#) and an in-
teger p =1, f(x) € Lip(&(1), p), Khan[4],if

2 /p
{£ |/ x+0)— f(x)| dX} =0(&()).

In case &(t)=t",0<a <1, then Lip(£(¢),p) coin-
cides with the class Lip(a,p). If p—>o in
Lip(a, p) class then this class reduces to Lipc.

For a given positive increasing function £(¢), an in-
teger p>1, f(x)eW (L, ,£(t)), Khan [4],if

p’

2n » p
{ £ {(f(c+8)= ()} sin” o dx} = O(£ (1)), (5> 0).

We note that, if S =0 then the generalized weighted
W(L,,&(),(p 2 1) -class coincide with the class

Lip($(9), p)-
Also we observe that
Lipa c Lip(a, p) < Lip(5 (1), p) =W (L,,5 (1))
for 0<a <1, p>1, Mishra [5].
The L,-norm is defined by

2n

p
171, = ( | If(x)l"de 1.

The L_-norm of a function f:R— R is defined
by

171, =sup{l /@) x e R},

and the degree of approximation E, (f) of a function
f:R— R isgivenby

E,(f)=Min|[f(0)=7,(f%)],»

in terms of n, where 7,(f;x) is a trigonometric poly-
nomial of degree (order) n. This method of approxima-
tion is called trigonometric Fourier Approximation (tfa)
Mishra [6]. Riesz-Holder Inequality states that if p and ¢
be non-negative extended real numbers such that
/p+1/qg=1. If fel’[a,b] and geL'[a,b], then
f.geL'[a,b] and

Jlrel<l71,lell -

Equality holds if and only if, for some non-zero con-
stants 4 and B, we have A|f|p = B|g|q ae.

Second Mean Value theorem for integration states that
if G: [a,b] —R is a positive monotonically decreasing
function and ¢: [a,b] —R is an integrable function,
then 3 anumber xe (a,b) such that
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_b[G(t) #(t)dt = G(a + O)I #(1)dt .

Here G(a+0) stands for limG, the existence of

which follows from the conditions. Note that it is
essential that the interval (a, b] contains b. A variant not
having this requirement is:

If G:[a,b] >R is a monotonic (not necessarily de-
creasing and positive) function and ¢: [a,b] —R is an
integrable function, then 3 a number xe(a,b) such
that

X b
f G(O)p(t)dt = G(a+0)[ g(t)dt + G(b—0)[ ().

We use the following notations:

p(O)=fx+)—f(x-1),

An,k = Z an‘r’ An,O = 1’ Vn 2 0’

r=k
n k+1/2)¢
M, ()= LZW—/) » 7 =[1/t] —the greatest
21 sin(z/2)

integer not exceeding of 1/¢.

Furthermore C will denote an absolute positive con-
stant, not necessarily the same at each occurrence. Through-
out this paper, we take a,, >0 (0<k<n), and
4,,=1Vn.

2. Main Result

It is well known that the theory of approximations i.e.,
tfa, which originated from a well known theorem of
Weierstrass, has become an exciting interdisciplinary
field of study for the last 130 years. These approxima-
tions have assumed important new dimensions due to
their wide applications in signal analysis, in general and
in digital signal processing [5] in particular, in view of
the classical Shannon sampling theorem.

This has motivated by various investigators such as
Qureshi ([7,8]), Khan ([4,9]) Chandra [10], Leindler [11]
Mishra [5] discussed the degree of approximation of
signals (functions) belonging to
Lipa, Lip(e, p), Lip(§(2), p) and W(L,,&(1)) -classes by
using Cesaro and Norlund means of an infinite series.
Qureshi ([12,13]) have determined the degree of f(x),
conjugate of a function f(x)e Lipa and Lip(e,p)
by Norlund means of conjugate series of a Fourier series.

The purpose of this paper is to determine the degree of
approximation of f (x), conjugate of a function
S(x)eW(L,,5@®),(p=1), by lower triangular matrix
means.

We prove:

Theorem 2.1. Let T =(a,,) be an infinite regular
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lower triangular matrix such that the elements (a,,)
be non-negative, non-decreasing with k <n. If f:R >R
is a 2m-periodic, Lebesgue integrable and belonging to
the generalized weighted W(L,,5(1)), p 2 1-class, then
the degree of approximation of f(x), conjugate of
S(x)eW(L,,5@), by lower triangular matrix means
7. (f;x) is given by
7,0~ =

provided &(t) is positive increasing function of t satis-
fving the following conditions

I/p
n/n r
{j [M} sinﬂptdt} =0(n™") (2.2)
0

o(n*7£0/n)) Yn>0, (2.1)

<@

f{ } ¢|*v(/z()t))|J dtr =0(n%) (2.3)

4O
t

n/n

and is decreasing in ¢ (2.4)

where O is an arbitrary number such that
q(1-0+ B)—1>0, q the conjugate index of p and con-
ditions (2.2), (2.3) hold uniformly inx and p~' +q ' =1.
Note 1. Condition (2.4) implies &(m/n)<né(1/n),
for (m/n)=(1/n)
Note 2. Also for f=0 our Theorem (2.1) reduces to
one of the theorem of Lal and Kushwaha [14].

3. Lemmas

In order to prove our Theorem 2.1, we require the fol-
lowing lemma.

Lemma 3.1. Under the conditions of our Theorem 2.1
on (a,,), wehave

4, n
M, (t)=0 t‘ , for —<t<m
n

Proof. For mn™'<t<m, (sint)'<m/2t,for0<t<m/2,
7 <n, we have

M, )]
1 "& cos(k+1/2) +L u cos(k+1/2)t
2n = sin(z/2) o sin(z/2)
n—r-1
2 Z a, , cos(k +1/2)t +2— Z a, , cos(k +1/2)t
k=n-t
< %{2%”_7 L Jmax ZCOS(k-‘rl/Z)t

n
k=n-t

a
Lo Gure |y,
2 ! :
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and

n
A r: Z an,k

k=n—t
= an’,H + an,n—r+1 +-0t an,n
20a,, . ta,, g ra,,
=(t+Da,, .,

1
= (_ + lj an n—7-1
¢ 5
2 an‘nfrfl
t

A
Therefore, |Mn(t)|:O[ ;TJ This completes the

proof of Lemma 3.1.
4. Proof of Theorem 2.1

The k™ partial sum of the conjugate series of the Fou-
rier series (1.2) is given by

5,010 = = [ ot/ 2p o)

1 ]3 cos(n+1/2)t (o)t

27‘C sin(¢/2)

5,(f3%) —(—;—n | cot(t/zwmdz]

1 Fcos(n+1/2)¢
" { sin(z/2) v
Then
e {s (fix)- {—%Icot(t/z)w)dr]}
_ 1L cos(n+1/2)t
2 0(,§a"’k sin(¢/2) }/l(t)dt
or,

7,(fi0)-f)=1+1 (@)

Using Riesz-Holder’s inequality, condition (2.2), (2.4),
note 1, the fact that (sinz)™' < %,for 0<t<m/2,

p'+¢' =1 and the second mean value theorem for

integrals, we find
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2/n » I/p
| |{J(I|Z((;)| sin t] dt]
/i /g
[T«
I/p
FAEIA0) ’
<M 0| ]

[n/n §(z)| cos (k+1/2)t | }" dtr

—

o | tsin” ¢|sin(z/2)|

n/n q Y
o[ 1] { 0} dt}
n t Sln

Bq n/n q ]/q
n/n $@) .
Usin(n/n)j ‘,[ O{t2+ﬁ} dt] h =0

= O(nlcf GDO(#*/’W)
= O(n'””’”é (%D (4.2)

Now by Riesz-Holder’s inequality, conditions (2.3),

(2.4), note 1, Lemma 3.1, the fact that

(sint)”! Szl, for 0<t<m/2,p" +q ' =1, we obtain
t

|| = J lw ()| | M, ()] dt
w/n
S{T dt} {J’
n/n by
-5 .5\ Vp
oy ol
wn 40
JH a0 (A
{n'/[n[t“ssinﬁto[ t B dt}

q
t(e04,, Y
- O(f){{/[li_ﬁﬂ;} ] dt}

Since 4 has non-negative entries and row sums one,

t Py (t)sin” ¢
40)

SoM, @

osin’t

f

1/q
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Vg
ol VT (l/y)J
owf{iez]s
_of s E@n) ”"{ @ ]}/
O( TE/I’I ]{17[1 yo‘q—ﬁq+2

q(=6+p)-1

ol o
s 1)) o

=0(n”" Vg )= 0(n " £(1/n)). (4.3)
Combining /, and 7, yields

|2, (f10- F| = 0(n* 7 &(1)m)).

Now, using the L, -norm, we get

a-+p-1\ V4

p
AGHEIC { [[Es0-70f }

2n ip
— O{I (nﬁ+1/p§(1/n)ﬁ dx}

. I/p
- O{nﬂﬂ/pg(]/n){.[ dxj }

=0(n"r £ n)).

This completes the proof of our Theorem 2.1.
5. Applications

The following corollaries can be derived from our Theo-
rem 2.1.

Corollary 5.1. If =0 and &(¢)=¢",0<a <],
then the generalized weighted class W(L p,gg(t)) re-
duces to class Lip(a, p) and the degree of approxima-
tion of a function f(x) e Lip(a, p) is given by

z,(f3x) - f(x)"p = o(n ).

Proof of corollary 5.1. From our Theorem 2.1 for
=0, we have

2n Vp
AGHEIC =[ [[5(s0-7@)| dx]

=0(n"7&(/n)) = o(na%/pj,p >1.

This completes the proof of corollary 5.1.
Corollary 5.2. If p— oo in corollary 5.1, then for
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O<ax<l,

£,/ =0(n).

Corollary 5.3.1f a,, = p, P, P, #0,E(1) =t then
the degree of approximation of J; (x), conjugate of
f € Lip(e, p) by Norlund means
Z,(fix)=P" Y P,i5:(f:x) of the conjugate series
of Fourier series is given by

7.0 7@ =0(nr).

Corollary 5.4. If
a,, =p, B P, #0,E()=1t", p—> oo then the degree
of approximation of f(x), conjugate of
feLipa by Norlund means 7, =P,'Y"" p, 5 of
the conjugate series of Fourier series is given by
) " O((n+1)*),0<a<l,
o O(log(n+me/(n+1)),a=1.

such that

(5.1)

Corollary 5.5.1f a,, = p, ,4;R,’
R, =Y P49 #0,R,y™ is monotonic n0~n—decreas—
ing then the degree of approximation of f(x), con-
jugate of a function feLipca, by generalized Norlund
means i:n (f’ x) = Rr:] ZZ:O pnfqugk (f) x) Of the COnju-
gate series (1.2) satisfies equation (5.1).

6. Remarks

Remark 6.1. Lal and Kushwaha [14]. The degree of ap-
proximation "f" (f;x)-f (x)" = O(n'““/ ? ) determined
V4

by Qureshi [13, p. 561, L. 12] tends to o if
0<a<3"'<1 and p=2 and also for other values.
Therefore, this deficiency has encouraged to investigate
degree of approximation of conjugate of functions be-
longing to Lip(a,p) considering p~' <a<l.
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