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Abstract: In this paper, under some suitable conditions, we get almost sure limit theorem for the product of 
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1 Introduction 
Let { }nX  be a strictly stationary sequences defined on a 
common probability spaces ( )P,, ℜΩ . b

aℜ  denotes 
σ –algebra of events generated by ( )baXX ba ≤,,L . 
We shall say that { }nX  satisfies the uniformly mixing 
conditions in both directions of times ( )mixing- *ϕ . 
Also, recall that { }nX is uniformly mixing conditions 
( )mixing- ϕ . Their definition is usual, so we omit them 
here. Since ( ) ( )nn *ϕϕ ≤ , it means that if { }nX  

is *ϕ -mixing, then it is also ϕ -mixing. 
The purpose of the current note is to obtain an almost 

sure limiting result for the logarithmic averages under 
the above definition. As is well known, the central limit 
theorems of the products of partial sum for i.i.d. vari-
ables was initiated by some papers. This point was first 
obtained by Arnold and Villaseor[1], who considered the 
following form of the CLT for a sequence ( )nY  of i.i.d. 
exponential random variables with the mean equal to one, 
as n ∞→ , 
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Here and in the sequel, ,1 nn YYS ++= L ,2,1=n  
,L and N is a standard normal random variable. 

Their proof is heavily based on a very special property of 
exponential (gamma) distributions: namely that there is 
independence of ratios of subsequent partial sums and 
the last sum. It uses also Resnick’s result[2] on weak lim-
its for records. In particular, Rempala and Wesolowski[3]  

have proved the asymptotic behavior of a product of par-
tial sums holds for any sequence of independent and 
identically distributed positive random variables. This 
result was swiftly extended by Qi[8] , who has shown that 
whenever ( )nY  is in the domain of attraction of a stable 
law L  with index ( ]2,1∈α then there exists a numeri-
cal sequence nA  (which for 2=α  can be taken as 

nσ ) such that 
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where ( ) ∫∞
−=+Γ 01 dxex xαα . 

In the past decade, several authors researched the 
so-called almost sure central limit theorem (ASCLT) on 
the basis of the results of Brosamler[4] and Schatte[9] for 
partial sums of random variables. Recently, the following 
ASCLT of product ∏ =

n
j jS1  for i.i.d. sequence have been 

obtained by Khurelbaatar and Rempala[5]. 
Theorem A: Let ( )nY  be a sequence of i.i.d. positive 

random variables with 01 >= µEY  and ( ) 2
1 σ=YVar . 

Denote µσγ /=  the coefficient of variation. Then for 
any real x , 
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where ( )⋅F  is the distribution function of the random 

variable Ne 2 . 
Inspired by the above results, in this note we study the 

almost sure limit theorem for the product of partial sums 
for *ϕ -mixing sequences. The following is our main 
result. 

Theorem 1: Let { }nX  be a strictly stationary *ϕ  
-mixing sequence of positive random variables with 

01 >= µEY and ( ) 2
1 σ=YVar . Denote µσγ /=  the 

coefficient of variation. Under the following conditions 

( )1H  for 2>δ , ( ) ( )( )δϕ 22* log −−= nnOn ; 

( )2H  0),(21: 2
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We have, for any real x , 
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σ , ( )⋅I  denotes 

indicator function and ( )⋅F  is the distribution function 

of the random variable Ne 2 . 
Remark 1: It is obvious that Theorem B is a special 

case of Theorem 1. 
Remark 2: ∞<2σ  is obvious from condition (H1) 

and the following lemma 2.2. 

2 Proof 
In the sequel we shall use the following notation.  

Let ∑
=

= n

kink i
b 1

, , nk ≤  with 0, =nkb , nk > . Let 
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where ( ) σµ /−= kk XY , 1≥k . Let ( )nnn SVar ,
2 =σ , 

and we write << for the inequality ≤  up to some uni-
versal constant. The proof of Theorem 1 is chiefly based 
on the following lemmas. 

Lemma 2.1[3] .2 ,1
2
, nnn bns −=  

Lemma 2.2[6] Let { }nX  be a strictly stationary *ϕ - 

mixing sequences, ( )k
pLX 1ℜ∈ , ( )∞
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Lemma 2.3[6] Let { }nX  be a strictly stationary *ϕ - 

mixing sequences, for 21 <≤ r , ∞<
rXE 1 , satisfy 
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Lemma 2.4[11] Under the assumptions of Theorem 1, 
we have 
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Lemma 2.5[7] Let { }nX  be a strictly stationary *ϕ - 
mixing sequences, ( ) 01 =XE , ( ) ∞<1XVar , 
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Lemma 2.6[5] Under the conditions of Theorem 1, for 
any real x , 
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Now, we begin to prove Theorem 1. 

Proof of Theorem 1. Let ,1, ≥= i
i

SC i
i µ

 we have 
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Thus, for any real x , Lemma 2.6 is equivalent to 
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By Lemma 2.3, for enough large i , for some 

2
3
4
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logarithm:  
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Hence for arbitrary small 0>ε , there is ( )εNN =:  
such that for every Nk > . 
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Then ( )1  holds true, so we complete the proof of 
Theorem 1. 

References 

[1] B C Arnold and J A Villase 
~
n or, The Asymptotic Distritution 

of Sums of Records[J] Extremes, 1998, 351-363. 
[2] S I Resnick, Limit Laws for Record Values, Stochastic Process 

and Application[J], 1973, 67-82. 
[3] G Rempala and J Wesolowski, Asymptotics for Products of Sums 

and U-statistics[J], Electronic Communication in Probability, 
2002, 47-54. 

[4] G A Brosamler, An Almost Everywhere Central Llimit Theo-
rem[J], Mathematical Proceedings of the Cambridge Philoso-
phical Society, 1988, 561-574. 

[5] G Khurelbaatar and G Rempala, A Note On the Almost Sure 
Llimit Theorem For the Product of Partial Sums[J], Applied 
Mathematics Letters, 2006, 191-196. 

[6] C R Lu and Z Y Lin, Limit theory for mixing dependent random 
variables[M], Beijing: Science Press, 1997. 

[7] M Peligrad, On the Asymptotic Normality of Sequences of Weak 
Dependent Random Variables[J], Journal of Theoretical Prob-
ability, 1996, 703-715. 

[8] Y Qi, Limit Distributions for Products of Sums[J], Statistics 
Probability Letters, 2003, 93-100. 

[9] P Schatte, On Strong Versions of The Central Limit Theorem[J], 
Mathematische Nachrichten, 1988, 249-256. 

[10] I Berkes and  H Dehling, Some Limit Theorems in Log Den-
sity[J], The Annals of Probability, 1993, 1640-1670. 

[11] Y X Li and J F Wang , Asymptotic Distribution for Products of 
Sums Under Dependence[J], Metrika, 2007, 75-87. 

 
 

524978-1-935068-06-8 © 2009 SciRes.  

Proceedings of 2009 Conference on Communication Faculty




