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Abstract

The combined influences of Hall currents and rotation on the MHD Couette flow of a viscous incompressible
electrically conducting fluid between two infinite horizontal parallel porous plates channel in a rotating
system in the presence of a uniform transverse magnetic field have been carried out. The solutions for the
velocity field as well as shear stresses have been obtained for small time as well as for large times by
Laplace transform technique. It is found that for large times the Hall currents accelerates primary flow
whereas it retards secondary flow while the rotation retards the primary flow whereas it accelerates the
secondary flow. It is also found that the velocity components converge more rapidly for small time solution
than the general solution. The asymptotic behavior of the solution is analyzed for small as well as large
values of magnetic parameter M?, rotation parameter K? and Reynolds number Re. It is observed that a
thin boundary layer is formed near the moving plate of the channel and the thicknesses of the layer increases
with increase in either Hall parameter m or Reynolds number Re while it decreases with increase in

Hartmann number M . It is interesting to note that for large values of M?, the boundary layer thickness is
independent of the rotation parameter.

Keywords: MHD Couette Flow, Hall Current, Hartmann Number, Rotation Parameter, Reynolds Number

And Boundary Layer

1. Introduction

In most of the cases, the Hall term is ignored by applying
Ohm’s law as it has no marked effect for small magnetic
fields. However, to study the effects of strong magnetic
fields on the electrically conducting fluid flow, we see
that the influence of the electromagnetic force is
noticeable and causes anisotropic electrical conductivity
in the plasma. This anisotropy in the electrical conductiv-
ity of the plasma produces a current known as the Hall
current. The Hall effect is important when the magnetic
field is strong or when the collision frequency is low,
causing the Hall parameter to be significant (Sutton and
Sherman [1]). The effects of Hall current on the fluid
flow in rotating channels have many engineering applica-
tions in flows of laboratory plasmas, in MHD power
generation, in MHD accelerators, and in several astrophy-
sical and geophysical situations. Thus, in a rotating sys-
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tem, the effects of Hall current on MHD flow in parallel
plate channels have been investigated by many resear-
chers. Chandran et al. [2], Katagiri et al. [3], Ghosh and
Pop [4], Ghosh [5], Gubanov and Lunkin [6] and Jana
and Datta [7] have studied the MHD Couette flows
between two parallel plates channel in a rotating system
with Hall effects. Bhaskara and Bathaiah [8] have consi-
dered the Hall effects on MHD Couette flow through a
porous straight channel. Das et al. [9] have investigated
the unsteady MHD Couette flow in a rotating system. The
combined effect of free and forced convection on MHD
flow in a rotating porous channel have been investigated
by Prasad et al. [10]. Mandal and Mandal [11] have
studied the effect of Hall current on MHD Couette flow
between thick arbitrarily conducting plates in a rotating
system. Hall effects on unsteady MHD free and forced
convection flow in a porous channel have been studied by
Sivaprasad et al. [12].
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In the present paper we have studied the combined
effects of Hall current and rotation on the MHD Couette
flow of a viscous incompressible electrically conducting
fluid between two infinite horizontal parallel porous
plates channel in a rotating system when one of the plate
moving with uniform velocity and the other one held at
rest. The solutions for the velocity distributions as well
as shear stresses have been obtained for small times as
well as for large times by Laplace transform technique. It
is found that for large times the primary velocity u,
increases while the magnitude of the secondary velocity
v, decreases with increase in Hall parameter m. It is
also found that for large times the primary velocity
decreases while the magnitude of the secondary velocity
increases with an increase in rotation parameter K2,
Further, the velocity components converge more rapidly
for small time solution than the general solution. The
asymptotic behavior of the solution is analyzed for small
as well as large values of magnetic parameter M?,
rotation parameter K? and Reynolds number Re. It is
observed that a thin boundary layer is formed near the
stationary plate and the thicknesses of the layer increases
with increase in either Hall parameter m or Reynolds
number Re while it decreases with increase in
Hartmann number M . It is interesting to note that for
large values of M?, the boundary layer thickness is
independent of the rotation parameter.

2. Mathematical Formulation and Its
Solution

Consider unsteady MHD flow of a viscous incompress-
ible electrically conducting fluid between two infinite
parallel porous plates separated by a distance h when
both the fluid and channel rotate in unison about an axis
normal to the plates with a uniform angular velocity Q .
Choose a cartesian co-ordinate system with x -axis
along the lower stationary plate in the direction of the
flow, the z -axis is normal to the plates and the y -axis
perpendicular to zx -plane. A uniform magnetic field
B, imposed perpendicular to the plates. The flow within
the channel is induced due to the movement of the upper
plate z=h parallel to itself in x -direction with a
uniform velocity U, . Initially (t=0), fluid as well as
plates of the channel are assumed to be at rest. When
time t>0, the upper plate (z=h) starts to move with
uniform velocity U, along x -direction in its own
plane while the lower plate (z = 0) is kept fixed. Let the
velocity components be (u,v,w) relative to a frame of
reference rotating with the fluid. Since the plates of the
channel are infinite long x and y directions and are
electrically nonconducting all physical quantities, except
pressure, will be functions of z and t only. Suction/
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Figure 1. Geometry of the problem.

injection of the fluid takes place through the porous
plates of the channel with uniform velocity w, which is
w>0 for suction and is w<O0 for injection. The
equation of continuity then gives w=—w, everywhere
in the fluid.

Neglecting ion-slip and thermoelectric effects, the
generalised Ohm’s law for partially ionized gas is (see
Cowling [13])

j+ ee(ixé):G(Eﬂij), Q)

where B, E, g, j, o, o and 7, are
respectively, the magnetic field vector, the electric field
vector, the fluid velocity vector, the current density
vector, the conductivity of the fluid, the cyclotron
frequency and the electron collision time.

We shall assume that the magnetic Reynolds number
for the flow is small so that the induced magnetic field
can be neglected in comparison to the applied one. This
assumption is justified since the magnetic Reynolds
number is generally very small for metallic liquids and
partially ionized fluids. The solenoidal relation V-B =0
for the magnetic field gives B, = constant =B, con-
stant everywhere in the fluid where éz(px,By,Bz).
The equation of conservation of charge V-j =0 gives
J, = constant. This constant is zero since j, =0 at the
plates which are electrically non-conducting. Thus
J, =0 everywhere in the flow. Since the induced mag-
netic field is neglected, the Maxwell’s equation VxE =

%:0 and

_B  hecomes VxE =0 which gives
ot oz

oE
6_y:0' This implies that E, = constant and E, =
z

constant everywhere in the flow.
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In view of the above assumption and on taking
E, = E, =0, Equation (1) gives

jx + mjy = O-BOVY (2)

Jy =mj, = -oByu, ®)

where m=a,r, is the Hall parameter. Solving for j,

and j,, we get

. oB,

= v+mu), 4

=t (v mu) @
oB,

=- u-mv). 5

Jy 1+ mZ ( ) ( )

On the use of Equations (4) and (5), the equations of
motion along x-and vy -directions are

ou ou d’u oB,

— W, ——-2Qv=y————"——(u—-mv , 6
ov ov _div oB
E_WOE-FZQU_VF_p(T:nZ)(V-FmU)'U)
10op
= =P 8
> ®)

where p, v and p are respectively the fluid density,
the kinematic coefficient of viscosity and the modified
fluid pressure including centrifugal force.

The initial and the boundary conditions are

u=v=0 for 0<z<h, t<0,

u=v=0at z=0, for t>0,

ET AL. 89
2 2
M e oy =% My iy, @)
or on on® 1l4+4m
2 2
s Re%+2K2ul =8 Vzl —M—Z(v1+mul), (12)
or on on° 1+m
2h2 1/2
where \j = oBh” is the Hartmann number,
Y24
2
K2 91" the rotation parameter and Re = Woh the
|4 v
Reynolds number.
Combing Equations (11) and (12), we have
20 M?(1+im
N _ R _jik2g = a—‘i—(—z)q, (13)
or on on 1+m
where
q=u, +iv,i=+v-L (14)

The initial and the boundary conditions for q(7,7)
are

q(7,0)=0 for 0<7<1 and 7 <0, (15)

q(0,7)=0 and q(0,7)=1 for >0 (16)

2.1. General Solution

For general solution, the method given in Batchelor [15]
can be used. The solution of the Equation (13) subject to
the conditions (15) and (16) can be written in the
following form

u=U,,v=0 at z=h, for t>0. 9) . . 1
_sinh(a+if)n ret-n
Introducing the non-dimensional variables a(n.7)= sinh(a +ip) +R (), @D
n= 5, u, = i, v, = L, T= V—: (10) where first term on the right hand side is the steady-state
h U, Uy h solution, F,(77,7) shows the departure from the
Equations (6) and (7) become steady-state and
i : 7
2 2
1 ||(Re? M? , mM2Y)|® (Re? M?
o=— + > | | 2K" + 5 +| —+ >
J2 4 1+m 1+m 4 1+m
) 1
1
2 2 \? 2\ ]2 2 2
ﬁ:i Re” M2 +2K2+mM2 [ Re, MZ (18)
J2 4 1+m 1+m 4 1+m
Now, F,(7,7) satisfies the following differential equation
M?(1+im 2
F_pelfi, | MU - )+ aike Flza F;, (19)
or or 1+m
Copyright © 2011 SciRes. WJIM
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with

F.(0,7)=0,F (1,7)=0,F (n,0)

Taking Laplace’s transform of Equation (19), we get

d’F, d°F M?(1+im)
2 T 27|58t 2
dn® dn 1+m
where
F=["Fe~dr (22)

The corresponding boundary conditions for F,(7,s)
are

F(0,5)=0 and F (1,5)=0 (23)

The solution of the Equation (21) subject to the
boundary conditions (23) is

_ i inh i Lreqr-
F (n.s)=| Lomhyn _Lsinh(asif)n o ),
s sinhy s sinh(a+ip)

sinh (a +18)1 ¢ nm(~1)"e "

_sinh (a + iﬂ)n e%Re(l—n)

20
sinh(a +ip) (20)

_ sinh i Lreq-
+2iK? |F = I. (a-i—l-ﬁ)i] eZR(l 77), 1)

sinh(a +ip3)
where
1/2
Re? MZ(1+im) .

}/:|:T+S+%+2|Kz . (25)

Taking inverse Laplace’s transform of the Equation
(24), we have

2
= 2nm(-1)"e " sinnmy  SRen)
F 77,1- = e2 . (26)
1 (7:7) ;L n2n2+(a+iﬂ)2

On the use of Equation (17), we have

E Re(1-7)

q(”’r):[ sinh (o +15)

mn’n’ +(a+ip)

sinnnz |e2 , (27)

2

where On separating into real and imaginary parts and using
A2 =0’ +(a+ ilg)z . (28) Equation (10), we get
C o | SIS +CMCA) | & (1) sinnmy
| =
$*(1)+C*(1) ﬂzl(n2n2+a2—,b72)2+4a2ﬂ2 (29)
x{(n*? +a? - 7 )cos 2apt - 2apsin 205 e ' 0 }
V. = e%Re(l”” C(n)S(1)-S(n)C®) S nr(-1)" sinnny
| = _
$*(1)+C*(1) n=1(nzrc2 +a’-p? )2 +4a’ f° (30)
X {20:,8 cos 27 +(n’n’ +a — B )sin Zaﬁr}e‘(”z"z+“2‘”2)’ }
where w, >0 for the suction at the plates). If Re=0 and

S(n)=sinhncosy, C(n)=coshysiny,
S(1)=sinhacosa, C(1)=coshasina. (31)

The solutions given by Equations (29) and (30) exist
for both Re<O0 (corresponding to w, <0 for the
blowing at the plates) and Re >0 (corresponding to
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m=0, then the above Equations (29) and (30) are
identical with Equations (26) and (27) of Das et al. [9].

2.2. Solutions for Small Time

Following Carslaw and Jaegar [16], for small time, the
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solution of (13) subject to the boundary conditions (15)
and (16) is obtained by Laplace transform technique in

L

Q) = N S

the following form

>3 (cid) (4c) Hf[zﬂf[%)}

k=0n=0
Re? ) a . b
- = Jr{ai*™erfc (—j—blzn*lerfc( j , 32
4 2t e (32
where
2 2
c=M—2, d=oK?+ M ~, a=2k+1-7, b=2k+1+p,
1+m 1+m
i"erfc(x) = [[i"erfc(£)d&, ierfe(x) = [ erfc(&)dé, i%rfe(x) = erfc(x) (33)
The solution (32) can be written as
1 0
a(n,7)=e e " S (crid) (47)'T,, r=0,2,4,6,-, (34)
n=0

where

On separating into real and imaginary parts and using
Equation (14), we get the velocity distributions for the

primary and the secondary flow as

u, = 2" [{TO +c(47)T, +(c® —d?)(4r) T, +(c® -3cd? ) (47)' T, +} cosdr

+{d (47)T, +2cd (41)2 T, +(302d —da)(4r)3 T, +~-}sin dr}e‘”, (36)

1
y=ez " [{d (47)T, +2cd (47)" T, +(3c*d —d°) (47)" T, +} cosdzr

[T +e(4r)T, + (2~ ) (4r)° T, +(c* ~3cd? ) (47)' T, +-~sindr [e ™. 37)

The Equations (36) and (37) describe the fluid
velocities for small times. If m=0 and Re=0, the
Equations (36) and (37) coincide with Equations (17)
and (18) of Das et al. [9].

3. Results and Discussion

To study the effects of rotation, suction/blowing and Hall
parameter on the velocity distributions we have presented
the non-dimensional velocity components u, and v,
against 7 in Figures 2-6 for various values of magnetic
parameter M?, the rotation parameter K?, Hall
parameter m, Reynolds number Re and time 7. It is
seen from Figure 2 that both the primary velocity u,
and the magnitude of the secondary velocity v,
increases with an increase in squared-Hartmann number
M? as expected since the magnetic field has a retarding

Copyright © 2011 SciRes.

influence on the flow. Figure 3 reveals that the primary
velocity u, decreases with increase in K?. On the other
hand, the magnitude of the secondary velocity v,
increases with an increase in K?. It is observed from
Figure 4 that both the primary velocity u, and the
magnitude of the secondary velocity v, increase with an
increase in Hall parameter m. Figure 5 shows that the
primary velocity u, increases while the magnitude of the
secondary velocity v, decreases with an increase in
Reynolds number Re. It is observed from Figure 6 that
both the primary velocity u, and the magnitude of the
secondary velocity v, increase with an increase in times
7. For small values of time, we have drawn the velocity
components u, and v, on using the solution given by
Equations (36) and (37) and the general solution given by
Equations (29) and (30) in Figures 7 and 8. It is seen that
the solution for small time given by the Equations (36) and
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Figure 3. Variations of u; and v,

(37) converges more rapidly than the general solution
given by (29) and (30). Hence, we conclude that for
small times, the numerical values of the velocity
components can be evaluated from the Equations (36)

a_q %Re (0[ +|ﬂ)

for M2=5 m=05, Re=0.57=0.2.

and (37) instead of Equations (29) and (30).

For large time, the non-dimensional shear stresses due
to the primary and the secondary flows at the stationary
plate 7 =0 are given by

N2 _1)n e{n2n2+(a+iﬁ)2}r

&).:

Copyright © 2011 SciRes.

on sinh(a +ip

00
+
) n=1

38
n2n2+(a+iﬂ)2 39
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On separating real and imaginary parts, we get the e 2(asinhacosﬂ+ﬂcoshasinﬂ)
shear stress components due to the primary and Ty = e? { -
secondary flows at the stationary plate (7 = 0) as cosh2a —cos2f3
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ud 2n’n’ (-1) X{(nznz +a? —ﬂZ)COSZO!ﬂT—ZaﬂSin Zaﬂr}ei(nzn m 52)1}’ (39)
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n=1(n21t2 +a? —/5’2) +4a’ p?

Copyright © 2011 SciRes. WIM



S.GUCHHAIT ET AL. 95

T T T T T T T T T
0.02F General Sol. |
————— Sol. for small times
0.015F i
T~
0.01f .
0.005 H
0 L 1 1 1 |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
h

Figure 8. Variations of v, for the general solution and small time solution with M 2-5 K?=4,m=0.5 Re=05.

()

eERe 2(psinhacos f—acoshasinp) & 2n’n
T =
% cosh 2a —cos 23

cfopessaapes (v ot amaapele V|

The numerical values of z, and z,, are presented
in Figs.9-12 against Hall parameter m for various
valuesof M?, K?, Re and r.Itisseen from Figure
9 that both the shear stress z, and the magnitude of the
shear stress Ty decrease with increase in M? when
m is fixed while Ty first decreases and reaches
minimum and then increases and the magnitude of z,

increases with an increase in m when M? is f|xe

Figure 10 displays that both the shear stress z, and
the magnitude of the shear stress z, decrease with
increase in K® when m is fixed. (it is seen from
Figure 11 that both the shear stress z, and the

magnitude of 7y increase with an increase in Re

(&)
87] =0 n=0

—(c+id)r Z(C +id )n (4T)n Y2r—l7

where

A 2{ 2r‘lerfc(
k=0

Copyright © 2011 SciRes.

ﬁj 4(2k +1)Re i? erfc(

n=l(n27r2 vat - ) +(2K?)

22 2

(40)

when m is fixed while Ty first decreases and reaches
minimum and then increases and the magnitude of z,
first increases and reaches maximum and then decreases
with an increase in m when Re is fixed. It is also
seen from Figure 12 that for fixed values of time 7,
7, first decreases and reaches minimum and then
increases and the magnitude of Ty increases with an
increase in m. On the other hand, for fixed values of
m, r,_ decreases and the magnitude of 7y increases
with an increase intime .

For small times, the non-dimensional shear stresses
due to the primary and secondary flows at the stationary
plate (7 = 0) are given by

r=0,1,23,:-, (41)
2 1
2 +1j L RevE Jr j2r+t erfc(Zk +1j 62" (42)
PN 2 2t
WJIM
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Figure 9. Variations of Ty and Ty, for K2=4,Re=0.5, 7=0.2.
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Figure 10. Variations of Ty and -z, for M?=5 Re=057=02.

Yo

On separating real and imaginary parts, we get the secondary flow as
shear stress components due to the primary and

7, =e” [{Y_1 +c(4r)Y, +(c2 —d? )(41)2 Y, +(c3 —3Cd2)(4r)3 Y, +} cosdr
+{d (40)Y, +2cd (47)°Y, +(3c%d —d°) (47) Yy +-- Jsin dr]
7, =€ [{d (47)Y, +2cd (42)°Y, +(3c’d —d*)(47)Y, +} cosdz

—{Y_1 +e(4r)Y,+(c? —d?)(42)° Y, +(c* ~3cd? ) (42)° Y, +---}sin dr]. (43)

Copyright © 2011 SciRes. WIM



S.GUCHHAIT ET AL. 97

hh 0.2 0.4 0.6 0.8 T 12 14 16 18 2
m
Figure 12. Variations of 7, and -z, for M2=5 K2=4, Re=05.

We shall now discuss the asymptotic behavior of the introducing the boundary layer coordinate &=1-7, we
solutions (29) and (30) for small and large values of M?, obtain the velocity distributions from (29) and (30) as
K? and Re: e

Case(i): VZVh_en K? >>1,2 M? <1 and Re<1. u = e‘(‘?*“}f cos B, (44)

When K< islarge, M“ and Re are of small order
of magnitude, the flow becomes boundary layer type. For 7(7%&]5 _
the boundary layer flow near the upper plate 7 =1, v, =€ sin ¢, (45)

Copyright © 2011 SciRes. WIM
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where
a:
2 2 209 2
K1+M(1+m)+Rez,ﬂ:K1+M(1 m)_ReZ.
4K2(1+m2) 16K 4K2(1+m2) 16K

(46)

It is evident from Equations (44) and (45) that there
arises a single-deck boundary layer of thickness of order

-1
O(—%sz near the moving plate (7 =1) of the

channel where « is given by (46). The thickness of this
boundary layer increases with increase in either Hall
parameter m or rotation parameter K? since «
decreases with increase in either m or K?. On the
other hand, it decreases with increase in either Hartmann
number M or Re as « increases with increase in
either M or Re.

Case(ii): When M?>1, K?«1 and Re<1.

In this case, the velocity distributions are obtained
from the Equations (29) and (30) as

Re

w=e T  oos e (47)

v, = —e_(_7+a]§ sin &, (48)

8M? 2M 1+m?

M [1+ Re2(1+m2)],ﬂ_ Hem? (2K2+mM2]_

(49)

The Equations (47) and (48) reveal that there appears a
single-decker boundary layer of thickness of the order

-1
O(—%sz adjacent to the moving plate (7 =1)

of the channel where « is given by (49). The
thicknesses of the layer increases with increase in either
Hall parameter m or Reynolds number Re while it
decreases with increase in Hartmann number M . It is
interesting to note that for large values of M?, the
boundary layer thickness is independent of the rotation
parameter.

Case(iii): When Re>1, K’ <1 and M? «1.

In this case, Equations (28) and (29) become

u, = e_(_7 aji cos SE, (50)
v, = —e_(_%mj§ sin B¢, (51)

where
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Re[ 2M?
a=—|1+—2
+Mm

1 mM 2
= —| 2K2 4 —— |.(52
2 Re2(1+m2)] / RE( 1 ZJ 2

It is seen from Equations (50) and (51) that there
exists a single-deck boundary layer of thickness of order

-1
O(—%+a} where « is given by (52). It is seen

that the thickness of this boundary layer increases with
increase in either Hall parameter m or Reynolds
number Re since « decreases with increase in either
m or Re. On the other hand, it decreases with increase
in squared-Hartmann number M? as « increases
with increase in M?2.

4. Conclusions

To study the effects of Hall current, rotation, magnetic
field, suction/injection and time on the flow field, the
primary and secondary velocities and shear stress at the
stationary plate due to the primary and secondary flows
are depicted graphically for various values of m, K?,
M?, Re and 7. It is found that for large time the
primary velocity u, increases while the magnitude of
the secondary velocity decreases v, with increase in
Hall parameter m. It is also found that for large time the
primary velocity u, decreases while the magnitude of
the secondary velocity v, increases with an increase in
rotation parameter K?. It is also found that the solution
for small time converges more rapidly than the general
solution. The asymptotic behavior of the solution is
analyzed for small as well as large values of magnetic
parameter M?, rotation parameter K? and Reynolds
number Re. It is observed that a thin boundary layer is
formed near the stationary plate and the thicknesses of
the layer increases with increase in either Hall parameter
m or Reynolds number Re while it decreases with
increase in Hartmann number M . It is interesting to
note that for large values of M?, the boundary layer
thickness is independent of the rotation parameter. The
expression for the shear stress at the stationary plate due
to the primary and secondary flows is obtained in both
the cases.
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