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ABSTRACT 

When inputs in the firm’s production function are pair-wise complements, I show that all variable factors of the firm are 
output elastic. Via Silberberg’s analysis, this implies that for given output of a competitive firm that marginal cost will 
rise more than average cost for a factor price increase. Accounting for changes in output through profit maximization 
and industry equilibrium change in output price, I show that cost pass-through can be larger than one in a competitive 
industry when inputs are complementary. Because input complementarity seems likely with commodity aggregates like 
materials, labor, energy, and capital, this could provide an alternative explanation for over cost shifting in commod-
ity-oriented industries like the oil industry and food industries. This approach also allows researchers to abandon the 
highly restrictive assumption of constant elasticity of demand function facing the firm that is required under imperfect 
competition with constant marginal costs. 
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1. Introduction 

The concept of output elasticity (percentage change in 
input usage for one percent change in output, holding 
factor prices constant) plays a prominent role in the the- 
ory of the firm. Among other things, the concept is useful 
in determining whether a firm will increase or decrease 
its output in response to a change in factor price [1]. 
There is also an important link between the output elas-
ticity and elasticity of marginal cost with respect to a 
change in input price (holding output constant). That is, 
theelasticity of marginal cost with respect to a change in 
input price equals the product of output elasticity and 
cost share of the factor in total revenue. To see this, con-
sider the firm producing a single output, y, with a set of 
n-inputs  1 2 1, , , ,n n x x x x

 1 2 1, , , ,n

 with the production func- 
tion n y f x x x x , where the n-th input nx  
is assumed to be a fixed factor. The effect of a change in 
the i-th factor price on marginal cost of output is [2] 

  2
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i i
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    
   






 (1) 

where  is the firm’s cost function 
and subscripts denote partial derivatives. In the last step 
of Equation (1) use has been made of Shephard’s lemma. 
Converting Equation (1) to elasticitieswe obtain 

 1 2 1, , , , ,n nc y w w w x

, i imc w x y is                    (2) 

where   , imc w y i i y  is the elasticity of 
marginal cost with respect to a change in the i-th factor 
price, 

c w w c   

  
ix y i ix y y x     is the output elasticity of 

the i-th factor, and  i i i ys w x c y  is the share of total 
cost of the i-th factor in output valued at marginal cost. 
When the firm is a price taker, si is cost share of the i-th 
factor in total revenue; when the firm is imperfectly 
competitive in the output market,  i is k AC MC , 
where  i i ik w x c  is the total cost of the i-th factor as 
a share of total cost, AC c y  is average cost, and MC 
is marginal cost. 

Equation (2) shows there is a one-to-one relationship 
between the elasticity of marginal cost with respect to 
factor price and its output elasticity. The elasticity of 
marginal cost with respect to wi will be larger (smaller) 
than si according as 

ix y  is larger (smaller) than 1. In 
general, we cannot say with certainty what the relation-
ship will be. If the firm is in long-run equilibrium, where 
marginal cost equals average cost, then 

ix y 1   and 

, imc w is   [1]. If the production function is homothetic 
and there is decreasing returns to scale then 

ix y  for 
all variable factors so that , imc w i

1 
s   [2]. In what fol- 

lows, I establish that such a relationship can be expected 
to hold generally if we only impose the less restrictive 
condition of input complementarity. Input complementa- 
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rity is a reasonable assumption when dealing with ag-
gregate inputs like labor, materials, energy, and capital. 
This assumption also plays a crucial role in supermodu-
larity and monotone comparative statics [3]1.  

2. The Basic Result 

Linear homogeneity of the long-run production function 
is a reasonable assumption in light of the replication ar-
gument [5]. Linear homogeneity implies the production 
function has the form  1 2 1, , , ,n ny f x x x x       
for 0  . Without loss in generality, assume that 

11 x  . Then the production function can written as  

12
1

1 1

1, , , ,n n

1

x xx
y x f

x x x
 
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 

 .          (3) 

In this form, the production function can be used to 
determine the output elasticity of any variable factor.  

In the short run with xn fixed, assume the firm is a 
price taker in both output and factor markets. Assume 
also that the firm takes x1 as fixed in determining its 
profit-maximizing input levels2. The first-order condi-
tions for profit maximization conditional on x1 are: 

12

1 1 1

1, , , , 0,  2,3, , 1n n
i i

x xx
pf w i n

x x x
 
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  .  (4) 

Solving these n – 2 equations for the conditional input 
demand functions yields: 
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Substituting these functions into the production function 
yields the conditional supply function 
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Differentiating Equation (6) with respect to x1 yields the 
expression 
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This expression implies that  

   
1

1 2
21 1 1 11

n
jn

j j n n

xxy y f f
x

x x x x x x xx





  
         




.  (7) 

This has implications for the output elasticity of x1, 
which can be determined through substituting the opti- 
mal output-constant demand function for x1, 1̂x   

 1 1, 2 1, , , ,n nx y w w w x , into Equation (6) to obtain the 
identity 

  1 1, 2 1 1, 2 1, , , , , , , ,n n n ny g x y w w w x w w w x     

where now y is assumed to be the profit-maximized value 
for output. Differentiating the identity with respect to y: 
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that if the sign of Equation (7) is negative, then 
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 and the output elasticity .  
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Theorem 

When inputs are complementary in production, all output 
elasticities of the firm will be larger than one. 

Proof. Let  

22 2, 1
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be the 2  2n x n   Hessian of the production function 
with respect to  * *

2 , , nx  1  from differentiating the first- 
order conditions in Equation (4). The comparative statics 
of the n – 2 conditional input demand functions can be 
characterized as follows: 

x

1A function  1 2, , , n f x x x  is said to be supermodular if it is in-
creasing in first differences in  ,i jx x  for all i ≠ j with each xh fixed 
for h ≠ i and h ≠ j. When the function is twice, continuously differenti-
able supermodularity is equivalent to 2
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F f

x

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                     (8) 0f x xi j     for all i ≠ j with 
each xh fixed with each xh fixed for h ≠ i and h ≠ j [4]. Complementarity 
is therefore a direct implication of supermodularity. 
2This should not be taken to imply that profit is not maximized with 
respect to x1. Indeed, the level of x1 considered could be its optimal 
value. The reason for optimizing profit conditional on x1 is for analyti-
cal purposes to derive an explicit relationship between 

where  
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1y x  and 
1x y  when all the other variable factors are optimized. 
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The solutions in Equation (8) can be written more explic-
itly as follows: 

* * * * * * * *

*

det det deti i i n i j j n
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where ijF  is the co-factor of * *
i jx x

f  in F. The term 
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F
 is negative because F is a negative definite  

matrix for the firm to maximize profit. Because the ma- 
trix F is a Metzler matrix (off-diagonal elements non-
negative and diagonal elements nonpositive), each of the  

terms 
det

ijF

F
 will be nonpositive [6]. This means when 

 for all i and j,  (i.e., input complemen- 

tarity) that each term of the solution to Equation (8) as 

shown by Equation (9) will be positive. Thus, 
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and the output elasticity . 
1
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3. Implications for Cost Pass-Through 

From Equation (2) we also see that an output elastic fac-
tor demand implies that the elasticity of marginal cost 
from an increase in factor price will be greater than the 
cost of the input as a share of total revenue. This result, 
while important in its own right, is only valid if output 
remains constant. To calculate the price effect we must 
account for the effect the change in factor price has on 
output as well. 

In the identical firm case, the comparative static ex-
pression for cost pass-through for a competitive market 
in the short run can be shown to equal3 

,
, 1

i

i

mc w mc wi
p w

i

wp
E

w p
, i

  
  


  
   

         (10) 

where , ip w  is the elasticity of output price with respect 
to the i-th factor price, ε is the supply elasticity, and 

E
  

is the demand elasticity of the output. It is useful for our 
purpose to normalize Equation (10) by redefining the 

elasticity of price transmission as 

 ,,
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.  (11) 

This expression now shows how much output price 
changes for each unit output change in the i-th factor 
price. For example, if the input is crude oil and output is 
gasoline, the expression in Equation (11) now shows how 
much the price of gasoline changes for a change in the 
price of crude oil per gallon of gasoline. 

Equation (11) indicates that cost pass-through can now 
be larger than 1. This will occur when  , imc w i  s 
 1   . This will more likely be the case the larger the 
supply elasticity relative to the absolute value of the de-
mand elasticity.  

To see how plausible cost pass-through larger than 1 
can be, consider the cost function derived from the Cobb- 
Douglas short-run production function:  

1

1 2 3
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1 2 3  ,
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where the parameters    , ,            
and       represent the cost shares of the three 
variable inputs with returns to scale equal to 1     . 
The values chosen are typical of many manufacturing 
industries for materials, labor, and energy4. The output 
elasticity for the material input in this case (which equals 
that for labor and energy because production function is 
homothetic in this case) is 1/0.8 = 1.25. The value for 

1 0.3.s   The elasticity of marginal cost with respect to 
output is 1/0.8 – 1 = 0.25. Thus, the supply elasticity is ε 
= 1/0.25 = 4. If the demand elasticity is 0.5   , then 
the output price change from a one unit change in mate-
rials price per unit output is  

 ,

1 /
imc w i

i
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 
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1.11
1 0.5 / 4

 
 

.  

So even with a very elastic supply curve, about 11% more 
of the increase in materials price would be passed on to 
output price.  

4. Conclusions 

In the general case of input complementarity in produc-
tion, I have shown that output elasticities of all variable 

3Let y = D (p) be the market demand function for the output and 
 , , , , ;

4The numbers chosen here represent costs of producing and marketing 
food in the U.S. and are derived from values reported in USDA, ERS 
website http://www.ers.usda.gov/Data/FarmToConsumer/Data/ compo-
nentstable.htm. The materials category is agricultural raw materials 
plus packaging materials. The energy category is transport plus fuel 
and electricity costs. Labor costs represent all labor costs of processing 
agricultural raw materials into final food products. 

1 2 1y n np c y w w w x   be the inverse market supply function 
(i.e., the condition that each firm produce where price equals marginal 
cost). Substituting the demand function for y in the inverse supply 
function, differentiating with respect to w1, solving for ip w  , and 
converting to elasticities yields Equation (10). See [7] for a similar 
derivation in the context of evaluating cost pass-through for anti-trust 
cases. 
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5. Acknowledgements factors will be elastic. A direct implication of this finding 
is that with input complementarity, marginal cost will 
increase more than average cost for an increase in factor 
price. For somewhat aggregate inputs like labor, materi-
als, energy, capital, we would expect input complemen-
tarity to be the rule rather than the exception. It is also 
noteworthy that the result does not depend on any other 
restrictions on the production function other than the 
long-run production function exhibiting constant returns 
to scale. Another condition leading to this result is homo- 
theticity of the short-run production function [2]. Homo- 
theticity is a special case of the theorem derived here and 
would require that not only each factor be output elastic 
but that all of the output elasticitiesbe equal. The only 
constraint on the relative magnitudes of the output elas- 
ticities when inputs are complements in production is 
that the share-weighted sum of the output elasticities 
equals the ratio of marginal cost to average cost [8] 
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