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ABSTRACT

The present paper is based upon the fact that if an object is part of a highly stable oscillating system, it is possible to
obtain an extremely precise measure for its mass in terms of the energy trapped in the system, rather than through a ra-
tio between force and acceleration, provided such trapped energy can be properly measured. The subject is timely since
there is great interest in Metrology on the establishment of a new electronic standard for the kilogram. Our contribution
to such effort includes both the proposal of an alternative definition for mass, as well as the description of a realistic
experimental system in which this new definition might actually be applied. The setup consists of an oscillating type-11
superconducting loop subjected to the gravity and magnetic fields. The system is shown to be able to reach a dynamic
equilibrium by trapping energy up to the point it levitates against the surrounding magnetic and gravitational fields,
behaving as an extremely high-Q spring-load system. The proposed energy-mass equation applied to the electrome-

chanical oscillating system eventually produces a new experimental relation between mass and the Planck constant.
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1. Introduction

Mass is traditionally interpreted as the inertia content of a
body [1]. The greater the parameter named mass (m), the
more difficult it is for a given force F to produce a
change in the objects state of motion. Newton’s Second
Law describes this effect as F = ma, which serves as a
formal definition for mass. However, the parameter mass
is part of other dynamic quantities like momentum and
energy. The measurement of such quantities in place of
force and acceleration a can be advantageous in both
experimental and theoretical grounds, in such a way that
it may become convenient to adopt an alternative defini-
tion for mass based upon other dynamic quantities. In the
present paper we describe how the establishment of a
particular mathematical relation between mass and en-
ergy can lead to a neat new magneto-dynamic definition
for the mass of an object, involving standardized con-
stants of Nature.

We shall be interested in systems consisting of a mac-
roscopic object in some way attached to an environment
or device capable of producing over it some restitution
force. That is, if the object is initially at rest and is sud-
denly subjected to an external force there will be a reac-
tion against such force tending to restore the object to its
initial location. We will specialize in the well known
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Basic Physics example of one such system, which is the
spring-load set. We develop the theory in full detail to
facilitate the comprehension of the comparisons to be
made with the electromechanical system to be discussed
in Sections 2 and 3. The spring-load system will be taken
initially at rest with no stored energy, until on time ¢ = 0
a fixed external force F is imposed upon it and kept con-
stant thereafter. Newton’s Law describes the displace-
ment x(¢) of the spring and load as:

d’x
m e =
dt
Here k is the elastic constant of the spring. The initial
conditions are x(0)=dx/ds(0)=0. The solution of Eq-
uation (1) predicts a harmonic oscillation of the load

around a position displaced of F/k from its initial position,
with the amplitude of oscillation given by

Ax(t)=—(F/k)cos(ar) )

F—hx(1). (1)

with a):(k/m)l/ ? the frequency of the oscillations.
Note that we are ideally assuming that no damping oc-

curs, so that the total energy given by
E=2FAx 3)

max

is conserved. Equation (3) states that the total energy
contained in the system is given by the work done upon
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the system by the force F along the range of oscillation.
By taking the time derivative of Equation (2) we obtain
the velocity of the oscillating load, and realize that Equa-
tion (3) can be rewritten in the concise form

E

= _2 .
2v:

“

Here v,, is the maximum velocity of the load, given by
F / (km)l/ * . We note the following. Firstly, the form of
Equation (4) independs on the particular expression for F,
as well as it independs on the details of the restitution
force, which is simply taken as linear in the displacement.
Provided the system is initially fully at rest the imposi-
tion of any constant force at £ = 0 will result in Equation
(4). Secondly, its applicability of course depends upon
the ability of the system in conserving energy and upon
the possibility of measuring E. In this resonating state the
parameter mass is the ratio between the energy of the
state and the characteristic speed squared. Therefore, we
have derived an alternative definition for mass that can
be very convenient provided a suitable system is devised
to explore it.

If damping is negligible the system oscillates in a state
of dynamic equilibrium with all the force fields, internal
or external, around it. We will be interested in the par-
ticular case of ' = mg, the weight of the load oscillating
in the vertical direction. In this case v,, = g/w, and the
oscillations maximum amplitude is g/e’.

Equation (4) can be useful provided energy losses are
vanishingly small. However, it is well known that real
spring-load systems are highly dissipative [2]. It is possi-
ble to define the quality factor QO for an oscillating sys-
tem by the product of the frequency of oscillations times
the total stored energy divided by the dissipated power.
Therefore, the remainder of this paper will deal with the
description of a system which by design would display a
Q of 107 or more, so that the application of Equation (4)
is justified. The present investigation is motivated by a
particular (long-standing) Metrology problem, namely
the determination of a new international standard for the
kilogram in terms of an experimental expression involv-
ing well defined standardized parameters like the elec-
tronic charge and Planck’s constant. The current stage of
such efforts has been described for instance in [3,4]. Our
objective hereafter is to show that a relatively simple
electromechanical system, in a single experiment, and
adopting Equation (4) as the definition of mass might be
able to produce an extremely precise measure for the
mass of an object. The main result of this work is a new
expression relating mass to other constants of Nature to
be obtained by experiment (Section 2), followed in Sec-
tion 3 by a full discussion of the principles behind the
design of the experimental setup. Section 4 lists the Con-
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clusions.

2. The Superconductor Electromechanical
Oscillator (SEO)

In order to obtain a real application for Equation (4), we
need to find a system in which losses are practically
eliminated. Air friction can be virtually eliminated by
working under high vacuum and at very low tempera-
tures, to markedly decrease the atmosphere viscosity.
Heat dissipation in the restitution process responsible for
the oscillations is much more difficult to eliminate. How-
ever, as we show hereafter it has been possible to design
a system in which all dissipative processes can be dimin-
ished to the point that the application of Equation (4)
becomes realistic. This system has been devised and pre-
viously analyzed in detail by Schilling [5,6] (although its
equations of motion had independently been published
much earlier by Saslow [7]), and consists of a type-II
superconducting rectangular loop of mass m, subjected to
magnetic fields and gravity. In this section, we present
the main results obtained from the analysis of the loop
motion, including the proposal of a new relation between
the loop mass and the total energy which follows from
Equation (4).

The superconducting oscillator (SEO) is shown in Fig-
ure 1. The loop is hanging upright under the effect of
gravity, with magnetic fields B, and B, normal to its sur-
face. The need for two fields is explained in Section 3.
These fields should be homogeneous upon the loop wire
within a tolerance discussed in [5], assuming also that
any sidewise drift motion is entirely negligible. The

DRRE At

Figure 1. A type-l1 superconducting loop levitates under the
action of two magnetic fields B; and B, greater than its
lower critical field (By > B, in the figure and the fields point
into the page). F; and F, are the opposing vertical Lorentz
forces that the fields impose upon the clockwise current
(dashed line) induced in the loop when it isinitially released
and moves under the effect of gravity g.
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tridimensional equivalent of this system, comprising three
mutually perpendicular rectangular oscillating loops sub-
jected to the field of a magnetized sphere has recently
been discussed in the Letter [8], and utilized as a resona-
tor as part of a quantum magneto-mechanical device. We
will assume initial conditions identical to those for the
spring-load system of Section 1, that is, the loop at rest
with no currents flowing and thus no stored energy. The
fact that the loop is superconducting in principle suggests
that there will be no heat losses, but as we describe in
Section 3 several conditions must be met in order that
dissipative effects actually become negligible. For the
moment let us assume that such steps have been taken,
and no dissipation occurs if electrical currents flow around
the loop. A consequence of such null electrical resistivity
is that no electromotive force is developed around the
loop, associated with current transport. When the loop is
released and falls under the effect of gravity, the varia-
tion in the applied magnetic flux across its open area @,
will be compensated by flux Li generated by super cur-
rents i(f) around its perimeter, in such way that the ap-
plication of Faraday’s Induction Law gives a null elec-
tromotive force &:

g:O:—d(D’” —Lg )
de dt
Here L is the self-inductance of the loop. This is an
example of the property of flux conservation displayed
by superconducting loops and rings. The loop will move
with speed v described by Newton’s Law:

dv .

m m mg —iaB, (6)
In Equation (6) the last factor on the right is the result
of the opposing magnetic forces F; and F, the fields B,
and B, impose upon the currents in the two horizontal
sides of the loop (see Figure 1). Here a is the length of
the lower horizontal side of the loop subjected to B,. We
define By = B; — B,. It must be stressed that none of the
final results and conclusions depends on the precise de-
termination of either a or of the magnetic fields, and nei-
ther on how sharp would be the boundary between these
fields. From Figure 1, d®, /dt =—-Bjav. Thus, from
Equation (5) one obtains a relation between v and di/dz.
Taking the time derivative of Equation (6) and eliminat-

ing di/d¢ from Equation (5) one obtains:

d*>v ( Bjd®
—+ t)=0 7
dr’ ( mL v( ) @

which is the differential equation obeyed by the velocity
of a harmonic oscillator. Assuming zero initial speed and
an initial acceleration g, Equation (7) can be solved:

v(t)= (%jsin(ﬁt). ®)
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From Equation (7), the natural frequency of the oscil-
lations is Q= B,a (mL)l/ * . As the loop is released from
rest, the assumed perfect flux and energy conservations
will make this initial position the uppermost point of its
oscillating path (measured from the middle point of its
oscillations range), with x(0)=— g/Q? . The position is
described by the equation

x(t) = —[éjcos(ﬁt) ©)

which is equivalent to (2) if F = mg. The maximum am-
plitude of the oscillating motion is g/Q> It is clear that
such equations are equivalent to the ones in Section 1 for
the spring-load system, with @ replaced by Q. It is possi-
ble then to combine (5) and (6) to obtain an equation for
the current i(¢), which flows within a very thin layer close
to the wires surface [5]:

Bya\d% ,
(éjyzmg—za&) (10)

whose solution is

. mg
i(1) (Boaj(l cos (Q1)) (11)
for i(0)=di/dt(0)=0. We define i, =mg/(B,a).

In view of Equation (9), it is clear that Equation (3)
also applies here, so that the same energy conservation
E =2mv., is obeyed, with v,= g/Q from Equation (8),
as in Section 1. We define ® = Lij as the flux threading
the loop due to the average loop current value i, result-
ing after a simple manipulation in E = 2d0%L. These two
expressions for E lead to the following expression for the
mass of the loop:

(D2

= 2
Lv,

m (12)

This is the main result of this work. A superconducting
quantum interference device (SQUID) with a proper gra-
diometer as probe, with the oscillating loop between its
coils as “specimen” will measure the flux @ due to the
average current in the loop within a fraction of the flux
quantum ®y = #/(2e), with i the Planck constant and e
the electronic charge. Optical interferometric measure-
ments will accurately give the speed v,,, and L is a pa-
rameter for the loop, to be measured in advance in a sep-
arate experiment. Therefore, a simple experimental rela-
tion between mass and the Planck constant is obtained
from this experiment (see [4] for a related discussion for
the Watt Balance Method), provided Q is very large. The
entire setup and theoretical analysis is considerably sim-
pler than the Watt Balance Method adopted in recent
attempts for the determination of the new standard for the
kilogram [3,4].
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In the next section, the actual design and implementa-
tion conditions necessary for this experiment are describ-
ed in detail.

3. Implementation of the L oop-Oscillator
Experiment

The design of the system has been discussed in [5,6], but
we describe here the main details. However, this discus-
sion does not include further details on the experimental
techniques to be adopted in the measurement of the mag-
netic flux produced by the loop and of its position and
speed, which lay beyond the scope of this paper and
should be considered in due course. The design should
start by the choice of a material to make the loop. Super-
conductors exist in the so-called types I and II [9]. The
problem with type I materials is that magnetic levitation
requires currents in the wire that would probably be too
high for a type-I material to sustain, and the wire would
become resistive. The application of B might also turn
parts of the wire into the “intermediate state”, in which
there are normal (resistive) regions mingled with super-
conducting regions, which is not desired here. By em-
ploying type-II materials, the mentioned difficulties with
the magnitude of the currents and the intermediate state
can be circumvented, since they are suitable for high
currents and fields. However, type-II materials have pro-
blems of their own. Flux penetrates in type-1I materials
in the form of flux-lines (FLs) for fields greater than the
lower critical field [9]. Figure 1 shows two magnetic
fields B, and B, greater than the lower critical field,
which are necessary in order to actually impose the full
type-1I superconducting conditions to the whole length of
wire, avoiding the intermediate state of lower fields. The
FLs carry a quantum of magnetic flux each and their
cores contain electrons in the normal state. If these lines
are not properly pinned, their motion under magnetic
forces will generate heat. Fortunately, suitable working
conditions can be devised to dramatically decrease such
effects [5]. Commercial type-II superconductors are ma-
terials like Nb-Ti alloys. These materials contain nano-
metric-scale Ti inclusions that interact quite strongly with
the FLs and pin then down. However, the motion of the
loop will generate oscillating currents quite close to the
wire surface [5], and these currents will produce a very
small field that might disturb the FLs in an irreversible,
hysteretic way, which must be avoided. If such fields are
kept below a threshold value [5,10,11], there will be no
major FLs displacements. The FLs will remain pinned,
only slightly displaced from their equilibrium positions
in the absence of that ripple field. The losses will be neg-
ligible for all practical effects, as calculated for a case
study in [5]. This latter reference brings a detailed nu-
merical example, in which a loop of mass of about 0.5
gram, subjected to a field difference B, of 0.3 T, will
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oscillate at 178 Hz frequency with an amplitude of oscil-
lations of about 8 um.

Although we can conclude that losses within the wire
can be made very small indeed, a remaining important
source of energy loss is the drag of the loop against the
cryostat atmosphere, even under high-vacuum. Tempera-
ture should be kept at the lowest possible level, prefera-
bly below 0.1 K. It has been shown in [5,8] that if the
above conditions alone dominate the energy dissipation
process a quality factor O on the order of 10" might be
reached. However, other possible sources of energy dis-
sipation should be avoided. Any electric or magnetic
coupling of the loop with its surroundings will incur in
extra losses. Eddy currents might be induced in metallic
parts like the cryostat itself and the magnets that produce
the field. Electrically insulating materials should there-
fore be used. In addition, the loop will produce an exter-
nal oscillating field on the order of some gauss, and if
permanent magnets are adopted the material used in the
magnets should be hard enough not to display hysteresis
under this kind of field. If a superconducting magnet is
used to produce the field imposed to the loop the mutual
inductance effect would be part of the measured value for
L and there would be no major dissipative terms added.
Just to conclude, special care must be taken also to avoid
the excitation of sidewise oscillations of the loop.

It might be possible to relax the requirement of ultra-
low temperatures, and work at, say, 4.2 K and high-
vacuum. The viscosity of the atmosphere will increase
the drag effect upon the loop by a fator of about 1000
[5,12]. The theoretical quality factor will drop from 10"
to the 107 range, which is comparable to that for elec-
tronic clocks used commercially, but even so the system
will still be very close to ideal conditions. Experiments at
77 K might even be tried, since the drag effect will in-
crease by a factor of about 50 between 4.2 and 77 K,
which might still be acceptable. In this case the loop
might be made of a high-temperature superconductor,
and the whole setup would require simpler refrigeration
techniques.

4. Conclusion

This paper has discussed in detail how an alternative
definition of mass can be proposed for a very high-Q
oscillating spring-load system. Provided the system starts
entirely at rest, the application of a constant force at ¢ =
0+ will lead to a 3-parameter relation between total en-
ergy, mass and the square of the oscillations speed. Such
relation, Equation (4), is the expression of the equilib-
rium achieved by the load in the presence of the sur-
rounding force fields. The concept is applied to the ex-
tremely high-Q superconducting loop-oscillator, which is
a system that traps energy from the surrounding magnetic
and gravitational fields and levitates in a nonhysteretic
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motion. The entirely new Equation (12) involves only
three parameters and relates the mass of the loop with the
Planck constant and the electronic charge. Such experi-
mental system should be of great interest for Metrolo-
gists since it provides an essentially magneto-dynamic
technique for obtaining an extremely precise measure of
the mass of an object.
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