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ABSTRACT 

A novel vibration isolator is constructed by connecting a mechanical spring in parallel with a magnetic spring in order 
to achieve the property of high-static-low-dynamic stiffness (HSLDS). The HSLDS property of the isolator can be tuned 
off-line or on-line. This study focuses on the characterization of the isolator using a finite element based package. 
Firstly using the single physics solver, the stiffness behaviours of the mechanical and magnetic springs are determined, 
respectively. Then using the weakly coupled multi-physics method, the stiffness behaviours of the passive isolator and 
the semi-active isolator are investigated, respectively. With the found stiffness models, a nonlinear differential equation 
governing the dynamics of the isolator is solved using the time-dependent solver. The displacement transmissibility ra-
tios of the isolator are obtained. The study confirms that the isolation region of the isolator can be widened through 
off-line or on-line tuning. 
 
Keywords: High-Static-Low-Dynamic Stiffness Spring, Semi-Active Vibration Isolator, Magnetic Spring, Coupling of 

Structural Mechanics and Magnetics 

1. Introduction 

Vibration isolation is one of the vibration suppression 
methods [1-5]. There are two kinds of vibration isolation: 
to isolate a vibration source from its support and to iso-
late a base excitation from a device. This study focuses 
on the second type. A simplest vibration isolator consists 
of a spring and a damper arranged in parallel. The spring 
plays a dual role: to support the weight of the device and 
to isolate the base motion. For a linear spring isolator, 
vibration isolation occurs when the natural frequency ωn 
of the isolator system is smaller than 2b  where ωb 
is the frequency of the base motion or exciting frequency. 
To increase the isolation region, the stiffness of the iso-
lator spring should be made as low as possible. However, 
lowering the isolator’s stiffness results in a large static 
deflection that is undesirable. To overcome this problem, 
a high-static-low-dynamic stiffness (HSLDS) spring can 
be used. The HSLDS isolator is capable of supporting a 
large static load while possessing a low natural frequency 
[6,7]. 

A passive isolator is effective if operating conditions 
remain unchanged. However, if operating conditions 
vary, the isolator’s performance may deteriorate. A semi- 
active or tunable vibration isolator is capable of altering  

its stiffness or damping level in real time based on the 
response. Semi-active vibration isolators have been re-
ceiving increasing interest because they combine the ad-
vantages of both the passive and active devices [8-10]. 
On one hand, they preserve the reliability of the passive 
devices even in the event of power loss; on the other 
hand, they possess the adaptability of the active devices 
without a great amount of power consumption. 

The tunable HSLDS isolator proposed in [11,12] be-
longs to the family of variable stiffness devices. The no-
table feature of the device is that its stiffness can be in-
stantly decreased or increased without any moving parts. 
The ability of on-line tuning makes the isolator quickly 
adapt to the operating conditions so that the optimal per-
formance is maintained. The isolator spring consists of a 
mechanical spring and an electromagnetic spring. As 
both the springs are nonlinear, determination of their 
stiffness models presents a challenge. In [11,12] an ex-
perimental approach was taken for this purpose. Another 
effective method to deal with such a system that involves 
two physics is to use a finite element (FE) based mul-
tiphysics software. This paper reports a characterization 
study for the isolator using Comsol Multiphysics, a 
commercial FE package. The aim of the study is twofold: 
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to determine the stiffness behaviors of the isolator sp- 
rings, and to evaluate the performance of the isolator in a 
passive mode or semi-active mode. The rest of the paper 
is organized as follows. In Section 2, the proposed 
HSLDS isolator is introduced. In Section 3, the stiffness 
characterization is addressed. In Section 4 the displace-
ment transmissibility of the HSLDS isolator is evaluated. 
In Section 5, the study conclusions are presented. 

2. A Tunable HSLDS Isolator 

Figure 1 shows a schematic of the tunable HSLDS iso-
lator proposed in [11,12]. A steel beam (2) is used to 
support a permanent magnet (PM) (3). The permanent 
magnet acts as an isolated mass and is referred to as mass 
m. The mass-beam assembly is placed between a pair of 
electromagnets (EMs) (4). The EMs are fastened to an 
aluminum base through two aluminum brackets. The 
mass-beam assembly is held by two aluminum supports 
(1) that are fixed onto the base. The tension of the beam 
can be adjusted by the screws (5). The EM coils are con-
structed by Gauge 22 copper wire. The outer diameter 
and length of the coil are 46.6 mm and 88.0 mm, respec-
tively. The number of the coil turns is about 3565. The 
EM core is a low-carbon steel bolt with a diameter of 
13.0 mm and length of 150.0 mm.  

As shown in Figure 2, two springs are involved in the 
isolator. The beam acts as a mechanical spring denoted 
as kb. The interaction between the PM and the EMs re-
sults in an electromagnetic spring denoted as kpe. The 
electromagnetic spring kpe consists of two parts: kpc and 
kpf where kpc is due to the interaction between the PM and 
the EM cores and kpf is due to the interaction between the 
PM and the flux generated by the EMs. Note that the net 
magnetic force acting on the mass or PM behaves in the 
following way. When the mass is located exactly in the 
middle of the gap of the EMs, the net magnetic force is 
zero. With the EM polarities shown in Figure 2, when  
 

 

Figure 1. Schematic of the tunable HSLDS isolator. 

 

Figure 2. Two springs involved in the proposed isolator. 
 
the mass moves to the left, the net magnetic force acts 
leftward, which corresponds to a negative magnetic 
stiffness. With the reversed EM polarities, when the mass 
moves to the left, the net magnetic force acts rightward, 
which corresponds to a positive magnetic stiffness. It 
should also be noted that the static stiffness depends only 
on the mechanical spring, while the dynamic stiffness 
comes from the combined effect of the mechanical spring 
and the electromagnetic spring. 

3. Stiffness Characterization 

3.1. The Mechanical Spring 

Figure 3 illustrates the Comsol model used to study the 
stiffness of the mechanical spring. The model was cre-
ated in the Plane Stress mode of Structural Mechanics 
module. A 2-D model is used in order to reduce compu-
tational burden. The mass or PM is represented by block 
(3) with a size of 25.4 × 29.0 mm (width × height). The 
beam is represented by member (2) with a size of 148.0 × 
0.5 mm (length × thickness) and a Young’s modulus of 
207.0 GPa. To account for the effect of the beam sup-
ports, two vertical aluminum beam members (1), with 
their ends fixed, are used. The size of the vertical alumi-
num beams is 80.0 × 3.0 mm (length × thickness) and the 
Young’s modulus is 70.0 GPa. The depth of all the 
members is 25.4 mm. 

To find the stiffness of the mechanical spring, a verti-
cal force is applied to the center of the mass. Using the 
parametric solver, the displacements of the mass corre-
sponding to a given range of the vertical forces are ob-
tained. The solid line in Figure 4 represents the relation-
ship between the applied force and the mass displace-
ment. From this relationship, the stiffness of the me-
chanical spring can be found. To verify the Comsol 
simulation result, an experiment was conducted to de-
termine the relationship between the applied force and 
mass displacement [12]. The circles in Figure 4 repre-
sent the experimental values. It can be seen that the two 
results agree each other. Figure 5 compares the stiffness  
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Figure 3. Comsol model of the mass-beam-support assembly. 
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Figure 4. Restoring force of the mechanical spring versus 
the mass displacement. 
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Figure 5. Stiffness of the mechanical spring. 
 
values computed from the force-displacement relation-
ships. It is noted that the stiffness increases with an in-
crease of the mass displacement. This indicates that the 
mechanical spring exhibits the characteristics of a hard-
ening spring. 

3.2. The Electromagnet Spring 

Figure 6 shows the Comsol model for the electromag-
netic spring the model is built using Magnetostatics 
mode of AC/DC Module. The PM is modeled as a block  

with a size of 25.4 × 25.4 × 29.0 mm (length × width × 
height). The magnetization of the PM is 786.23 kAm−1. 
Each of the EMs is modeled as an assembly of a solid 
cylinder representing the steel core and a hollow cylinder 
representing the coil. The diameter and length of the 
solid cylinder are 13.0 mm and 150.0 mm, respectively. 
Its relative permeability is 152.7 when the EM current is 
zero. The inner and outer diameters of the hollow cylin-
der are 13.0 mm and 46.6 mm, respectively. The length 
of the hollow cylinder is 88.0 mm. The EM-PM-EM as-
sembly is surrounded by two cylindrical free spaces. The 
dimension of the inner free space is 660.0 × 160.0 mm 
(length × diameter) and the dimension of the outer free 
space is 700.0 × 200.0 mm (length × diameter). The outer 
free space consists of infinite elements [13]. 

Magnetic force simulations require a fine mesh in or-
der to obtain a reasonable accuracy. In particular, the 
mesh on the exterior boundaries of the object where the 
force is evaluated needs to be extra fine. A finer mesh 
reduces the computation error but consumes more com-
puter resources. The “Normal” mesh was used in the 
model. In order to ensure an accurate evaluation of the 
force, the maximum element size is specified for the 
relevant members. In particular, the maximum element 
size of the two hollow cylinders is 4.0 mm. The maxi-
mum element size of the two pole faces of the PM and 
the adjacent end faces of the steel cores is 1.0 mm. 

The magnitude of the external current density that 
flows in the cross section of the hollow cylinder is ap-
proximated to be the EM current density in each turn.   

0 2π

I
J

r
                   (1) 

where J0 is the magnitude of the external current density, 
I is the current in the EM and r is the radius of the coil 
wire. The x component of the external current density is 
(the coordinate system is defined in Figure 6) 

0

2 2x

J z
J

x z





                (2) 

and the z component of the external current density is 

0

2 2z

J x
J

x z



                 (3) 

When the PM is placed between the EMs that are not 
energized, the interaction between the PM and the steel 
cores of the EMs constitutes a permanent magnet spring. 
When the PM is in the middle of the gap of the EMs, the 
net force on the PM is zero. When the PM is displaced 
along the y axis, the net force tends to move the PM 
away from its equilibrium position. Such a force is con-
sidered to be a negative restoring force. By placing the 
PM at different locations along the y axis, the relation  
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Figure 6. Comsol model of the electromagnetic spring. 
 
ship between the net force and the PM displacement is 
obtained. Figure 7 presents the force-displacement cur- 
ves for four different gap distances. From these relation-
ships, the stiffness relationships are obtained. Figure 8 
shows the stiffness curves of the PM spring correspond-
ing to the results of Figure 7. It can be observed that 
when the gap distance becomes smaller, the stiffness 
becomes more negative. In addition, the greater the gap 
distance, the smaller the stiffness variation. 

When the EMs are energized, the force acting on the 
PM depends on several factors such as the flux density 
produced by the EMs, the magnetization and position of 
the PM, and the relative permeability and size of the steel 
cores. Many studies have shown that the relative perme-
ability of ferromagnetic materials is sensitive to several 
factors such as temperature and applied magnetic field 
intensity [14-16]. For example, when an electromagnet is 
energized, the temperature of its core will rise, which 
inevitably alters the relative permeability of the core. 
And when a PM is near a ferromagnetic material, the 
strong magnetic field generated by the PM will lower the 

relative permeability of the material. Therefore, selecting 
a proper relative permeability for the steel core plays a 
critical role in simulation. 

In this study, to simplify the simulation, it is assumed 
that the relative permeability of the steel core depends 
only on the amplitude of the EM current. To obtain 
proper relative permeability values, the following ap-
proach was taken. First an experiment was conducted to 
measure the interacting forces between the PM and one 
EM. After a DC current was applied to the EM, the 
forces acting on the PM were measured for different gap 
distances between the PM and the EM. The circles in 
Figure 9 are the measured force values corresponding to 
the EM currents varying from −2.0 A to 2.0 A at the step 
size of 0.2 A. Then in order to compute the interacting 
force between the PM and one EM, one of the EMs in the 
model shown in Figure 6 was removed. Using a trial 
value for relative permeability, the force between the PM 
and the EM was computed for a given EM current and 
gap distance. By varying the gap distance from 2.0 mm 
to 60.0 mm at the step size of 2.0 mm and fixing a cur- 
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Figure 7. The net force on the PM for four different gap 
distances. 
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Figure 8. Stiffness of the permanent magnet spring for four 
different gap distances. 
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Figure 9. Interacting forces between the PM and the EM 
when the currents vary from −2.0 A to 2.0 A in a step of 0.4 
A. 

rent, the relationship between the computed force and the 
gap distance was obtained. The root-means-squared (RMS) 
error between the computed force values and the meas-
ured ones for a given current was found. Varying the 
relative permeability value changed this RMS error. The 
simulation was repeated by varying the relative perme-
ability values continuously until a minimum RMS error 
was obtained. The relative permeability value that re-
sulted in a minimum RMS error was taken as the esti-
mated value. The solid lines in Figure 9 shows the force 
values computed by the Comsol model with the esti-
mated relative permeability values. It can be seen that the 
computed force values follow the general trend of the 
measured ones. Figure 10 shows the estimated relative 
permeability values vs. the EM current. Two observa-
tions can be made. First, the relative permeability value 
decreases significantly when the current magnitude in-
creases up to 1.0 A. Second, when the current magnitude 
is large, say greater than 1.0 A, the relative permeability 
value becomes very small and less sensitive to the cur-
rent variation. These observations confirm the assump-
tion that the relative permeability of the core depends on 
the current magnitude. The second observation indicates 
that the stiffness tunablity of the EM spring is affected by 
the saturation of the relative permeability when the cur-
rent magnitude exceeds to a certain level (in this case, 
about 1.0 A). 

As pointed out previously, one of the main factors af-
fecting the relative permeability is the temperature 
change in the core. An experiment was conducted to 
measure the temperatures of the core while the EM cur-
rent varied. In the experiment, after a given current was 
applied to the EM for 30 minutes, the surface tempera-
ture of the core end was measured using a digital tem-
perature meter. After that, the EM was let to cool down  
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Figure 10. The estimated relative permeability values ver-
sus the EM currents. 
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for 30 minutes and the experiment was repeated for a 
new current. Figure 11 shows the result. It is noted when 
the current is low, the temperature increase is relatively 
slow and when the current is high, say above 1.0 A, the 
temperature increases drastically.The results indicate that 
the relative permeability change is not entirely attributed 
to the core temperature change. It is well known that the 
magnetic permeability of low-carbon steel materials 
quickly becomes saturated when the magnetic field is 
increased. Thus the magnetic saturation is used to explain 
why the relative permeability change is high when the 
current magnitude is small. 

With the estimated relative permeability values, the 
model of Figure 6 was used to study how the EM current 
and the gap distance affect the stiffness of the EM spring. 
Figure 12 demonstrates the forces of the EM spring for 
four EM currents at D = 76.0 mm when the PM is placed 
at different locations. From these relationships, the cor-
responding stiffness values of the EM spring can be ob-
tained, as shown in Figure 13. It can be observed that 
with an increase of the current, the EM stiffness becomes 
more negative. 

3.3. The Passive HSLDS Isolator 

When the mass-beam assembly is placed between the 
electromagnets that are not energized, a passive HSLDS 
isolator is obtained. To simulate the passive HSLDS iso-
lator, a multiphysics functionality is required as it in-
volves two physics, namely, structural mechanics and 
electromagnetism. Comsol software provides two ways 
to tackle a multiphysics problem: fully coupled and 
weakly coupled. In order to simplify the simulation, a 
“weakly coupled” way was employed in this study. This 
method solves for one type of physics at a time and then 
uses that solution as the initial value to solve for the other 
type of physics [13]. 
 

 

Figure 11. The core temperature vs. the EM current. 
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Figure 12. The net force acting on the PM for four EM cur-
rents at D = 76.0 mm. 
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Figure 13. Stiffness of the EM spring for four EM currents 
at D = 76.0 mm. 
 

As shown in Figure 14, the total restoring force of the 
passive isolator spring is given by: 

b mF F F                    (4) 

where Fb is the restoring force of the beam and Fm is the 
net magnetic force. Both Fb and Fm depend on the loca-
tion of the mass. When the model shown in Figure 3 is 
run under the Structural Mechanics module, F = Fb. 
Therefore, by applying a force to the mass, the displace-
ment of the mass can be found. Then the mass position in 
the model of Figure 6 is adjusted to this position and the 
model is run under the AC/DC module to find the corre-
sponding force Fm. With Fb and Fm, the total restoring 
force F is obtained using Equation (4). This process was 
automated through a Comsol script. Figure 15 shows the 
total restoring forces versus the mass displacement for 
four gap distances. Figure 16 demonstrates the corre- 
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Figure 14. Forces acting on the mass. 
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Figure 15. Total restoring forces versus the mass displace-
ments for four different gap distances. 
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Figure 16. Dynamic stiffness values of the passive isolator 
for four different gap distances. 
 
sponding stiffness curves. It can be observed that reduc-
ing the gap distance will lower the isolator stiffness. 
When the gap distance is too small, for example D = 60.0 

mm, the isolator stiffness in the neighbourhood of the 
equilibrium position becomes negative, resulting in an 
unstable system. 

3.4. The Tunable HSLDS Isolator 

When the electromagnets are energized, the isolator’s 
stiffness becomes on-line tunable. The weakly coupled 
approach was again used to determine the total restoring 
forces of the isolator spring. Figure 17 shows the curves 
of the total restoring force versus the mass displacement 
for four different EM currents when the gap distance of 
the isolator is 76.0 mm. Figure 18 demonstrates the cor-
responding stiffness curves. It can be seen that increasing 
the EM current causes the isolator’s stiffness to decrease. 

4. Displacement Transmissibility Ratio 

The previous section has shown that the dynamic stiff- 
ness of the isolator can be reduced by either reducing the 
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Figure 17. Total restoring forces of the isolator spring for 
four EM currents at D = 76.0 mm. 
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Figure 18. Dynamic stiffness values of the isolator spring 
for four EM currents at D = 76.0 mm. 
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gap distance or by increasing the EM current. In this 
Section, the performance of the isolator is investigated by 
evaluating the displacement transmissibility ratio (T.R.). 
First the T.R. is defined. When a vibration isolator is 
subjected to a sinusoidal base excitation given by 

 sin by Y t                (5) 

where Y and ωb are the amplitude and frequency of the 
base motion, respectively. The steady-state response of 
the isolated mass is given by 

sin bx X t                 (6) 

where X and θ are the amplitude and phase of the steady- 
state response of the isolated mass, respectively. The 
displacement transmissibility ratio (T.R.) is defined as 

. .T R X Y                 (7) 

when T.R. < 1, the vibration isolation occurs. 
Because the isolator stiffness is nonlinear, a closed- 

form solution for its T.R. does not exist. In this study, a 
numerical solution was conducted using Comsol mul-
tiphysics package. Several attempts were made. One at-
tempt was to use the weakly coupled method. It failed 
due to an enormous computational burden and conver-
gence problem. In another attempt, the magnetic spring 
was treated as a lumped-parameter element whose re-
storing force equations were determined from the results 
presented in Section 3.2. This lumped-parameter spring 
was added to the model shown in Figure 3. The time- 
dependent solver provided in the Structural module was 
used to find the response of the mass to a given base mo-
tion. The simulation worked when the frequency of the 
base motion was away from the natural frequency of the 
system. However, when the frequency of the base motion 
was close to the natural frequency of the base motion, the 
simulation failed to converge. To avoid the aforemen-
tioned difficulties, the isolator was simplified as a lum- 
ped-parameter system and its equation of motion is given 
by: 

 mz cz f z my                   (8) 

where m is the mass, c is the damping coefficient, z = x − 
y is the relative displacement of the mass, and f(z) is the 
restoring force of the isolator spring. For the passive iso-
lator, the restoring force is obtained by adding the re-
storing force of the beam (solid line in Figure 4) and the 
restoring force of the magnetic spring (Figure 7). For the 
semi-active isolator, the restoring force is obtained by 
adding the restoring force of the beam and the restoring 
force of the electromagnetic spring (Figure 12). By as-
signing y = Ysin(ωbt) as the base motion and using z = x 
− y, Equation (8) is rewritten as 

   sin cosb b bx cx f x Y t cY t            (9) 

The above equation was imported in the global equation 
dialog box in the Structural Mechanics module. The 
time-dependent solver was employed to solve the equa-
tion. 

The damping coefficient was estimated by the follow-
ing procedure. First, a free response experiment was 
conducted on the passive isolator. In the experiment, the 
mass was displaced by 2.26 mm and released. The in-
duced free response was measured. Using the measured 
free response, the damping coefficient was estimated to 
be c = 0.13 Ns/m. Then a Comsol simulation was con-
ducted with c = 0.13 Ns/m as a trial damping coefficient. 
The simulated response was compared with the measured 
one. The simulation was repeated by varying the trial 
damping coefficient values. The damping coefficient that 
resulted in the best agreement between the simulated 
response and simulated one was chosen to be the value 
used in the following simulations. Figure 19 compares 
the measured response and simulated one with the dam- 
ping coefficient obtained using the above procedure. 

The amplitude of the sinusoidal base motion was taken 
as 1.0 mm and the initial conditions were zero. It was 
observed that the response became almost steady state 
after 24.0 seconds. A Comsol script was used to compute 
the RMS value of the response in the duration of 24.0 
second and 30.0 second. The transmissibility ratio was 
computed using the ratio of the RMS value of the mass 
displacement over that of the base motion. By varying 
the exciting frequency from 1.0 Hz to 25.0 Hz in a step 
size of 0.5 Hz, the relationship between the transmissibil-
ity ratio and the base exciting frequency was obtained. 

Figure 20 compares the T.R. values of the passive iso-
lator for four different gap distances: D = ∞ mm or 
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Figure 19. The measured response and simulated response 
of the mass subject to an initial displacement 2.26 mm. 
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Figure 20. The measured response and simulated response 
of the mass subject to an initial displacement 2.26 mm. 
 
with the mechanical spring only (System 1), D = 64.0 
mm (System 2), D = 68.0 mm (System 3), and D = 76 
mm (System 4). Several observations can be drawn. With 
the mechanical spring only or System 1, the transmissi-
bility ratio increases with an increase of the exciting fre-
quency up to about 18 Hz. After that, the transmissibility 
ratio drops drastically. A further increase of the exciting 
frequency makes the value of the transmissibility ratio 
less than one. A sudden jump in the amplitude of the 
steady-state response is a typical phenomenon in systems 
with a hardening or softening stiffness [7,17]. In this pa-
per, the lowest exciting frequency that causes such a 
jump phenomenon is referred to as the jump frequency. 
With the influence of the PM spring (Systems 2, 3, 4), 
the pattern of the transmissibility ratio curve remains 
similar but the jump frequency shifts to the left when the 
gap distance decreases. This indicates that the introduc-
tion of the PM spring widens the vibration isolation re-
gion. It is also noted that the PM spring causes an in-
crease of the transmissibility ratio in the low frequency 
region. 

The same process was employed to compute the 
transmissibility ratios for the semi-active isolator with a 
gap distance of D = 76 mm. Figure 21 shows the results 
of four cases. Note that the restoring forces of the spring 
of the four cases are given in Figure 17. From Figure 21, 
it can be seen that with an increase of the EM current, the 
pattern of the transmissibility ratio curve remains similar 
but the jump frequency shifts to the left and the vibration 
isolation region is widened. It is also noted that with an 
increase of the EM current, the transmissibility ratio in 
the low frequency region increases. 

5. Conclusions 

The characterization study for a novel vibration isolator  
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Figure 21. Transmissibility ratios of the semi-active isolator 
with D = 76.0 mm: I = 0.0 A (solid line); I = 0.6 A (dashed 
line); I = 1.2 A (dash-dotted line); I = 2.0 A (dotted line). 
 
has been conducted using Comsol Multiphysics package. 
The stiffness behaviors of both the mechanical spring 
and magnetic spring have been determined. The study 
has shown that the mechanical spring possesses a posi-
tive nonlinear stiffness while the magnetic spring pos-
sesses a negative nonlinear stiffness. The simulation has 
shown that the stiffness of the magnetic spring can be 
varied by either changing the gap distance or the current. 
Using the weakly-coupled multiphysics approach, the 
combined stiffness of the passive isolator has been inves-
tigated. It has been found that the HSLDS property of the 
passive isolator can be tuned by varying the gap distance 
of the EMs. Using the weakly-coupled multiphysics ap-
proach, the combined stiffness of the semi-active isolator 
has been investigated. It has been found that the HSLDS 
property of the semi-active isolator can be varied by 
varying the EM current. A lumped-parameter model has 
been used to simulate the dynamic responses of the pas-
sive isolator and semi-active isolator to a base excitation. 
The obtained relationships between the transmission ratio 
and the exciting frequency have verified that the isolation 
region of the isolator can be effectively widened by ei-
ther reducing the gap distance or increasing the current of 
the electromagnets. This study has demonstrated that a 
multi-physics finite element package can be used to 
tackle a nonlinear system that involves two different 
physics. The study has also shown that an experimental 
calibration or validation is critical in order to obtain a 
reliable computer simulation using a finite element based 
package. 
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