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ABSTRACT 

Scattering of the electromagnetic waves by a randomly inhomogeneous electrically gyrotropic slab are studied using 
the perturbation method. Second order statistical moments of the ordinary and extraordinary waves scattered by the 
magnetized plasma slab are obtained using the boundary conditions for an arbitrary correlation function of electron 
density fluctuations. Normalized correlation functions at quasi-longitudinal propagation along the external magnetic 
field are calculated for the carrier frequency 0.1 MHz and 40 MHz. Isolines of the normalized variance of Faraday an-
gle are constructed for the anisotropic Gaussian correlation function at various anisotropy factors of irregularities. 
Obtained results are in a good agreement with the experimental data. 
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1. Introduction 

At the present time the features of light propagation in 
random media have been very well studied [1]. Atmos- 
pheric turbulence has a significant influence on radio 
wave propagation in the atmosphere causing fluctuations 
of the key parameters of the wave. Analysis of the statis- 
tical moments of small-amplitude electromagnetic waves 
scattered by turbulent anisotropic plasma slab is very 
important in many practical applications associated with 
both natural and laboratory plasmas. Angular power 
spectrum, scintillation effects and the angle-of-arrival of 
scattered electromagnetic waves by turbulent anisotropic 
magnetized ionospheric plasma slab for both power-law 
and anisotropic Gaussian correlation functions of elec- 
tron density fluctuations were investigated analytically 
and numerically in [2-4]. Statistical characteristics of the 
amplitude and phase of scattered radiation by turbulent 
magnetized plasma slab with electron density and mag- 
netic field fluctuations via the perturbation method were 
analyzed in [5]; phase portraits of the amplitude and 
phase correlation functions have been also constructed. 

Electric field components of the scattered electromag- 
netic waves by magnetized plasma slab and second order 
statistical moments for arbitrary correlation function of 

electron density fluctuations are obtained. The results are 
valid for near and far zones with respect to plasma slab 
boundaries. Depolarization of the ordinary and extraor-
dinary waves scattered by turbulent magnetized plasma 
slab and normalized variance of the Faraday angle 2

F  
are investigated in this paper analytically by the pertur-
bation method and numerically using the anisotropic 
Gaussian fluctuation spectrum. 

2. Formulation of the Problem 

Let us consider electromagnetic waves scattering by 
plasma slab having finite thickness L. If the frequency of 
an incident wave satisfies the condition  

0ei H Mc    , the ions can be considered immov-
able and only motion of electrons can be taken into ac-
count; i  is the ion gyrofrequency, e is the electron 
charge, 0H  is the strength of the external magnetic field, 
M is the mass of an ion and c is the speed of light in 
vacuum. If eff  , eff  is the effective electron col-
lision frequency with the ions and molecules, conduction 
current can be neglected and the total current in the me-
dium equals to the displacement current eN j w , 
where w is the velocity of electrons, N is the electron 
density in magnetized plasma. If the fields have time- 
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harmonic dependence  exp i t , wave equation for 
electric field strength E can be written as [5]: 

2 0
0

4π
e

k
k i N

c
   E E w .           (1) 

Taken into account that  e ei m    0w E w H mc , 
(1) can be written as:  
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where: 0k c , 2 2
eu   , 2 2v p  ,  

 1/224π ep N m   being the electron plasma frequency,  

0ee H mc   is the electron gyrofrequency. For ho-
mogeneous gyrotropic medium without fluctuating plas- 
ma parameters (2) takes the tensor form:  
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Second rank permittivity tensor is expressed as: 
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where ijk  is the asymmetric tensor of the third rank. If 
the wave is propagating along the z axis and  

 from (3) we obtain the set of homoge-
neous algebraic equations: 
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components of ij  second rank tensor are:  

xx   1 v 1 u  ,  

   21 v  1 sin 1yy u u   , 

zz     21 v 1 cos 1u u   , 

vxy   yx   i u  cos 1 u  , 

 v sin 1xz  

yz

zx   i u u  , 

   vsin cos 1zy u u    , 

  is the angle between wave vector k and the external 
magnetic field 0 . If H 0zx k k is non-dimensional 
parameter, we obtain the following dispersion relation:  
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the roots of which are: 
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(7) 

Two types of waves exist in homogeneous magnetized 
plasma under consideration. If  0  

yz

 (longitudinal pro- 
pagation of wave along the imposed magnetic field), 
taking into account 0xz zx zy       , xx yy   

and xy i xy   , (6) reduces to:  

 2
xy4 2

xxx x  22 xx 0     and has the roots:  

0 xx xyk k    I  and 0 xx xyk k   II  . Wave in ho-  

geneous plasma propagates if , i.e. the condition  2
0k kII
2

is fulfilled:  1 u    1
1 u v . From these equa- 

tions it follows that for the root  we have kI

0 0x yE E i   (corresponds to a right-handed circularly 
polarized wave) and for the second root II  we have k

0 0x yE E i  (corresponds to a left-handed circularly 
polarized wave). Since I  the rotation is clockwise. 
Faraday rotation angle is equal to 

k kI I

  2F k k z  II I  (z 
is the distance traveling by wave in the homogeneous 
plasma). We have estimated the angle using the follow-
ing plasma parameters: 6108.8e   , pe , which 
correspond to the mean values of the parameters in F 
region of the Earth’s ionosphere. The wavelength was 
chosen to be 100 m and the plasma parameters are equal 
to 

7 10

0.22u  , v 0.28.  Angle of Faraday rotation is 

F 0.01 z   1m , which means that vector rotates anti-
clockwise. This conclusion is valid if the angle between 
the wave propagation and the external magnetic field is 
sharp. 

3. Statistical Characteristics of  
Electromagnetic Waves scattered by  
Turbulent Magnetized Plasma Slab 

Let us calculate the second-order statistical moments of 
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scattered radiation by turbulent magnetized plasma slab 
with electron density and magnetic field fluctuations. 
Each of the terms in (2) can be presented as the sum of 
the mean value and small fluctuating terms, which are 
random functions of the spatial coordinates:  E E e , 

 0 0H H h , N N  n . The angular brackets in-
dicate the statistical average. If the fluctuations are small, 
we can use perturbation method and fluctuating electric 
field satisfies the following differential equation [5]:  

2
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 0μ h H ,  0 0τ H H , ij  are components of  
the second-rank tensor of collisionless magnetized plas- 
ma. At quasi-longitudinal propagation the determinant 
reduces to the biquadrate equation:  
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where the components of the dielectric permittivity are: 
,   1

1 v 1xx yy u        1
v 1xy u u   ,  

1 vzz   , 0x xk k  , 0y yk k  , zx c k  . Ne-
glecting a small parameter i , (9) can be rewritten as: 
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In the absence of an external magnetic field, from (10) 
we obtain the well-known dispersion equation: 2   

2 2 2
p zc k  . If  we have: 1u 

 
2 1/2e 2 2

e

1 1
2

p
z

xx

L k
 

     
,         (11) 

where: 2 2 24

 
2

e
2 12 2
e

2
1

z

z p z

c k

k L k









 
/2

 , 

 
22

e
2 2 2 2

e

1
2

1z p z

c

k L k









 
3/2

.        (12) 

Using the perturbation method, the solutions of the 
stochastic differential Equation (8) satisfying the bound-
ary conditions have the following form:  
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where  ,x yk kκ

(2 1

 the transversal wave number,  

1 1 2 ) zzp

4L c e xx pe   ,  2 21 xx pe e . Ex- 
pressions for the wave group velocity and dispersion are: 

   

    , 2 1 22 zz xx xyp        , 

2
3 1 zzp    , 

1 2 xy zzq    , 2 3 42 2zz xy zzq        , 

3 3 42 zz xy xxq         2
4 3 zzq,    ,  

1
0 v (1 ) xu E     , 1 1 u   ,  

1 14 xy    , 2 34 xy     , 

1/2
1 ( )xx xy     , 2 ( ) 4 ,xx zz xy zz xx xy            

1/2
3 ( )xx xy     , 4 ( ) 4xx zz xy zz xx xy           , 

0/x xk k  , ,  0/y yk k 

2 2
1 1 2 ( )x yx       , 2 2

2 3 4 ( )x yx       . 

The mean field components  

 0expj j jE E i q z  are slowly varying func- 

Copyright © 2011 SciRes.                                                                               JEMAA 



Depolarization Effects of Incoherently Scattered Electromagnetic Waves by Inhomogeneous Magnetized Plasma Slab 474 

tion of z due to the attenuation of the mean field caused 
by transition of the mean field energy to the fluctuating 
one. We assume that the thickness of plasma slab is 
much smaller than the attenuation length and jE  is 
constant [5]. Square of the refractive index correspond-
ing to the two normal waves propagating in the homoge-
neous magnetized plasma is determined with the 
well-known formula [6]: 
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where  , ,D x y zW k k   is the arbitrary two-dimensional 
nsity wave num pectrum of the electron de

irregularities, 1 2t x x  , 1 2y x x
ber power s

  . This expression is 
valid for the near  1R   and far  1R   zones, 

2
0R L k l   i y pa . Angular brackets 

indicate the statistical . 
pectrum of the scattered field, which is of 

great practical importance, is 

s the wav rameter

 average
Spatial s

the Fourier transformed 
correlation function of the scattered field. This statistical 
characteristic of the scattered radiation is equivalent to 
the ray intensity (brightness), which enters in the radia- 
tion transport equation. Phase fluctuations are determined 
by imaginary part of scattered electric field allowing to 
calculate structure function  

     , , 2 0,0, , ,D X Y L W L W X Y L      and hence 
the angle-of-arrival of scattered radiation in the principle 
and perpendicular planes [1,4]: 
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In various measuring equipments (for example, 
systems measuring velocity of aircrafts) registering para- 
m

in the 

eter is the frequency. In this case, frequency fluctua- 
tions caused by electromagnetic waves scattering on tur- 
bulence irregularities put the natural restrictions on the 
accuracy of measurements. Using the frozen-in turbu- 
lence hypothesis taking into account the velocity 0V  of 
irregularities motion, the variance of the frequency fluc-
tuation can be written in the following form:  
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If   is the angle between the direction
ty of irregularities and an observation line, correlation 
fu io

 of drift veloci- 

nct n of frequency can be written as:  
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Correlation function of frequency fluctuations is ani
tropic due to the presence of the wind direction eve
is

7]: 

so- 
n at 

otropic correlation function of phase fluctuations. From 
this expression it is possible to calculate and measure the 
horizontal drift velocity of plasma motion if other para- 
meters are known. 

Second order statistical moments allow to calculate the 
Stokes parameters [
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4. Numerical Results and Discussions 

Experiments registering the phase
signals radiating by the Earth satellite show tha
the regular phase difference in time, there are a
gular phase variations caused by the electron density ir-
regularities. Information about the shape and dimensions 
of the ionospheric irregularities is obtained from the spa-
tial-temporal measurements of scattered field on three 
spaced antennas. The measurements have shown a sig-
nificant extension of the ionospheric irregularities along 
the geomagnetic field. Fluctuations may be caused by the 
irregularities of electron density of sizes 0.5 - 1.5l   km 
and by the relative dispersion of the electron density 
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b sian irregularity spectrum. Therefore, in the 
lculations we use anisotropic Gaussian cor- 
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unction of electr V  relation f on density fluctuation [10]:  
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and 0.0012u  , v 0.0133  (for 40 Hz),   M
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Figure 1. Normalized correlation function of scattered ordinary and extraordinary waves in the xoz and yoz planes, respec-
tively, if the frequency of an incident wave is 0.1 MHz; at , L = 100 km,  km. k0L = 120 l = 1∥
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Figure 2. Normalized correlation function of scattered ordinary and extraordinary waves in the xoz and yoz planes, respec-
tively, if the frequency of an incident wave is 40 MHz; at, k · 105, L = 200 km,  km. 0L = 1.68 l = 4∥

 

50

50

100

100

15
0

150

150

200

200

200

25
0

250

250

250

300

300

300

350

350
400

Y

X
0.2 0.4 0.6 0.8 1

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 
 

 
 
Figure 3. Normalized on N  values of the root-mean-squ-

re deviation of the Faraday angle 
 

a Fθ  versus distances 
between perpendicularly or nted antennas at l = 1∥  km; 
if = 1χ , 0

ie
γ = 0˚ (а); = 5χ , 0γ = 5˚ (b). 

 
  .8k k  . Thickness of the slab is equal 10 m (at 

0.1 MHz) and 200 km (at 40 MHz), irregularities have 
field line direction 0 0  ; xX l   and yY l   
are normalized ween the observation points.  

Analysis sh
 distances bet

ow that correlation between ordinary and ex- 
traordinary waves decreases in proportion to the anisotropic 
factor  . Fluctuation he F angle s of t araday F  in the

ar

 
ionosphere are caused by scattering of an incident line- 

ly-polarized wave on random inhomogeneities of elec- 
tron density fluctuations. Pronounced fluctuations F  
of polarization twist were registered at receiving signals 
from radio beacons of low-altitude satellites at the fre- 
quencies of 20 - 50 MHz. At the frequencies exceeding 
electron gyrofrequency the main effect related with the 
magnetic field is the Faraday rotation of linearly polar- 
ized wave. The rotation is caused by a continuous varia-  
tion of the phase difference of two circularly polarized 
waves having opposite rotation directions [6-8]. 

Two receiving antennas are located in orthogonal 
planes. Faraday angle increases in proportion of the fre- 
quency of an incident wave in the interval of 50˚ - 400˚, 
while for metric electromagnetic waves it was equal to 
7

anc

. Isolines of the normalized root-mean-square devia- 
tion of the Faraday angle nonlinearly depend on the angle 
of inclination of prolate irregularities and increase in 
proportion to the anisotropy factor. Isolines of the vari-

e of the Faraday angle 2
F   normalized on the 

variance of electron density fluctuations 2
N  are shown 

in Figure 3. 

5. Conclusions 

Second order statistical moments of the lectric field 
scattered by a

 e
 ma nhomogeneous plasma slab 

al magnetic field are derived 
using the perturbatio thod. The obtained results are 

gnetized i
 extern
n me

perpendicular to the

valid for near and far zones with respect to plasma slab 
boundaries. Analytical and numerical studies are carried 0 0 0 k
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out for the anisotropic Gaussian correlation function of 
electron density fluctuations taking into account the ani- 
sotropy factor and the angle of inclination of prolate ir- 
regularities with respect to the external magnetic field. 
Analytical expression of the mutual correlation function 
of the scattered ordinary and extraordinary waves having 
quasi-longitudinal propagation along the external mag-
netic field is derived for arbitrary second-order moments 
of electron density fluctuations. It is shown that the cor-
relation between these waves fast decreases with in pro- 
portion of the anisotropy factor. The normalized variance 
of the Faraday angle nonlinearly depends on the angle of 
inclination of prolate irregularities. The isolines are con- 
structed when the receiving antennas are located in the 
perpendicular planes.  
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