Intelligent Control and Automation, 2010, 1, 48-58

doi:10.4236/ica.201.11006 Published Online August 2010 (http://www.SciRP.org/journal/ica)

o Scientific
0> J
+* Research

Maximizing of Asymptomatic Stage of Fast Progressive
HIV Infected Patient Using Embedding Method

Hassan Zarei, Ali Vahidian Kamyad, Sohrab Effati
Department of Applied Mathematics, Ferdowsi University of Mashhad, Mashhad, Iran
E-mail: zarei2003@yahoo.com
Received July 7, 2010; revised July 15, 2010; accepted July 23,2010

Abstract

A system of ordinary differential equations, which describe various aspects of the interaction of HIV with
healthy cells in fast progressive patient, is utilized, and an optimal control problem is constructed to prolong
survival and delay the progression to AIDS as far as possible, subject to drug costs. Optimal control problem
is approximated by linear programming model using measure theoretical approach and suboptimal combina-
tions of reverse transcriptase inhibitor (RTI) and protease inhibitor (PI) drug efficacies are proposed. The
Comparison of healthy CD4+ T-cells counts, virus particles and immune response, before and after the

treatment is introduced.
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1. Introduction

Human Immunodeficiency Virus infects CD4+ T-cells,
which are an important part of the human immune sys-
tem, and other target cells. The infected cells produce a
large number of viruses. Medical treatments for HIV
have greatly improved during the last two decades.
Highly active antiretroviral therapy (HAART) allows for
the effective suppression of HIV-infected individuals and
prolongs the time before the onset of Acquired Immune
Deficiency Syndrome (AIDS) for years or even decades
and increase life expectancy and quality to the patient but
antiretroviral therapy cannot eradicate HIV from infected
patients because of long-lived infected cells and sites
within the body where drugs may not achieve effective
levels [1-3]. HAART contain two major types of
anti-HIV drugs, reverse transcriptase inhibitors (RTI)
and protease inhibitors (PI). Reverse transcriptase in-
hibitors prevent HIV from infecting cells by blocking the
integration of the HIV viral code into the host cell ge-
nome. Protease inhibitors prevent infected cells from
replication of infectious virus particles, and can reduce
and maintain viral load below the limit of detection in
many patients. Moreover, treatment with either type of
drug can also increase the CD4+ T-cell count that are
target cells for HIV.

Many of the host—pathogen interaction mechanisms
during HIV infection and progression to AIDS are still
unknown. Mathematical modeling of HIV infection is of
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interest to the medical community as no adequate animal
models exist in which to test efficacy of drug regimes.
These models can test different assumptions and provide
new insights into questions that is difficult to answer by
clinical or experimental studies. A number of mathe-
matical models have been formulated to describe various
aspects of the interaction of HIV with healthy cells, See
[4]. The basic model of HIV infection is presented by
Perelson et al. [5] that contain three state variables
healthy CD4+ T-cells, infected CD4+ T-cells and con-
centration of free virus. Another model is presented in [6]
that although maintaining a simple structure, the model
offers important theoretical insights into immune control
of the virus based on treatment strategies Furthermore
this modified model is developed to describe the natural
evolution of HIV infection, as qualitatively described in
several clinical studies [7].

Some authors use mathematical model for HIV infec-
tion in conjunction with control theory to achieve appro-
priate goals, by incorporating the effects of therapy on an
HIV-infected individuals. For example, these goals my
be maximizing the level of healthy CD4+ T-cells and
minimizing the cost of treatment [8-12], maximizing
immune response and minimizing both the cost of treat-
ment and viral load [13,14], maximizing both the level of
healthy CD4+ T-cells and immune response and mini-
mizing the cost of treatment [15], Maximizing the level
of healthy CD4+ T-cells while minimizing both the side
effects and drug resistance [16] and maximizing survival
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time of patient subject to drug cost [17] and etc.

The papers [18-21] consider only RTI medication
while the papers [22,23] consider only Pls. In [24-27] all
effects of a HAART medication are combined to one
control variable in the model. In [13,28-31] dynamical
multidrug therapies based on RTIs and PIs are designed.

In this paper, we consider a mathematical model of
HIV dynamics that includes the effect of antiretroviral
therapy, and perform an analysis of optimal control re-
garding appropriate goal.

The paper is organized as follows. In Section 2, the
underlying HIV mathematical model is described. Our
formulation of the control problem which attempts to
delay appearance of AIDS as far as possible is described
in Section 3. Formulated optimal control problem is ap-
proximated by linear programming (LP) problem. Re-
lated procedure is described in Section 4. Numerical re-
sults obtained from using LP model are presented in Sec-
tion 5. Finally Section 6 is assigned to concluding re-
marks.

2. Presentation of a Working Model

In this paper, the pathogenesis of HIV is modeled with a
system of ordinary differential equations (ODEs) de-
scribed in [7]. This model can be viewed as an extension
of basic HIV Models of Perelson et al. [5].

X=A—-dx—rxv (D
y=rxv—ay—pyz 2)
W =cxyw—qyw—bw 3)

z=qyw—hz @)
v:k(l—up)y—rv %)
F=r—u, (6)

Most of the terms in the model have straightforward
interpretations as following:

The first equation represents the dynamics of the con-
centration of healthy CD4+ T-cells (x). The healthy
CD4+ T-cells are produced from a source, such as the
thymus, at a constant rate A, and die at a rate dx. The
cells are infected by the virus at a rate rxv. The second
equation describes the dynamics of the concentration of
infected CD4+ T-cells (v). The infected CD4+ T-cells
result from the infection of healthy CD4+ T-cells and die
at a rate ay and killed by cytotoxic T-lymphocyte effec-
tors CTLe(z) at a rate pyz. The population of CTLs is
subdivided into precursors or CTLp (w), and effectors or
CTLe (z). Equations (3)-(4) describe the dynamics of
these compartments. In accordance with experimental
findings [32] establishment of a lasting CTL response
depends on CD4+ T-cell help, and that HIV impairs T
helper cell function. Thus, proliferation of the CTLp
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population is given by cxyw and is proportional to both
virus load (y) and the number of uninfected T helper
cells (x). CTLp differentiation into effectors occurs at a
rate cqgyw. Finally, CTLe die at a rate hz. Equation (5)
describes the dynamics of the free-virus particles (v).
These free-virus particles are produced from infected
CD4+ T-cells at a rate ky and are cleared at a rate 7v.
Model also contain an index of the intrinsic virulence or
aggressiveness of the virus (7). This index increases line-
arly in the case of an untreated HIV-infected individual,
with a growth rate that depends on the constant ry Finally
Equation (6) describes the dynamic of this index. In
model variables up and uy denotes protease inhibitors (PI)
and reverse transcriptase inhibitors (RTI), respectively.
up reduces infection rate of healthy CD4+ T-cells by
reducing the growth rate of the aggressiveness of the
virus (r) and up prevents virus production by reducing
the production rate from infected CD4+ T-cells.

The model has several parameters that must be as-
signed for numerical simulations. The descriptions, nu-
merical values and units of the parameters are summa-
rized in Table 1. These descriptions and values were
taken from [7]. We note that Equations (1)-(6) with these
parameters, model dynamics of fast progressive patients
(FPP).

3. Optimal Control Formulation

In clinical practice, Anti-retroviral therapy is initiated at
ty, the time at which CD4+ T-cell counts reach 350
cells/ul. The transition from HIV to AIDS occurred when
patients CD4+ T-cell count falls below CD47,,

around 200 cells/ul. Our aim is to propose drug regimen

Table 1. Parameter Values for the HIV model.

Parameters Value/Unit Description

A 7 cellsul'day Healthy CD4+ Production

d 7 x 10> day’! Healthy CDA4+ clearance

a 0.0999 day’ Infected CDA+ clearance

p 2 plcells™ day™ Infected CD4+ kill
c 5x 10 uPcells*day” CTLp proliferation
q 6 x 107 plcellsday™ CTLp differentiation
b 0.017 day™ CTLp clearance

h 0.06 day™ CTLe clearance

k 300 copiesml ' cells™ ulday”  Virus production

T 0.2 day’! Virus clearance

o 107 copies™'ml day™ Virulence growth
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to maximize asymptomatic stage time or equivalently
prolong survival and delays the progression to AIDS as
far as possible, subject to drug costs. This can be mod-
eled as follows:

Assume that the onset of AIDS occurs after time ¢, .

Hence we should have:
x(t, )= CD& g, x(£) 2 CD& Yy, Vee[tyt, ] (D)

We follow [8] and [22] in assuming systemic costs of
the PI and RTI drugs treatment is proportional to ui )

and ui (¢) at time ¢ respectively. Therefore Overall cost

of the PI and RTI drugs treatment is .f:f ui (t)dt and
0
I;’ k ui ()dt respectively and overall cost of treatment is
0
given by _[ :’ u’ (t)dt+0.f:’ u’ (t)dt . Because symmetric
0 0

costs for two types of drugs are in different scale, coeffi-
cient o is set to balance them. Administration of drugs in
high dose, are toxic to the human body. Moreover emer-
gence of drug resistant strains is one of the basic com-
plications in drug treatments. Many authors have ignored
drug resistance issues, since fixing a maximum cost for a
drug regime is equivalent to only administering a limited
amount of chemotherapeutic agent. If that limited
amount is chosen to be sufficiently small positive y, the
risk of drug resistance can be largely ignored. Therefore
we impose following constraint on drug cost:
jtf(u2 (t)+au2 (t))dtS}/ ®)
1) P R
Setting, & =(x,y,w,z,v,#) and u(t)=(up,u,) the
differential Equations (1)—(6) can be represented in a
generalized form as:

ﬂ'—dégl _515556
§1658s —as, — pé&,é;
16,65 — 48,85 —bé;

46,8 —hé,
k( 1_”13)52 -7

To —Up

£(t)=g(n.&(e)u(r)= ©)

Now with respect to above descriptions and (7) and (8)
the optimal drug regime problem can be stated as fol-
lows:

max [ dt (10)

uyty 4]

subject to

&=g(t.s.u) )
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J';f(ui (t)+ou’ (t))dt<y (12)
é} (to):§0’ é:l (tf):CD4;1DS (13)
£ (1) = CD4yyg. teltyt, ] (14)

We refer to this time optimal control problem as
TOCP. Some problems may arise in the quest for the
optimal solution. For example, may not exist control
function u(.) and corresponding state £(.) and final
time 7, that satisfy in (11)-(14). In order to overcome
these difficulties in the next section we transfer the
TOCP into a modified problem in measure space.

4. Approximation of TOCP by Linear
Programming Model

Using the measure theory for solving optimal control
problems based on the idea of Young [33], which was
applied for the first time by Wilson and Rubio [34], has
been theoretically established by Rubio in [35]. Then the
method has been extended and improved by Mehne et al.
[36] for solving time optimal control problems that leads
to approximation of problem by linear programming (LP)
model. We shall follow their approach here.

4.1. Transformation to Functional Space

We assume that state variable &(.) and control input
u(.), get their values in the compact sets 4= A4 x---x

A4, cR°

J= [to,th )
Definition 4.1.1. We define a triple p = [tf,ef,u] to

and U =U,xU, cR*>, respectively. Set

be admissible if the following conditions hold:
1) The vector function &£(.) be absolutely continuous

and belongsto A forall reJ.

2) The function u(.) takes its value in the set U
and is Lebesgue measurable on J .

3) p satisfies in the system (11)—(14), ie. on J°,
the interior set of J .

We assume that the set of all admissible triples is non-
empty and denote it by W . Let p be an admissible
triple and B be an open ball in R° containing Jx 4
and C'(B) be the space of all real-valued continuous

differentiable functions on it. Let ¢ € C'(B) and define

@* as follows:
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¢ (1,£(1).u(t)) = dq)(t;lf(t)) (15)
:2%«5(0)& (,,(;(;),u(t))er

for each [1,£(1),u()]eQ, where Q=JxAxU . The

function @° is in the space C(Q), the set of all con-

tinuous functions on the compact set Q. Since p=

[t/.,§,u] is an admissible triple, we have

L;f o (6.£(t)u(r))dt
- q)(tf’g(tf'))_qj(to’g(to )) =Agp

for all weC’(B). Let D(JO) be the space of infi-

nitely differentiable all real-valued function with com-

(16)

pact support in J°. Define:
v (LE0(0) = (O (0)+ 8, (00w (1)
j=L...6 VyeD(J)

(17
Then if p=[tf,§,u] be an admissible triple for
j=1L...,6, and Vl//eD(JO),from(U)wehave

[/ (1) u(o))dr = & (1)y' (e)ds
+] g, (Le()u(n))y (1)di =& ()y ()]
o[, (n60w(0)-&, (0 w (e
since the function (.) has compact supportin J°, so
w(t)=w(t,)=0 and & =g, so

Dy (6.6(1)u(r))dr=0 (18)

Also by choosing the functions which are dependent
only on time, we have:

[78(t.£(t)u(t))dt =a,, v9C'(Q)  (19)

where C'(Q) is the space of all functions in C(Q)

that depend only on time and a, is the integral of 4

on J. Equations (16), (18) and (19) are really weak
form of (11), (13) and (14). We note that, the role of
constraint (13) is considered on the right side of equation

(16) by considering functions ¢ e C'(B) which are

monomials of & . Furthermore, the constraint (14) is
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considered, by choosing appropriate set 4. Now we
consider the following positive linear functional on

c(Q).
T, F— [ F(t,£(1),u(r))dt, VFeC(Q) (20)
Proposition 4.1.1. Transformation p—1I, of ad-

missible triples in W into the linear mappings I',

defined in (20) is an injection.
Proof. We must show that if p, # p,,then I', =T .

Let pj:[tf,, j,uj},jzl,2 be different admissible

triples. If ¢, =¢, , then there is a subinterval of

[to, tfl],say J,,where & (t)#&,(¢t) foreach telJ,.

A continuous function F can be constructed on £ so
that the right-hand side of (20) corresponding to p, and

p, are not equal. For instance, assume F is independent
of u such that for all e J,, this function is positive on
the appropriate portion of the graph of &,(¢), and zero
on &,(¢), then the linear functional are not equal. In

other word if t, #t,, then r, and r, have dif-

ferent domains and are not equal.
Thus, the TOCP (10)-(14) is converted to following
optimization problem in functional space:

MaximizeT , (1) (from (10)) 1)

Subject to p
T,(¢%)=Ag, $C'(B) (from(16)) (22)
T,(¥/)=0,j=1,..6peD(J) (from(18)) (23)
T, (9)=a, 9eC'(Q) (fom(19)  (24)
r,(H)<y (from(12)) (25)

where H(t,f(t),u(t)) = ui (t)+ o ui (t) .
4.2. Transformation to Measure Space

Let M*(Q) denotes the space of all positive Radon

measures on ). By the Riesz representation theorem,
there exists a unique positive Radon measure ¢ on Q

such that:
T (F)=[, F (& (1)u(r))d
= [ F(t.6u)du=u(F), FeC(Q)

So, we may change the space of optimization problem

(26)
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to measure spaces. In other words, the optimization prob-
lem in functional space (21)-(25) can be replaced by the
following new problem in measure space:

Maximize u(1) 27)

Subject to
u(o*)=2p. peC'(B) (28)
u(w’)=0, j=1,..6,y eD(J°) (29)
u(9)=a,, 9eC'(Q) (30)
u(H)<y 31)

We shall consider the maximization of (27) over the
set O of all positive Radon measures on (2 satisfying

(28)-(31). The main advantages of considering this
measure theoretic from of the problem is the existence of
an optimal measure in the set Q which this point can

be studied in a straightforward manner without having to
impose conditions such as convexity which may be arti-
ficial.

Theorem 4.2.1. The measure theoretical problem of
maximizing (27) with equality and inequality constraints

(28)-(31) has an optimal solution " .

Proof. As we will show in the next, (29) and (30) are
special version of (28). Therefore, the set O can be writ-

tenas Q=0 ,NQ, where
0 = ﬂ {yeM+(Q):y((pg):A¢}
peC'(B)
and
0, :{,ueM+(Q):,u(H)S;/} .

Assume that p = [tf ,(f,u] is an admissible triple. It is
well known that, the set {,u eM* (Q):u(l)=1, —to} is
compact in weak -topology. Furthermore, O, as inter-
section of inverse image of closed singleton sets { A;o}
under continuous functions x — y((pg ) is also closed.

It can be shown in a similar way that Q, is closed.

Thus, Q is a closed subset of a compact set. This proves
the compactness of the set Q. Since the functional

U ,u(l) mapping the compact set Q on the real line,

is continuous and so has a maximum on the compact set

Next, based on analysis in [35], the problem (27)-(31)
is approximated by a LP problem and a triple p~ which

approximate the action of x" € Q is achieved.
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4.3. Approximation

Problem (27)-(31) is an infinite dimensional linear pro-
gramming problem and all the functions in (28)-(31) are
linear with respect to measure u . Of course, it is an
infinite dimensional LP problem, because M*(Q) is
infinite dimensional space. It is possible to approximate
the solution of this problem by the solution of a finite-
dimensional LP of sufficiently large dimension. Also,
from the solution of this new finite dimensional LP we
induce an approximated admissible triple in a suitable
manner. We shall first develop an intermediate problem,
still infinite-dimensional by considering the maximiza-
tion (27), not over the set Q but over a subset of
M™*(Q) with only a finite numbers of the constraints in

(28)—(31) being satisfied. This will be achieved by
choosing countable sets of functions whose linear com-

binations are dense in the sets C'(B), C'(Q) and
D(J 0 ), and then selecting a finite number of them. As-
sume the set {¢ :i=12,.} be such that the linear
combinations of the functions ¢, eC'(B) are uni-

formly dense in C’(B). For instance, these functions

can be taken to be monomials in ¢ and the components of
the vector &. As we will show in the next, some of these

monomials are suitable for our problem and are as fol-
lows:

(&l and &), ie{0,1],
he{2,3,4,56}

ey ,2,...¢,

ezt
Let set {y,:i=1,2,..} be such that linear combina-

tions of the functions v, € D(J 0) are uniformly dense

in D(JO). For r =1, 2, ... some of these functions can
be taken as follows [36]:

2 —

Yara (t ) = AT
0 otherwise
and
I-cos M 1<y
vy, (1) = AT (33)
0 otherewise

where AT =t —¢, and ¢ isa lower bound for optimal
time which can be obtained using controllability.
Finally, let set { G ii= 1,2,...} be such that linear

combinations of the functions 4 eC'(Q) are uni-
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formly dense in C'(Q). These functions can be consid-

ered monomials in ¢ as follows:
d(@)=t, s=0,1,2.. (34)

Remark 1. With respect to (15) and (17) it can be seen
that (29) and (30) are also achieved from (28) by setting
p(1£(0) =& (O (1) and p(.(1))=[!8()dz e

spectively.
The first approximation will be completed by using
above subjects and the following propositions.
Proposition 4.3.1. Consider the linear program con-

sisting of the maximizing function x — x(1) over the

set O, of measuresin M " (Q) satisfying:
,u(gpig): Ag, i=1...M
u(H)<y

Then A, =max, u(l) tendsto A=max,u(l) as

M —o0,
Proof. We have O, 20, 2:--20,, 2--20Q; hence,
Az, =224, =2---2A. Therefore, {4,}

increasing and bounded sequence then converges to a
number ¢ such that {>A4. We show that, {=41.

1S non

Set R=()0Q, - Then, RoQ and ¢ =max, u(l). It

M=l
is sufficient to show Rc QO . Assume pge€R and

@ € C'(B). Since Linear combinations of the functions
{goj,j = 1,2,...} are uniformly dense in C'(B), there is
the Sequence {gﬁk} € span{gq/.,j = 1,2,...} such that ¢,

tends to ¢ uniformly as k—oo. Hence, S, §, and s,

tend to zero as k—oo where S, :sup‘(pg—(bkf

>

Szzsup|(p,—¢kr| and S3:sup|go—(/3k|. We have

p € R, and functional f — u(f) is linear. Therefore,
ﬂ((ﬁf ) =A@, and

(%)= ag| = (0% )~ 2= (5 )+ A, |
.[g {[‘/’5 (t.5)- ., (f,f)] g(t.&u)
+[0,(1.6)-5, (1.2) ]} du~(Ap- g )

SSIJQ|g(t,§,u)|dy+S2IQ du+28;

Since the right-hand side of the above inequality tends
to zero as k—oo, while left-hand side is independent of

k, therefore wu(p*)=A@p. Thus RcQ and {<A
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which implies £ =4 .
Proposition 4.3.2. The measure x* in the set Q,, at

which the functional g — (1) attains its maximum has
the form

M +1
u=3 ais)) (35)
j=1

where @} >0,z; €Q and §(z) is unitary atomic meas-

ure with the support being the singleton set {z}} , charac-
terized by S(z)(F) = F(z),z€Q.
Proof. See appendix of [35].

Therefore, with respect to above descriptions we re-
strict our attention to finding measure in form u=

Zjl: @,6(z,), which maximizes functional sz = 2 — p(1)
and satisfies in (31) and M number of constraints in the
form of (28)-(30). Clearly, wu(F)= 27 Vo F(z,),VF €

C(Q) . Therefore, by choosing M, number of functions

in the form of (32), S number of functions in the form of
(34) and M, number of functions in the form of (33),

which leads to M, =6M,; number of functions of the
type (17) where are numbered sequentially as 6,,
h=1,..,M,, infinite dimensional problem (27)-(31) is

approximated with following finite dimensional nonlin-
ear programming (NLP) problem:

M+1
Maximi . 36
Maximize 2, (6)
Subject to

M+1
Y apf(z;)=Ap, i=1..M, (37)
Jj=1
M+1
Zlajeh(zj):o, h=1,..M, (38)
J=
M+1
Zlajss(zj):ag, s=1,...,8 (39)
J=
M+1
ZlajH(zj)Sy (40)
p

where, M =M, +M,+S . We confront with NLP with
more than 2(M +1) unknowns «;, z,,j=1...M+1.

Finally, the following proposition enables us to approxi-
mate the problem via the finite dimensional linear pro-
gramming problem.

Proposition 4.3.3. Let Q, ={ y,,,,...yy} be a cou-
ntable dense subset of Q, for any N sufficiently large
number. Given ¢ >0, a measure ve M*(Q) can be
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found such that:
[v(of) - (o) <& i=1M, (41)
v(6,)-1'(6,)<e h=1,...M, (42)
|v(,9s) “(9) <& s=1,..,8 (43)
|v(H) “(H )| (44)
where measure v has the form
ve S as(z)) (45)

where the coefficients « j*, j=L..,M +1 are the same as
M+1.
Proof. We rename functions ¢f’s, 6,’s, v, ’s and H

»M +1. Then, forj = 1,...,

optimal measure (35), and z; e Qy, j=1,...,

sequentially as f,, j=1,2,..
M+1,

()5 “glaj[f,(zj)—f,(zi)]‘
(S manlr ()12 |

f;’s are continues. Therefore, max can be made less
ij

than - by choosing z,, i=1,2,...,M +1, suffi-

&
M+1
j=1 7
ciently near to z; .

For construction of dense subset Q,, , Jis divided to S

subintervals as follows:

~1)AT
J = t0+(s ) PREL LR T S
S-1 S-1
and
Js=[t.t,) (46)

Furthermore, intervals 4;’s and U;’s are divided into #;
and m; subintervals respectively, then the set Q is divided
into N = Sny ny n3 ny ns my my cells. One point is chosen
from each cell. In this way we will have a grid of points,
which are numbered sequentially as y; = (¢, /,‘lj yees

égsisup/su;g/),j: 1,..., N.

Remark 2. It is well known that each function type
(34) can be approximated in a nice way by a linear com-
bination of characteristic function of subintervals of J. In
practice we consider 3, (1) =z, (1), s =1,...,S instead of

functions of the type (34), where J_’s are given by (46)
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and g, denotes the characteristic function of J. The

main reason for this choice of 4 ’s is related to their
essential role in construction of control functions. For
more details see [35,36].

Considering (45) the NLP (36)-(40) is converted to the
following LP:

Mazqg)nze Za 47)
subject to
N
Z 0F (v))=Ap. i=1...M, (48)
Jj=1
N
Ya,6,(y,)=0, h=1 (49)
Jj=1
N
Y H(y,) <7 (50)
j=1
Z]:a AT
j=1 ! -1
(s AT (51)
a;=—-7
Gy | S-1
M
a,=t,—1
J=(S-1)1+1 ‘
&(t;)e4.i=2,3,4,5,6 (52)

N
where [ = R Of course, we need only to construct the

function u(.), since the £(.) is simply the corresponding

solution of differential Equations (1)-(6) which can be
estimated numericall. Using simplex method, nonzero

optimal solution «;,; ,...,a; , § <iy<..<i, of LP
(47)-(52) can be found where p cannot exceed the num-
ber of constraints i.e., p< M, +M, +S+1.
Setting a, =1,, piecewise control pair u(¢) = (u,(¢),
up (t)) which approximate the action of the optimal con-

trol, is constructed based on these nonzero coefficients as
follows [35,36]:

J-l j
()= (“P,»_,»”R[j) te{%a%,gamj’ -1

Ny
0 otherewise
It should be remembered, u, and u, are respec-
' '
tively 7th and 8th components of Vi -
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5. Numerical Results

In our implementation, we set M, =14 and chosen func-

tions ¢ from C’'(B) are as follows:

8156283, 810 85066161, 6162, 6185, 6160, 6165 6180 6 1E]

Furthermore, we set M, =2 . Hence, we have M, =12
number of functions in the form of (17). Parameter S is
set to 11 and desired lower bound for optimal time is set
to t, =2007.5(5.5 years) . Setting u =(0,0), and solv-
ing ODE (1)-(6) using 4th order Runge-Kutta method,
shows that at 7, =620, &(z,)=(350,12.40,1.26,0.16,

18454) . Starting points of our simulation runs are:
x(0) = 10° cellsul*, v(0) = 104 copiesml’, y(0) = 0
cellsul, w(0) = 107 cellsml, z(0) = 107 cellsul" and
#(0) =2 x 107 micopiesday™.

Maximum values for up and up, are 0.7 and 9 x 10710
respectively [7]. Therefore, the coefficient o for balanc-
ing both PI and RTI costs in (8) is set to o=

0.7
9 x 10-10

above by y =480. By using controllability, considered

2
J . Furthermore, the total costs are bounded
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(14) violates in a subinterval of J, which is due to ap-
proximate nature of control pair and can be ignored. Be-
cause, the length of this subinterval is very small as

compared to the length of J. We found & ,(t;) =199.28,

which is close to exact value i.e., 200. From Figures 2(a)
and 2(b), we see drop in the number of CD4+ T-cells,
and a rise in viral load following the initial infection until
about the third month. After this time, CD4+ T-cells start
recovering and virus starts decreasing due to the immune
response, but can never eradicate virus completely. Then
CD4+ T-cells level decreases and viral load increases
due to de struction of immune system in absence of
treatment. Figures 2(b) and 2(c) show a clear correlation
between the CTLe and virus population. As the virus
increases upon initial infection, CTLe increases in order
to decrease the virus. Once this is accomplished, virus
decreases. Then virus grows back slowly, and this trig-
gers an increase in the CTLe population. CTLe, further
increases in an attempt to keep the virus at constant lev-
els but lose the battle because of virus-induced impair-
ment of CD4+ T-cell function, in absence of treatment
(dotted line). Memory CTL responses depend on the

Table 2. Considered ranges for states and controls and cor-
responding number of partitions.

ranges for states and controls and corresponding parti- State Range Number of partitions
tions for construction of y;, j=1,..., N are summarized in
Table 2. Note that, selected values from the set U, for 4 41=[200, 1000] m=>5
construction of y;’s are 0, 0.4 and 0.7. Thes; vglues indi- g A>=1[5,30] =3
cate off, moderate and strong PI-therapy. Similarly, cor-
responding values for RTI control are 0, 5 x 107'% and 9 x S A4;=10, 1.6] ny=2
107" [7]. Therefore, we have linear programming with c 10,13 5
M = 33 constraints and N = 59405 unknowns, that is ‘ +=[0,1.3] e
solved using simplex method and environment of MAT- £, As5=[500, 35000] ns=10
LAB. Implementing the corresponding LP model, the sub- )
i i * \ 45=10,2 % 10° -1
optimal time has been found ¢} =2133.2 (71.11 Months). ‘ o= [0.2x107] "
Figure 1 shows the resulting suboptimal control pair. Uy Ui1=10,0.7] m=3
The’ resp(')nse.of the sys.tem to the control functlor'ls' is ", Us=10,9 x 10°°] my=3
depicted in Figure 2. Figure 2(a) shows that condition
0.7 - o oo et © —
*3& 0.4 . 2 _____________x __ _ _____________&X 2 2
ol 1 1 1 1 1 1 1 1 1 1o
25 30 35 40 45 50 55 60 65 70
Time (Months)
x 107
0.9 L. - 2T g - L 2
S 0.5te -, CoOTTTTE R
OI—-_—H 1 1 1 s S o T
25 30 35 40 45 50 55 60 65 70

Time (Months)

Figure 1. The suboptimal piecewise constant control pair u,(.) and u,(.).
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Figure 2. Dynamic behavior of the state variables x, v, w and z versus time in the case of untreated (dotted line) and treated

infected patients (solid line).

presence of CD4+ T-cell help. Figures 2(a) and 2(b)
show that, in presence of treatment the virus is controlled
to very low levels and CD4+ T-cells are maintained
above the critical levels for relatively long time. There-
fore, immune response expands for relatively long time
successfully. Furthermore, these figures indicate inverse-
coloration between viral load and CD4+ T-cells level.
From Figures 2(c) and 2(d) interestingly, a decrease in
CTL’s occurs in response to therapy can be observed.
The extent of the decrease is directly correlated with the
increase in treatment effectiveness which is consistent
with experimental findings [37].

6. Conclusions

In this paper, we considered a system of ordinary differ-

Copyright © 2010 SciRes.

ential equations, which describe various aspects of the
interaction of HIV with healthy cells in fast progressive
patient, for constructing a time optimal control problem
which maximizes asymptomatic stage of patient. A
measure theoretical method is used to solve such kind of
problems, and numerical results, confirmed the effec-
tiveness of this approach.
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