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ABSTRACT

In this paper we will extend the well-known chain of inequalities involving the Pythagorean means, namely the har-
monic, geometric, and arithmetic means to the more refined chain of inequalities by including the logarithmic and iden-
tric means using nothing more than basic calculus. Of course, these results are all well-known and several proofs of
them and their generalizations have been given. See [1-6] for more information. Our goal here is to present a unified
approach and give the proofs as corollaries of one basic theorem.
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1. Pythagorean Means

For a sequence of numbers X ={X,X,,-=-,X,} we will
let

and

n

HM (X, %,,-+, %, ) = HM (X) = — 1
27

=1 X

to denote the well known arithmetic, geometric, and
harmonic means, also called the Pythagorean means
(PM).
The Pythagorean means have the obvious properties:
1) PM (XX, -, X,) is independent of order

2) PM(X,%,--+,X) =X
3) PM (bx,bx,,---,bx,) =bPM (X, %,, -, X,)

4) PM(x,X,) is always a solution of a simple equa-
tion. In particular, the arithmetic mean of two numbers
X, and x, can be defined via the equation

AM —x, =X, - AM

The harmonic mean satisfies the same relation with
reciprocals, that is, it is a solution of the equation
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X HM HM x,

The geometric mean of two numbers x, and x,can
be visualized as the solution of the equation
X, GM
GM  x,

1) GM =./(AM)(HM)
1

2 HM[xl,iJ:_
O
AM | x,—
Xl

1 1 1
3 X et X T T E an

) (X + Xy oo n)(Xl+x2+ +an

This follows because

AM(xl,x2,~--,xn)>1
HM (X, X, %, )

2. Logarithmic and Identric Means

The logarithmic mean of two non-negative numbers X,
and x, is defined as follows:

LM (0,%,)=LM(x,0)=0

LM (%, %) =%

and for positive distinct numbers x, and X,
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X, =%

LM (5 =4
2

The following are some basic properties of the loga-
rithmic means:

1) Logarithmic mean LM (a,b) can be thought of as
the mean-value of the function f(x)=Inx over the
interval [a,b].

2) The logarithmic mean can also be interpreted as the
area under an exponential curve.

Since

1 1 t _
;xuytdt:xj(zj d= XY
0 o LX Inx—Iny
We also have the identity
1
LM (x7 y) = J' Xyt
0
Using this representation it is easy to show that

LM (cx,cy) =cLM(x, )
1) We have the identity

LM (xz,yz)
— " AM(x,
LM (x,y) (xy)
which follows easily:
LM (%Y%) ey X-y
LM (x,y) 2(Inx=Iny) Inx—Iny
_ X+y
2

To define the logarithmic mean of positive numbers
X, Xg5 o+, X, , we first recall the definition of divided dif-
ferences for a function f(x) at points X%, X
denoted as

n !

[ %0 %, ]
For 0<m<n
[l = (%)
andfor 0<m<n-1-j and 1<j<n-1,
[Xm,...,mef
D ] =Dy

Xoi —X

m+ j m

We now define
LM (X, -+, X, )

:((_1)“1.n.[xo,...,xn]m)’

So for example for n = 2, we get

1/n
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LM (X5, %, %, )
2\/ (% = %) (% = %) (% — %)
2((%,=%,)In %) =(X, =% ) I +(%, =%, ) Inx, )

The identric mean of two distinct positive real num-
bers x;,x, isdefined as:

1
1 x2 Yex
M ()32

with IM (X, %) =X.
The slope of the secant line joining the points

(a,f(a)) and (b, f (b)) on the graph of the function

f (x)=xInx is the natural logarithm of IM (a,b).
It can be generalized to more variables according by
the mean value theorem for divided differences.

3. The Main Theorem

Theorem 1. Suppose f :[a,b] > %R is a function with
a strictly increasing derivative. Then

Tf(t)dt
b-a f(b)-f(a)) bf(b)-af(a)
<T{f(s)—s( - j+ — }
forall s<t in [a,b].
Let s, be defined by the equation
oy f(b)—f(a)
f(So)—T
Then,
j'f(t)dt
b-a f(b)-f(a)) bf(b)-af(a)
<T{f(so)_s°[ b-a ]Jr b-a :I

is the sharpest form of the above inequality.
Proof. By the Mean Value Theorem, for all s,t in
[a,b], we have

f(t)-f
( ) (S) < f/(u)
t-s
for some u between s and t. Assuming without loss
of generality s<t, by the assumption of the theorem
we have
f(t)-f(s)<(t—s)f'(t)
Integrating both sides with respect to t, we have
b
[ f(t)dt<(b—a)f(s)+bf (b)-af (a)
b

—s[ f(b)-f(a)]—[ f(t)dt

a

APM



I. M. IZMIRLI 333

and the inequality of the theorem follows.
Let us now put

d(s)=(b—-a)f(s)+bf (b)-af (a)

-s[ f(b)- a)]—Zf(t)dt
Note that
g'(s)=(b-a)f'(s)-[f(b)-f(a)]
Moreover, since
9(b)=g(a)=(b-a)[ f()+ f (5)]-[ f (et

there existsan s, in (a,b) suchthat g'(s,)=0.
Since f' isstrictly increasing, we have

9'(s)>9'(s)) =0
for s>s,
and

9'(s)<9'(s,)=0
for s<s,

Thus, s, is a minimum of g and g(s,)<9g(s)
forall sin[a,b].

4. Applications to Mean Inequalities
We will extend the well-known chain of inequalities
M (a,b)<GM (a,b) < A(a,b)
to the more refined
M (a,b)<GM (a,b)<LM
<IM(a,b)< A(a,b)
using nothing more than the mean value theorem of dif-
ferential calculus. All of these are strict inequalities
unless, of course, the numbers are the same, in which
case all means are equal to the common value of the two

numbers.
Let us now assume that 0 <a<h.

(ab)

Letuslet f(t)= i. The condition of the Theorem 1

tZ
is satisfied. Solving the equation
11
2 _p 4
_§ b-a
we find
s, = (abH )"’

where H =HM (a,b).
Hence the left-hand side of the inequality becomes

b-a 1 N 2 1
2 | (abH)** (abH)™ ab

Copyright © 2013 SciRes.

Thus we have
b-a b-a 3 1
b T b
a 2 | (abH)™ @

H? <ab

implying

a,b)<GM (a,b)

Let us let f(t)=

% The condition of Theorem 1 is

satisfied. We can easily compute the s, of the theorem
from the equation

11
_L1_b a
s; b-a
as
s, = ab

Our inequality becomes

Inb—Ina<b_Ta{%—«/£(—a—lbﬂ

Implying,
Inb—Ina 1
" b-a  Jab
that is
M (a,b) < LM (a,b)

Now let f(t)=—Int. Again the condition of Theo-
rem 1 is satisfied. The s, of the theorem can be com-
puted from the equation

1 _—Inb+lna
s, b-a
as
So=L
where L=LM (a,b)
Since
b
[~Intdt =(b—a)—-(bInb—alna)
bb
(b-a)-n[ %)
Thus,

b
J'—Intdtz—(b—a)lnl
where 1 =1IM(a,b).
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Consequently our inequality becomes

—(b-a)inI <b_7a{—ln L- L(—%}—In(el )}

implying
—Inl <-InL
that is,
LM (a,b) < IM(a,b)

Finally, let us put f (t)=tInt. Again the condition of
Theorem 1 is satisfied. Since in this case

f(b)-f(a) binb-alna
b-a b-a
the s, of the theorem can be computed as

1+Inl

S = |

The right-hand side of the inequality becomes
b—a[ bzlnb—azlna}
> -1+

b-a
The integral on the left-hand side of our inequality
yields

j'tlntdt =1(b2 Inb—a?In a)—l(b2 —az)
) 2 4

implying
1
—=(b -1
2( +a)<
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or

(1]

(2]

(3]

(4]
(5]

(6]

IM (a,b) < AM (a,b)

Thus, we now have for a=b

HM (a,b) <GM (a,b) < LM (a,b)
<IM(a,b)< AM (a,b)
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