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ABSTRACT 

 ,GIt has been shown that for a linking pairing   on a finite abelian group G there is a closed, connected, oriented 

3-manifold, M, with first homology group  1H M G  having linking form M  . A refinement of this result, 

where the manifold M is a Seifert manifold which is a rational homology sphere, was conjectured and proved in the case 
where the abelian group G has no 2-torsion. In this paper we deal with the case when the group G is actually a 2-group. 
 
Keywords: Symmetric Bilinear Form; Linking Pairing; Seifert Manifolds 

1. Introduction 

Let G be a finite abelian group. A symmetric bilinear 
form on G is a map : G G     such that  
   , ,x y y x , where  ,x   is a group homo-

morphism from G to    for every x and y G . If 
 ,x   is not the trivial homomorphism for 0x  , we 

say that the form   is nondegenerate. A linking pairing 
 ,G   on G is a symmetric nondegenerate bilinear form 
  defined on G. 

Let   be the monoid of isomorphism classes of 
linking pairings on finite abelian groups under the opera-
tion of direct sum. Clearly, G has a primary decomposi-
tion of the form  

    , , ,
p

p p G
G G   

where for each prime p, Gp is the p-primary group and  

pG
  is the restriction of   to Gp. Consequently,  

p p    is a corresponding decomposition of the 
monoid   such that p  represents the isomorphism 
classes of linking pairings on Gp. The problem of classi-
fying the isomorphism classes  ,G     of linking 
pairings is then dependent only on the classification of  

 ,
p

p G
G  

  
, for all primes p. 

It was proved in [1] that given a linking pairing 
 ,G  , there exists a closed, connected, oriented 3- 
manifold M with first integral homology group isomor-
phic to G, i.e.,  1H M G

 
, whose linking form  

 2:Tors TorsH M

is isomorphic to  . Recall that for an oriented 3- 
manifold M  the (usual) linking form   is defined by  

   1, , ,x y x B y M    

 2, Torsx y H M , where  for 
  

2H M    

1 2: ;B H M H M   denotes the  
0Nx Ny 

-Bock- 
stein. Equivalently, if  in  2TorsH M

1N 

 

 
for some integer , then  

 11
, , ,Nx y x B y M

N
    

where   1 2: ;B H M Z N H MN  is the mod N Bock-
stein. It is worth mentioning that in [1], the 3-manifold M, 
corresponding to  ,G  , is a connected sum of the fol-
lowing three types of irreducible 3-manifolds, viz; lens 
spaces, 3-manifolds for which there is a PL embedding 
into , and fibres of fibred 2-knots that are embedded 
in . 

4S
4S

It was shown in [2] that an arbitrary linking pairing 
can be realized as the linking form of an irreducible 3 
manifold. Indeed, it was proven that all isomorphism 
classes of linking pairings of finite abelian groups can be 
realized as the linking form of a Seifert manifold which 
is a rational homology sphere. 

Since such Seifert manifolds are irreducible, this result 
would imply that any linking pairing is isomorphic to the 
linking form of an irreducible 3-manifold. Thus, the 
linking form of any closed, connected, oriented 3-mani- 
fold would be isomorphic to the linking form of a Seifert 
manifold that is a rational homology sphere. 

    In the sequel, 1 1, ,0 , , , , ,n nM O o e a b a b   will 
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   denote a Seifert manifold with oriented orbit surface with 
genus . In this notation for M, e denotes the Euler 
number, m the number of singular fibres, and for each 

i i  is a pair of relatively prime integers that char-
acterize the twisting of the i-th singular fibre. Although 
we will follow the notation in [2] closely, we repeat the 
details here for the sake of clarity. 

 1
1 1Tors ; .q q

p H M H M Z p H M Z p  
0g 

 , ,i a b

 B

 0  
, ,a a

s , , t ra a

1 i 
 

For any prime p, let p  denote the largest power 
of p that divides B i.e., the p-valuation of B, and set 

p . Suppose s is the maximal p-valuation of the 
Seifert invariants 1 m  and t is a non negative inte-
ger with . Then for each t, let ,1 , tt  de-
note the Seifert invariants satisfying the condition  

p , for t . This imposes an ordering or- 
dering on the Seifert invariants since 

0 t 

t ,at i r
 , ,p t i p t l  

when . Hence the invariants and their p-valuations 
can be listed as follows:  

a a 

0

1

1

0 1

t  l

 

 

 
0

,1 , ,

,1 , ,

,1 0, 0,

s

t

s s r p s i

t t r p t i

s r p i

a a a s

a a a t

a a a







s

t

i r

i r

i r

  

  

  

 

 

1

s

 

 
 

 
 

 

Now with s
i

n r


 

1, , ma a

 p na 

  0p ma 

i j

, it is possible to reorder the in- 

variants  such that  

   1 20 p pa a     

and  

   1 2p n p na a    .  

Finally, set 1
j

1

,
n

i

A a A

 a A Z   i iC b A and  . 

For an oriented Seifert manifold  

    1 1, ;0 : , , , ,n nM O o e a b a b ,  

abelianization of the fundamental group gives the pres- 
entation:  

 1

for 1, , ;

j j jH M s h a s b

j n

 

 

, 0,

e 0 .

j

j

h

s h



 
 

It then follows as in [6] that  

   
 

1
1

1

Tors , i

Tors , i

H M
H M

H M

  


 f 0,

f 0.

Ae C

Ae C

 
 

0Ae C 
   2

 

Thus when , M is a rational homology 
sphere and 1H

 

Since there is an orthogonal decomposition of the 
linking form  2

M H M  is a torsion group. More- 
over, the universal coefficient theorems now imply that 
for some integer q  

  over the -components of p H M  
it is now clear that   has an orthogonal decomposition 
over the -torsion groups  1 ; qp H M Z p . 

Our main objective in the present note is to consider 
isomorphism classes of linking pairings on 2-groups 
topologically, by realizing them as the linking forms on 
Seifert manifolds that are rational homology spheres. To 
do this it suffices to show that any linking pairing   on 
a 2-group has a block sum diagonal form in which the 
diagonal blocks correspond to the generators of the mon-
oid 2  (cf. [1]) (see  below). It is known [3] and  §2

 0

0 2

2 0

k

k
E k





 
  
 

 
1

1 1

2 2

2 2

k k

k k
E k

 

 

 
  
 

[1] that the linking pairings  and 

 on 2 2k k   and  2 kn 

1k 

,  

2kZfor , which is a linking pairing on , generate 
the monoid 2  completely. 

When G is a 2-group, the diagonal blocks of   are 
the generators of the monoid 2  (see §2  below), and 
we also give Serfert presentations for all of these gen-
erators there. In , we compute the block sum decom-
position of some classes of linking forms into diagonal 
blocks consisting of elements of 

§3

 . The original moti-
vation for this work is related to the abelian WRT-type 
invariants constructed in [4]. 

2. Seifert Presentations for the Generators  
of 2 

For a Seifert manifold  

   M 1 1, ,0 , , , , ,n nO o e a b a b 

0Ae C

  

that is a rational homology sphere satisfying the condi-
tion  , there is an integer c such that  

     1
1 1Tors ;s c

p M H M p H M p      H

[2]. The fact that M is a rational homology sphere implies 
that  1 M  is a torsion group and therefore  H

    1 2
1 ; c

pM H M p H M  H . 

Furthermore, the linking form  

   2 2: Tors TorsH M H M     

of a closed, connected, oriented 3-manifold M was not 
studied directly. Instead a linking pairing  

   1 1ˆ : ; ;p c c
M H M p H M p       

 1 ; cM pwas defined on , for every prime p, using H
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the product structures in cohomology, by  

     1ˆ p
M c

, ,cp
x y x

p
   B y M , 

for  1 ; c,x y H M p

 

. A linking pairing  

 2 2ˆ :M H M H M  

   1

 

was then defined on 2H M H M  in terms of the  

pairings ˆ p
M  by setting ˆ ˆ: p

M p M  

2,p  p

. 

In [2] we proved that, for , M  is an arbitrary 
linking pairing on  1Tors p H M  for arbitrary M . If 

2
M  can be shown to be an arbitrary linking pairing on 

2-groups, then all isomorphism classes of linking pair- 
ings on finite abelian groups could be realized by the 
pairing ˆ : ˆ p

M p M   , for some M . As a consequence, 
the linking form of any closed, connected, oriented 
3-manifold must belong to one of these isomorphism 
classes. 

For any prime  the matrix of the linking pairing p
ˆ p
M  on  1 ; cH M p  for a Seifert manifold  

  1 1, ,0 , ,  , , ,n nM O o e a b a b

p

  

is given strictly in terms of the Seifert invariants. Let 
ˆ p
M  be the matrix of the linking pairing   with res- 

pect to the basis given in Theorem 2 [2]. Then p  has 
the following form:  

1,1 1,2 1,

2,1 2,2 2,

,1 ,2 ,

s

sp

s s s s

   
       
     




   


 

where each ,l t  is an  matrix defined below, 
except in the cases when  or . In these cases 
it is an 

l tr r
l s t s

1s tr r 1r r or l s  
1sr 

-matrix respectively. (This 
follows because there are only  generators that 
arise from level s ). 

,l t  1) When 

,1 ,1 ,1 ,1 ,1 ,1

,1 ,1 ,1 ,1 ,1 ,1
,

,1 ,1 ,1 ,1 ,1 ,1

1

s s s s s s

s s s s s s
l t t l

s s s s s s

a c a c a c

a c a c a c

p

a c a c a c



 
 
    
  
 




   


l t s

 

2) When  ,  
 

,1 ,1 ,1 ,1 ,1 ,1 ,1 ,1

,1 ,1 ,1 ,1 ,2 ,2 ,1 ,1

,1 ,1 ,1 ,1 ,1 ,1 , ,t t

s s t t s s s s

s s s s t t s s
t t

s s s s s s t r t r

a c a c a c a c

a c a c a c a c

a c a c a c a c

 
     
   




   


, 2

1
tp

 

3) When ,  l t s 

,1 ,1 ,2 ,2 ,1 ,1 ,1 ,1

,1 ,1 ,1 ,1 ,3 ,3 ,1 ,1
, 2

,1 ,1 ,1 ,1 ,1 ,1 , ,

1

s s

s s s s s s s s

s s s s s s s s
s s s

s s s s s s s r s r

a c a c a c a c

a c a c a c a c

p
a c a c a c a c

 
     
   




   


 

 
This gives the linking matrix for the p-component of 

1  H M p regardless of the prime . Thus, it suffices to 
show that by varying the Seifert invariants of  

    1 1, ,0 e, , , , ,n nM O o a b a b  , the linking pairing  

   2 1 1ˆ : ; 2 ; 2c c
M H M H M     

 

given linking pairing, we first use the description of the 
p-torsion of the first integral homology given in [5] to 
find a Seifert manifold whose first integral homology is 
isomorphic to the underlying group of the linking pairing. 
Using the cohomology ring structure of the manifold, 
described in [6], we alter the Seifert invariants so that 
the homology of the manifold remains fixed, so that the 
resulting linking matrix (given above) has specific char-
acteristics. The techniques developed in [7,8] are then 
used to find the block sum diagonal form of the linking 
pairing.  

 

   defined by 2

2

1ˆ , ,
2

cM c
x y x B y M    becomes an  

arbitrary linking pairing. The first step towards this goal 
is to find Seifert presentations for the generators  52k

 1E k
, 

 and  of the semi-group  0E k We now proceed to prove . 2

Theorem 1. The linking pairings  Remark 1. In order to find a Seifert presentation for a  
 

     0

0 2
: 2 2 2

2 0

k
k k k

k
E k





 
       2 ,k 
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arise from the Seifert presentation     

 , ,0 1, 2 ,2 1 ,k kM O o      2 ,1 , 2 ,1k k   

Proof. A special case of the Main Theorem  [5] 
(which gives a presentatio r the Serre p -component 

fir tegral homology of any Seifert manifold) 
sh

1 2p p pa a a      and the number c is de- 
fined as  

for all k .  
 in

n fo
of the st in

ows that for the Seifert manfiold  

    1 1, ,0 , , , , ,n nM O o e a b a b    

     1 2 .p na
p H M p p

        

Now reorder the Seifert invariants so that their p- 
valuations are in ascending order, that is,  

1Tors p ac 
p

n

       1p n p na a   . 

Applyin

ep pc A C A   

g this theorem to the Seifert manifold  

      , ,0 1, 2 , 2 1 , 2 ,1 , 2 ,1k k k kM O o   

with   2 1 2 2a k  k   and  

       2 2 2 2 2 3e

2 3

c A C A a a

k k k k

       

   
 

shows that 

k

   2 1 1Tors 2k kH M H M     as 
required. The linking matrix can now be computed di- 
rectly from [2] as follows:  

 



2

    
     

   
   

 02

1

2 2 1 2 2 1 2 1

2 2 2 2 1 0 11
12 .

1 02 2 2 1 2 2

k k k k k

k k k k

k
k k k k k

E k

       
              

 

 

2 2
2 2 1 2

12

k k k

k
    
 

2 2 1k k  


Theorem 2. The linking pairing 

     
1

1

2 2
: 2 2 2 2 ,

2 2

k k
k k k k

k k

 

 

 
          1E k   

 
 
has Seifert presentation  

      , ,0 1, 2 ,2 1 , 2 ,2 1 , 2 ,2 1k k k k k kM O o    . 

Proof. Applying Theorem 1 [5] to the Seifert manifold  

  2 1 2 2ka k 

      ,0 1, 2 ,2 1 , 2 , 2 1 , 2 , 2 1k k k k k ko     ,M O

with   an   d

       2 2 2 2 2 3

2 3

c Ae C A a a

k k k k

       

   
 

Gives 

k

   2 1 1Tors 2 2k kH M H M    . Ag in, the 
linking matrix can be computed from [2] to give: 

 

a
 

     
     

   
   

 

2
2

12

2 2 1 2 2 11

2 2 2 1 2 2 1 2 2 1

2 2 2 2 1 2 11 1

k k k

k k k k k k k

k k k

k kk k k
E k

     
  
        
         

 

 
Remark 2.

rems 1 and 2 give homeomorphic Seifert manifolds. 
H ver, the twisting of the solid tori associated to the 
si

e Seifert presentation for the linking  

2 2 1k k 

1 22 22 2 1 2 2    

 The Seifert presentations given in Theo-

k

        
owe
ngular fibres is not the same and gives rise to different 

linking pairings.  
These theorems allow us to find Seifert presentations 

for other linking forms. 
Example 1. Th

pa 0 1iring    3 3E E  on  2
8 8   is given by:  

 3 3 3 3 31, 2 ,7 , 2 ,1 , 2 ,1 , 2 ,1 , 2 ,1  

Observe that 

, ,0M O o

   3
2 2 2 3ia    and  

      2 2 2 4 2 5

12 15 3

A a a

3 3,

c Ae C       

   
 


so by Theorem 1 [5]  

     23 3
2 1 1Tors 2 2H M H M    .  

The linking matrix in this case is,       
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3 3 3 3 3

3 3 3 3 3

6 3 3 3

3 3 3 3 3

0 1 1 12 7 2 1 2 7 2

1 0 1 12 7 2 1 2 7 2 7

2 0 12 7 2 7 2 7

1 1 1 02 7 2 7 2 7 2 7 2 1

        
   
        

    
     

            

 

 
Performing simultaneous row and column operations 

on 2  shows that  

2
2 71

3 3

1

8 1 12 1 2 7
 

  

7 2 7

   

0 1 0 0

1 0 0 01
3 3 .

1 2

E E

 
 
    

 

 

Theorem 3. The linking pairings  

2
0 18 0 0 2 1

0 0

 
  


5
2 ,k k      : 2

2k 
 

 

and 

5 k k 
: 2 2

2k
  

 
     

arise from the Seifert presentations  

    2 ,1 , 2 ,1k k  , ,0 1, 2M O o

and 

   2, ,0 1, 2 , 1 ,kM O o   2 , 1k   

respectively.  
Proof. Theorem 1 [5] shows that for either Seifert 

ntation,  prese 1 2kH M   . When  

    2 ,1 , 2 ,1k k , 

    
  

, ,0 1, 2M O o  

2 2 212 2 1 2 1

2

k k k

k

   

 
 

212 2 4k k

Similarly, when 

5
1

   
 



    2,0 1, 2 ,1 , 2 ,1k ko ,  ,M O

    
  

2 2 212 2 1 2 1

5
1

2

k k k

k

  

     
 

       

                    

Remark 3. We can use this result to fi  other linking 
pairings. For instance, the linking pairings 

212 2 4k k

    

nd
 

   5 5
2k k k k         : 2 2 2

2 2k k
     

   
   

   5 5
: 2 2 2 2

2 2
k k k k

k k

         
   

       

   5 5
: 2 2 2 2

2 2
k k k k

k k

          
   

       

have Seifert presentations   

      2, ,0 1, 2 ,1 , 2 ,1 , 2 ,1k k kM O o ,  

      2, ,0 1, 2 ,1 , 2 , 1 , 2 , 1k k kM O o   , 

      2, ,0 1, 2 ,1 , 2 ,1 , 2 , 1k k kM O o  , 

respectively. 
For example, the linking matrix on 2 2k k   

corresponding to the Seifert presentation  

      1 , 2 ,1 , 2 ,1  

is  

2, ,0 1, 2 ,k k kM O o

     
     

 
 

2 2
2

2 2 2

2 1 2 1 2 11

2 2 1 2 1 2

5 02 1 01 1

0 50 2 1

k k k

k k k k

k

k kk

    
       

    
         

 

Theorem 4. The linking pairing  

1

2 2
5 5

2 2k k

        
   

5 5 5 5

2 2 2 2k k k k

                   
       

 
 

 

on  2 2
s tk k 

   arises from the Seifert present- 
ation  

        2, ,0 1, 2 ,1 , 2 ,1 2 ,1 2 , 1 2 , 1k k k k kM O o
 
   
 

 


 


 

s that  

   

Proof. As before Theorem 1 [5] show

 2 1 1Tors 2 2
s tk kH M H M


    .  

In this case the linking matrix is,   
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2 2

2 2 2 2 2

2
22

2 2 2 2 2

2 2 2 2

2

2 1 2 1 2 1

2 1 2 1 2 1 2 1 2 1 2 1

1

2 2 2 12

2 1 2 1 2 1 2 1 2 1 2 1

2 2 1 2 1 2 2 1 2

1

2

k k k

k k k k k k

kk

k k k k k k

k k k k k

k

    
 

      

  

 
 
 
        

    



 
 

      

      
 

   
         

         

         

2 2 22 1 2 1 2 1k k k  

2 21 2 1k k  2 21 2 1 2 1k k k    

1




2 2 2 2

2 2 2 2

2 2 2 2

1

2 1 2 2 1 2 1 2 1 2 1

2 1 2 1 2 2 1 2 1 2 1

2 1 2 1 2 1 2 1 2 2 1

1 0 0 0 0

0 1 0 0 0

1
0 1 0 0 0

2
0 0 1 0 0

0 0 0 0 1

k

k k k k k k

k k k k k k

k k k k k k

k

 
 
      
 
 
 
      
 
 
        
 
 



 
 


  

 

      

 

      

 

 
 

      
 
 

      
 










 

 
which is congruent to the desired result.              

3. Computer-Aided Computations  

A complete additive system of invariants for linking 
pairings on 2-groups was given in [1]. This system of 
invariants was later described in a slightly modified form 
in [8] and will be used here. 

Let   denote a linking pairing on a 2-group and let 
:    denote the quadratic form over q G   de-

fined by    ,q x x x  . Define the Gauss sum associ-
ated to q  as  

   12 2π, e .q x

x G

G q G 






    

To describe the complete system of invariants  2 2,k kr   
given in [1] let 2

kr  denote the rank of the 2-group G and 
set  

    
 

2 2

2

Arg , if 0,

, if 0

k k

k

   

 

 



     (1.3) 

where  

2
k 



2
k

 

   is described in terms of the Gauss sum 
   1, 2k kG q2     . 

osition 1. (Kawauchi-Kojima, [1]) The series  
rs, is a

al
2-gr

 describe how to identify a linking summand 
on a 2-group. The combinatorial device referred to as an 

admissible table is introduced in [7] to deal with the fact 
that the decomposition of a linking pairing on a 2-group 
is not unique. 

A table is a function :T I  , which maps an in-
terval, that is, a sequence of consecutive integers, into a 
monoid  . We will examine tables of the form  

Prop


    2 2: , 8T m I r m m     . A hole in able 
T is an element m I

2 2,k kr  , where k runs over all positive intege  
complete, minim , additive system of invariants of link- 
ing pairings on oups.  

We now

a t
  such that  2 0r m  . The set of 

all holes of I is denoted 0I . The set of all elements 
m I  2 0r m satisfying    and  2 m    is denoted 

8 . An element of 0
8I I I  is called a blank. A table T is 

called admissible if there is a linking pairing   on a 
finite 2-group such that    2 2,k kT m r m 

m I
 m  for all 

 (cf. [7]). 
rve th


Obse at the set of tables  : 8T T      

is e obvi addition on a monoid under th ous operation of 
ta

Proposi
bles. 

tion 2. (Deloup, [7]) The monoid 2  of iso-
morphism classes of linking pairings on 2-groups is iso-
morphic to the monoid   of admissible tables.  

Let   and   be two linking pairings defined on 2- 
groups. 

Proposition 3. (Deloup, [7]) The linking pairing   
has an orthogonal summand   of order 2k if and only 
if  2 0k   .  

If   is an orthogonal  of  summand  , it is clear that  

   2 2 for all .k kr r k    

n 2, it is also clear Furthermore, because of Propositio
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that if k   is nk for  a bla  , then for   to be an 
orthogonal summand of  , k  must be a blank for  . 

uming that A  ,ss     condition
S

satisfy  (1) define 

,   to be the set of tab s  

 
le

  :ST m   

 for each m

, 8   



2 2r k 

where  , 

   2 2 2 ,k kr m r r    

     2 2
2

, if is a blank for ,

any element of 8, otherwise.

k k k
m

    


   
 

 

Prop sition 4 (Deloup, [7]) Given two linking pair-
ings 

o . 
 and  defined 2-groups, on  is an orthogo-

nal summand of  if and only if conditions (1) and ( ) 
hold and there is an admissible ble ,ST S

2
ta   .  

 4 gProposition ives ure for determining the 
bl y 

a proced
ock sum diagonal form of an arbitrar linking pairing 

. Firstly, determine the possible combinations of ortho- 
gonal sum vin   and s invol g 0E k 1E k  that can occur 
in the block sum diagonal form of the linking matrix. 
Next, us complete system of invariants e the   2 2,k kr   
to determine which of these rthogonal sums is isomor-
ph

o
ic to . 
In the following examples we use the procedure given 

e for determining the blockabov  diagonal form of a link-
ing matrix. However, we will only provide th final ta-
bles since they give the complete system of invariants for 

 pairing and therefore determine whether 
or not two linking pairi  are isomorphic. 

Example 2. Some ta les of some fundamental linking 
pairings. 

1)  0 3E  
 

e 

the given linking
ngs
b

k  1 2 3 4   

2r  0 2 0   k  0

2

k  0 0 0   0 

 
2)  1 3E  
 

k  1 2 3 4   

2

kr  0 0 2 0   

2

k  0 4 0 0   

 
3)    0 13 3E E  
 

k  1 2 3 4   

2

kr  0 0 4 0   

2

k  0 4 0 0   

4)        0 0 1 13 3 3 3E E E E    
 

k  1 2 3 4   

2

kr  0 0 4 0  

2

k  0 0 0 0   

 
         5)   0 0 0 0 1 13 3 3 3 3 3E E E E E E      

 1 2 3 4   

 

k

2

kr  0 0 6 0  

 0 0 0 0 2

k   

 
)            0 0 1 1 1 13 3 3 3 3 3E E E E E E      

k  1 2 3 4   

6
 

2

kr  0 0 6 0  

 0 4 0 0 2

k   

 
mple 3. We determine the b um diagonal 

fo  of the matrix of the following linking pairing. 
Exa lock s
rm

2

1 1 1 1

0 1 1 1

0 1 11

1 1 1 0 1 18

1 1 1 1 0 1

1 1 1 1 1 0

 
 
 
 

  
 
 
  
 

Sim ltaneo  row an colum peratio  do not y d 
an im ediate iagona tion a n Example 1. In ct, 
this m trix has three different (but isomorphic) block 
diagonal repr entatio  in te s of e genera rs 

0 1

1 1

1 1 1
  

u us d n o ns iel
m  d liza s i fa
a

es ns rm th to
 0  3E  and 1 3E  of 2 . This exhibits one of the 

m ifficulties in the algebraic classification of link g 
pa ings on 2-groups. 

Observe that the tabl  2T


 2  is
 

k  

ain d in
ir

e for  

1 2 3 4  

2

kr  0 0 6 0  

2

k  0 4 0 0   

 
This table is identical to the table for  
     0 0 13 3 3E E E   given in Example 2. Thus  

     
     

2
0 0 1

1 1 1

3 3 3

3 3 3 .

E E E

E E E

   

  
 

Example 4. Consider the Seifert presentation   
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                  3 3 3, 2 ,1 , 2 ,1  

 
The corresponding linking pairing is on 

 

3 3 3 3 3 3, ,0 1, 2 ,7 , 2 ,1 , 2 ,1 , 2 ,1 , 2 ,1 , 2 ,1 , 2 ,1M O o

 
 43 3Tors 2 2H M    . It has link ng matrix  2 1 i

2

1 1 0 1 1 1 1 1

1 1 1 0 1 1 1 11

1 1 1 1 0 1 1 18

1 1 1 1 1 0 1 1

1 1 1 1 1 1 0 1

1

 
 
    
 


 
  


 

0 1 1 1 1 1 1 1

1 0 1 1 1 1 1 1

1 1 1 1 1 1 0

 
 
 





 is 
 

k  1 2 3 4   

       , , , 2 , 2 1 , 2 , 2 ,1 , 2 ,1 ,k k k k kM O o
 



 
 

 

orphism classes 
of linking pairings on aliz-
ing them as the linking forms on Seifert manifolds that 
are rational homology spheres. Indeed, we have pre-
sented a procedure to determine if the linking pairing 

0 1 ,1 ,


. 
 



In conclusion, we have considered isom
2-groups topologically, by re

  
on ich the 
di e mon-
oid 2

 a 2-group has a block sum diagonal form in wh
onal blocks correspond to the generators of thag
  and as such detecting isomorphic linking 

forms. 
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