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Abstract

As we know if D is a complete X -semilattice of unions then semigroup B, (D) possesses a

right unit iff D is an Xl -semilattice of unions. The investigation of those « -idempotent and
regular elements of semigroups B, (D) requires an investigation of Xl -subsemilattices of se-

milattice D for which V (D,a)=Q €X,(X,8). Because the semilattice Q of the class Z,(X,8)

are not always Xl -semilattices, there is a need of full description for those idempotent and regu-
lar elements when V (D,a) = Q. For the case where X is a finite set we derive formulas by cal-

culating the numbers of such regular elements and right units for which V (D,a) =Q.
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1. Introduction

In this paper we characterize the elements of the class %, (X ,8) . This class is the complete X -semilattice of
unions every elements of which are isomorphic to Q. So, we characterize the class for each element which is
isomorphic to Q by means of the characteristic family of sets, the characteristic mapping and the generate set
of D.
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Let X be an arbitrary nonempty set, recall that the set of all binary relations on X is denoted B, . The
binary operation "o" on B, defined by for «, feB, (X,z2)eacB<(Xy)ea and (y,z)ep, for
some ye X isassociative and hence B, isa semigroup with respect to the operation "o". This semigroup is
called the semigroup of all binary relations on the set X . By & we denote an empty binary relation or empty
subset of the set X .

Let D bea X -semilattice of unions, i.e. a nonempty set of subsets of the set X that is closed with re-
spect to the set-theoretic operations of unification of elements from D, f be an arbitrary mapping from X
into D . To each such a mapping f there corresponds a binary relation «, onthe set X that satisfies the
condition «, = | J ({x}x f(x)). The set of all such &, (f:X — D) is denoted by B, (D). It is easy to
prove that B, (D) is a semigroup with respect to the operation of multiplication of binary relations, which is
called a complete semigroup of binary relations defined by a X -semilattice of unions D (see ([1], Item 2.1),
([2], Item 2.1)).

Let X, yeX, Yc X, aeBy (D), TeD, @=D'cD and teD= |JY . We use the notations:

YeD

ya={xeX|yax}, Ya=Jya, V(D,a)={Ya|Y €D}, X" ={T|@=T c X},

yoY
(D' T)=u(D'\D}), YV ={xeX|xa=T}D/={Z'eDteZ'},
D; ={Z'eD|T <z}, bj={Z'eD|2' cT}.
Let aeBy (D), Y ={xeX|xa=T} and
V(X a), if @¢D;

V[e]=4V(X".a), if @eV(X",a);
V(X",a)u{@}, if deV(X",a)and@eD.

In general, a representation of a binary relation « of the form « = U (YT" xT) is called quasinormal.
TeV[a]
Note that for a quasinormal representation of a binary relation « , not all sets Y;* (T eV [a]) can be dif-
ferent from an empty set. But for this representation the following conditions are always fulfilled:

a) Y nY =, forany T, T'eD and T =T';
b) X = U Y (see ([1], Definition 1.11.1), ([2], Definition 1.11.1)).
TeV[a]

Let £eBy (D). & is called right unit of the semigroup B, (D). If ace=a forany aeB, (D). An
element o taken from the semigroup B, (D) called a regular element of the semigroup B, (D) if in
By (D) there exists anelement B suchthat aoBoa=a (see[1]-[3]).

In [1] [2] they show that S is regular element of B, (D) iff V[B]=V(D,5) isa complete XI -semilat-
tice of unions.

A complete X -emilattice of unions D isan Xl -emilattice of unions if it satisfies the following two con-
ditions:

@@ A(D,D,)eD forany teD;

(b) Z =U/\(D,Dt) for any nonempty element Z of D (see ([1], Definition 1.14.2), ([2], Definition

tez

1.14.2) or [4]). Under the symbol /\(D, Dt) we mean an exact lower bound of the set D, in the semilattice

D.

Let D' be an arbitrary nonempty subset of the complete X -semilattice of unions D . A nonempty element
T is anonlimiting element of the set D" if T \I(D',T) = and a nonempty element T is a limiting ele-
ment of the set D' if T\I(D',T)=& (see ([1], Definition 1.13.1 and Definition 1.13.2), ([2], Definition
1.13.1 and Definition 1.13.2)).

Let D:{D,Zl,zz,m z } be some finite X -semilattice of unions and C(D)={R,,P,P,,--,P.

15 m-1 m-1

} be
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the family of sets of pairwise nonintersecting subsets of the set X . If ¢ is a mapping of the semilattice D
on the family of sets C(D) which satisfies the condition go(lj) =P, and go(Zi ) =P forany i=12,---,m-1

and D, = D\{T e D|Z =T}, then the following equalities are valid:

D=RURUPU-UPR.,, Z=Ru ] o(T) (*)

TeDZi

In the sequel these equalities will be called formal.
It is proved that if the elements of the semilattice D are represented in the form (o) , then among the para-

meters P (i =0,1 2,~-,m—1) there exist such parameters that cannot be empty sets for D . Such sets P

(0<i<m-1) are called basis sources, whereas sets P; (0< j<m-1) which can be empty sets too are called

completeness sources.

It is proved that under the mapping ¢ the number of covering elements of the pre-image of a basis source is
always equal to one, while under the mapping ¢ the number of covering elements of the pre-image of a com-
pleteness source either does not exist or is always greater than one (see ([1], Item 11.4), ([2], Item 11.4) or [5]).

The one-to-one mapping ¢ between the complete X -semilattices of unions ¢(Q,Q) and D" iscalled a
complete isomorphism if the condition

o(wb;)={ o(T)

TeDy

Is fulfilled for each nonempty subset D, of the semilattice D' (see ([1], definition 6.3.2), ([2], definition
6.3.2) or [6]) and the complete isomorphism ¢ between the complete semilattices of unions Q and D’ isa
complete « -isomorphism if (b)

(@ Q=V(D,a);

(b) ¢(D)=0 for eV (D,a) and ¢(T)a=T forall TeV(D,a) (see ([1], Definition 6.3.3), ([2],
Definition 6.3.3)).

Lemma 1.1. Let D by a complete X -semilattice of unions. If a binary relation & of the form

e=J({t}xA(D, Dl))u((x \D)x D) is right unit of the semigroup B, (D), then & is the greatest right
teD

unit of that semigroup (see ([1], Lemma 12.1.2), ([2], Lemma 12.1.2)).
Theorem 1.1. Let D; ={T,,T,,-T;}, X and Y —be three such sets, that @ =Y < X. If f is such

mapping of the set X, in the set D;, for which f(y):TJ— for some yeY, then the numbers of all those
mappings f of the set X in the set D, is equal to s=j*" -(j‘Y‘ —(j—l)M) (see ([1], Theorem 1.18.2),

([2], Theorem 1.18.2)).

Theorem 1.2. Let D be afinite X -semilattice of unions and ¢ococoa=a forsome « and o of the
semigroup B, (D); D(a) be the set of those elements T of the semilattice Q =B, (D)\{&J} which are
nonlimiting elements of the set Q; . Then a binary relation « having a quasinormal representation of the form

a= |J YxT isaregular element of the semigroup B, (D) ifftheset V(D,a) isa XI -semilattice of
TeV(D,a)

unions and for « -isomorphism ¢ of the semilattice V(D,a) on some X -subsemilattice D'of the semilat-
tice D the following conditions are fulfilled:
(@ ¢(T)=To forany TeV(D,a);
) |J Yy oe(T) forany TeD(a);
Teb(a),
© Y nep(T)=D foranyelement T oftheset D(a). (see ([1], Theorem 6.3.3), ([2], Theorem 6.3.3) or
[6]).

Theorem 1.3. Let D be a complete X -emilattice of unions. The semigroup B, (D) possesses a right
unitiff D isan Xl -semilattice of unions (see ([1], Theorem 6.1.3), ([2], Theorem 6.1.3) or [7]).
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2. Results

Let D isany X -semilattice of unions and Q ={T,,T,,T,,T,,T,,T,,T,, T, } = D, which satisfies the following con-
ditions:

T,cTlcT,cT,, T,cT,cT,cT,, T, cT,cT, cT,,
TocT,cT,cT,, T,cT,cT,cT,, T,cT,cT, T,
T,uTy=T,, T,uT,=T,, T,uT, =T, T,UT =T,
T\T, =0, T,\T, #J, T,\T, =0, T,\T, =,

TL\T, 20, T\T, =0, T,\T, =0, T,\T, #J,

T\T, 2D, T,\T, Q.

1)

The semilattice Q, which satisfying the conditions (1) is shown in Figure 1. By the symbol %, (X,8) we
denote the set of all X -semilattices of unions whose every element is isomorphicto Q.
Let C(Q)={P,P,P,P,PP,P,P} isafamilysets, where P, P, B, P,, P, P,, B, P, are pairwise dis-
joint subsets of the set X and
T T T, T, T, T, T, T,
l// B (P7 PG PS P4 P3 PZ H. POJ

is a mapping of the semilattice Q into the family sets C(Q). Then for the formal equalities of the semilattice
Q we have a form:

T,=RUVRUP,UR,UP,UR, UPR, UP,
T =RUP,UPR,UP,UR,UR UP,
T,=RURUPR,UP,UR,UR UP,
T,=RUP,UP,UR, URUP,
T,=RUPRURUPUP,
T.=RURUPRUP,UR UP,

T, =R URUP,

T, =R UPR,UR,.

O]

here the elements P, P,, P, P, are basis sources, the element PR,, P,, F,, P, are sources of completenes of
the semilattice Q. Therefore |X|>4 and 5=4.
Theorem2.1. Let Q ={T, T, T;,T,,T,.T,,T,, T} € £,(X,8). Then Q is XI -semilattice, when T, T, =@ .
Proof. Let teT,, Q ={TeQ|teT} and A(Q,Q) is the exact lower bound of the set Q_in Q. Then of

the formal equalities (2) follows, that

Q, if teP,,
{5,T } ifteP,
(T, T T}, if teP, T, iftep,
Qt:{TTTTTT} iftePg, (0.0) T, ?ftePz,
{T,. T, T, T.T,}. if teP,, T, iftePR,
(T T, L. LT}, if te P, T,, if teP,
T, .7, T, T,.T,.T,}, if teR,
{Te. T T, LT, T.T,}, if teP,
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Figure 1. Diagram of Q.

We have Q" ={A(Q.Q)[teTo}={T, To,T;,Ts} and A(Q,Q)eQ if teR,UP,UP,UP,. So, from the
definition XI -semilattice follows that Q isnot Xl -semilattice.

If B,=P,=P, =P, =@ (since they are completeness sources), then A(Q,Q,)eQ forall teT, and
T,=T,UT,, T,=T,UT,, T,=T,UT,. Of the last conditions and from the Definition XI -semilattice follows
that Q is Xl -semilattice. Of the equality P, =P, =P, =P, =& follows that

T,NT,=(R,URURUP,URUP )N (R, UP,UP,URURUP,)=PR UP,UR,UP, =0

Of the other hand, if T, T, =& then by formal equalities follows that P, =P, =P, =P, =& . Therefore,
semilattice Q is Xl -semilattice.
The Theorem is proved.

Lemma 2.1. Let Q={T,,T,,T,,T,, T,,T,.T,,T,} € X, (X,8) and T, "T, =@ . Then following equalities are
true:
R=T, R=Ts F=T\T,, R=T\T,
Proof. The given Lemma immediately follows from the formal equalities (2) of the semilattice Q.

The lemma is proved.
Lemma2.2. Let Q={T, T, T;,T,,T,, T, T, T} € X,(X,8) and T; T, =& . Then the binary relation

£ =(T, xT, ) U(Te x T ) U ((Ts \Ty) x To ) U (T \T, ) x Ty ) U (X \T, ) xT,)

is the largest right unit of the semigroup B, (D).
Proof. By preposition and from Theorem 2.1 follows that Q is XI -semilattice. Of this, from Lemma 1.1,
from Lemma 2.1 and from Theorem 1.3 we have that the binary relation

e=J({t}xA(Q.Q))U((X\To)xTy) = (PyxT, )U(Pyx T ) U (P xTy ) U (B x T, ) U(( X \T, ) xT,)

teTy

= (T, x T, ) U (Te x T ) U((To \Ty) x T JU (T VT, ) x T ) U (X \ Ty ) x Ty ).

is the largest right unit of the semigroup B, (D).

The lemma is proved.

Lemma 23. Let Q={T, . T,,T,,T,. T,,T,,T,,T,} € X,(X,8) and T,NT,=. Binary relation « having
quazi-normal representation of the form

a = (Y7 xT, )Y < Ty Ju (Y xTo Ju (Ve x Ty ) U (Vs < Ty )oY xT, Ju (% x T, )oY xT, )
where Y, Y¢, Y, Y ¢{<} and V(D,a)=QeX,(X,8) is a regular element of the semigroup B, (D)
T T, T, T, T, T, T, T,

iff for some complete « isomorphism ¢ = 2 2 2 2 2L = | ofthe semilattice Q onsome
I:’7 TG TS T4 T3 T2 Tl TO

conditions:
Y oT, Y oT, YUYy oT, YYuYy oT, YW nT, 20, Y/ NT,#D
Proof. It is easy to see, that the set Q(«)={T,,T,,T;,T,,T,,T,,T,} is a generating set of the semilattice Q.

Then the following equalities are hold:
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Figure 2. Diagram of Q’.

Q(“)T7 T} Q(“)TG ={Te}. Q(“)TS ={T;. T}, Q(“)T4 ={T,. T .},
Q(a)Ta ={T,.T,}, Q(a)TZ ={T,.T6. 7. T,. T,}, Q’(a)Tl ={T,.T,. T, T,.T.}.
By Statement b) of the Theorem 1.2 follows that the following conditions are true:
Y 2T, Y oT, YUY oT, Y uYsuYysoT, YSuYoT,
YUY OYS OY,OY) oT,, YUY uY,S oY uY e o T
YA OYSOYS oT, uT, uYs =T, LY/ 2T,
YUY OV O OY = (YOS )oY oY uY ) uYy o T uT, uY =T, U o,

YUY O OYS Y = (YUY oY )oY uYs )oY o T, uT oY =T oY oT,,

i.e., the inclusions Y OYSUYS 2T, YA O UYSUYSUYS 2T, YUY UYS UYS uY, oT, are
always hold. Further, it is to see, that the following conditions are true:

Q. T;)=u(G, \T})=2, T\(Q, T)=T\@ 22

(@, Ts) =0 (G \{Te}) =2, TG, T) =T, \@ =2
(6, T ) =0(G, (T} =T, TM(G, ) =T\T, » &,
1(8,,.T,) = U(G, T =T TVI(G, ) =To\T, # 2
(G, ) =0 (G, T =T, TNI(S, T,) =TT, =2
(&, T)=0(G\(T)) =T, V(G T,)=T,\T, =2,
(S, 1) =0(G, (1)) =T, TM(G,.T)=T\T, =,

ie, T,, T,, T,, T, are nonlimiting elements of the sets Q(“)T7' Q(O‘)TG' Q(oz)T5 and Q(“)T3 respec-

tively. By Statement c) of the Theorem 1.2 it follows, that the conditions Y,* "\T, # @, Y* NT, =D,
YO NT, 2@ and Y T, #Dare hold. Since Z, cZ,, Z,cZ, wehave YT, 2@ and Y NT,#0D.

Therefore the following conditions are hold:

Y oT, Y oT, YUYy oT, YYuYy oT, YW nT, 20, Y/ NT,#D

The lemma is proved.

Definition 2.1. Assume that Qe Z,(X,8). Denote by the symbol R(Q’) the set of all regular elements
o of the semigroup B, (D) , for which the semilattices Q' and Q are mutually « -isomorphic and
V(D,a)=Q".

It is easy to see the number ¢ of automorphism of the semilattice Q is equal to 2.

Theorem 2.2. Let Q={T,,T,, T, T, T,,T,, T, T} € %,(X.8), TonT, =2 and [£,(X,8)=m,. If X be
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R(Q)[=2-m, (27 1) (277 -1) 8"

Proof. Assume that o € R(Q’). Then a quasinormal representation of a regular binary relation « has the
form
a = (Y7 xT, ) U(Ye < Ty Ju (¥ xTo ) o (Ve x Ty ) (Vs < Ty )oY xT, Ju (% x T, )oY xT, )
where Y/, ¢, Y, Y," ¢ {} and by Lemma 2.3 satisfies the conditions: X
Y/ 2T, Y7 oT, YUYy oT, VYUY oT, YN, 23, Y, nT,2J ®)

Let f_, is a mapping the set X in the semilattice Q satisfying the conditions f, (t):ta forall teX.

fo. foor fas fu. fs, are the restrictions of the mapping f, on the sets T,, T, T,\T,, T;\T,, X \T,
respectively. It is clear, that the intersection disjoint elements of the set {T,,T,, T,\T,, T,\T,, X \T,} are empty

setand T, UT, U(T,\T,)U(To\T,)u(X\Ty) =X .

We are going to find properties of the maps f,,, f,,, f,,, f,,., f,.

1) teT,. Then by Property (3) we have teT, c Y/, ie., teY,” and te =T, by definition of the set Y)*.
Therefore f,, (t)=T, forall teT,.

2) teT,. Then by Property (3) we have teT, c Y., e, teY” and ta=T, by definition of the set Y. .
Therefore f,, (t)=T, forall teT;.

3) teT,\T,. Then by Property (3) we have teT,\T,cT, =Yy UYS, ie, teY LY, and tae{T,,T,}
by definition of the sets Y,* and Y;*. Therefore f,, (t)e{T,,T,} forall teT,\T,.

Preposition we have that Y, N T, # @, i.e. t,a =T, forsome t,eT,.If t,T,, then
ty e YUY UYS UY, UYL S0 ta ={T, T, T, T, T,} by definition of the sets Y,*, Y¢*, Y, Y/, Y,*. The
condition t,o ={T,,T,,T;,T,,T,} contradict of the equality t,a =T,, while T, &{T,, T, T;,T,,T,}. Therefore,
f,, (t;)=T, forsome teT,\T,.

4) teT;\T,. Then by Property (3) we have teT\T,cT, Y/ UYS, ie, teY/ LY and tae{T, T}
by definition of the sets Y,* and Y. Therefore f,, (t)e{T, T;} forall teT,\T,.

Preposition we have that Y T, # @, i.e. t,a=T, forsome t, eT,.If t, €T, then
t, eY UY LY UYS UYL So ta={T, T, T,.T;,T,} by definition of the sets Y,*, Y, Y/, Y;, Y,*. The
condition t,a ={T,,T,,T,,T,,T,} contradict of the equality, t,a =T, while T, & {T,,T,T,,T,,T,}. Therefore,
f,, (t,)=T, forsome teT\T,.

5) te X \T,. Then by definition quasinormal representation binary relation « and by Property (3) we have
te X\T, € X =Y UYS UYS OYF OV UYF OV Uy, e tae{T, T, T,,T,.T,,T,, T, T,} by definition
ofthesets Y/, Y, Y, Y, Yy, Y, Y%, Yy Therefore f,, (t)e{T, T, T, T,.T,., T, T, Ty} forall te X\T,.

Therefore for every binary relation « € R(Q’) exist ordered system (f,,,f,,, f,, f,,, fs,). It is obvious
that for different binary relations exist different ordered systems.

Let f:T, >{T,}, f,:T,>{T}, T\, >{T.T}, f, T\, >{T,.T}, f:X\T,->Q
are such mappings, which satisfying the conditions:

6) f,(t)e{T,} forall teT,;

7) f,(t)e{Ts} forall teTg;
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8) f,(t)e{T,. T,} forall teT,\T, and f,(t,)=T, forsome t, eT,\T,;

9) f,(t)e(T, T} forall teT\T, and f,(t,)=2Z, forsome t, eT,\T;

10) f5 (1) e{T,. 6. Te. T, T, T,, T, Ty} forall te X\T,.

Now we defineamap f ofaset X inthe semilattice Q, which satisfies the following condition:

fl(t), if teT,,
f,(t), if teT,
f(t)=1f(t), if teT,\T,,
f,(t), if teT\T,
fs(t), if te X\T,.
Now let B =J({x}xf(x)), W/ ={t|tB=T} ( ~+-,5). Then binary relation A is written in the

form xeX
B =Y xT, ) (Y xTo ) U (Y xTy )oY T ) O (Y < T, ) o (Y xT, U (Y T, ) o (Y x Ty )
and satisfying the conditions:
Y/ 2T, Y/ 2T, YO/ oT, YUY/ 2T, YWnT, 23, Y/ T, 20

From this and by Lemma 2.3 we have that € R(Q’)
Therefore for every binary relation o eR(Q') and ordered system ( f,,, f,,, f;,, f,,, f,) exist one to one
mapping.

By Theorem 1.1 the number of the mappings f,_, f,, , f;,, f

1,1, 20 g B g gl

f,, are respectively:

la' "2a "3a? "4a?

(see ([1], Corollary 1.18.1), ([2], Corollary 1.18.1)).
The number of ordered system (f,,, f,,, f,,. f,,. fs,) or number regular elements can be calculated by the
formula

|R(Q!)| =2-m, .(Z\TE\TZ\ _1)_(2\T’3\T’2\ —1)~8‘X\f‘"

(see ([1], Theorem 6.3.5), ([2], Theorem 6.3.5)).
The theorem is proved.

Corollary 2.1. Let Q={T,, T, T, T, T, T,. T, T,} €X,(X.8), T,nT,=@. If X be a finite set and
EY (Q) be the set of all right units of the semigroup B, (Q), then the following formula is true

‘E£<f) (Q)‘ _ (2\T5\T1\ _1),(2\T3\T2\ _1) ,8\X\To\

Proof: This corollary immediately follows from Theorem 2.2 and from the ([1], Theorem 6.3.7) or ([2],
Theorem 6.3.7).
The corollary is proved.
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