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Abstract 
Beal conjecture is a famous world mathematical problem and was proposed 
by American banker Beal, so to solve it is more difficult than Fermat’s last 
theorem. This paper uses relationship between the mathematical formula and 
corresponding graph, and by characteristics of graph, combined with the al-
gebraic transformation and congruence theory of number theory; it is proved 
that the equation can only be formed under having a common factor and Beal 
conjecture is correct. 
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1. Introduction 

Beal conjecture is named after D Andrew Beal, after studying Fermat’s last theo-
rem in number theory. A spokesman for the American Mathematical Associa-
tion, Bren, he said that to solve it is more difficult than another related mathe-
matical problem, Fermat’s Last Theorem [1] [2]. 

“No language proof” (for short PWWs) has been widely known in magazines 
published by the American Mathematics Association, especially in Mathematics 
Journal and Mathematics School Journal. Martin Gardner discussed PPWs. In 
his famous column Mathematics Games (1973) of an American scientific jour-
nal, Gardner states that “in many cases, dull proof can be supplemented by geo-
metric figures, and it is so simple and beautiful that the truth of the theorem can 
be seen in an instant” [3], proving the most famous examples of indefinite equa-
tion by graphs; see (1) of Figure 1. The proof of Pythagoras theorem is given by 
Euclidean geometry’s original 47th proposition [3] [4] [5]. Inspired by this, the 
author found an effective way to prove the Beal conjecture. 

2. Propositional Proof 

Proposition (Beal conjecture). If 
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Figure 1. Three examples of proof s by graphs. 

 
x y zA B C+ =                             (1) 

where A, B, C, x, y and z are positive integers; and x, y and z are all greater than 
2, then A, B and C must have a common prime factor [2]. 

Because x, y and z are larger than 2, firstly, the three powers in the Formula (1) 
are replaced by the areas of three rectangles that are 1 1 1, ,x y zAA BB CC− − − , as (2) 
of Figure 1. If the Equation (1) is true, the area sum of rectangles 1 1,x yAA BB− −  
should be equal to the area of rectangle of 1xCC − . 

Theorem 1. We called both graphs is isomorphic if the relation of corres-
ponding edges of three rectangles are the same. All isomorphic graphs are 
equivalent. 

Proof. Because for two isomorphic graphs, the corresponding unknowns are 
the same in the formula, then the conclusion of the analysis should be the same. 

From Theorem 1, we can discuss rectangles of different sizes and shapes with 
a representative figure, such as (3) Figure 1. 

Next, we discuss this conjecture in two ways: 
1) When A, B and C have no common factor  
a) If ( ) ( )1 1 12 , 3 , , 3 , 1x y zA a C a A uB B n a C u B− − −= = = = + = + , as (1) of Fig-

ure 2 
Obviously, 

( ) ( )1 1 2 3 2 3x yAA BB auB n aB u n aB− −+ = + + = + + ;          (2) 

( )1 3 1zCC a u B− = + ，                     (3) 

By (2) and (3), 1 1 1x y zAA BB CC− − −+ ≠ . 
If n = u, then 

( ) ( )1 1 2 3 3 1x yAA BB u n aB n aB− −+ = + + = +              (4) 

( ) ( )1 3 1 3 1zCC a u B a n B− = + = + ，               (5) 

By (4) and (5), 1 1 1x y zAA BB CC− − −+ = , here, 1 1,x yAA BB− −  and 1zCC −  have 
common factor a . 

b) If there , ,A B C′ ′ ′  have no common factor, as (2) of Figure 2, as 
1xA nB t−′ = + ; ( )1 2xAA a nB t−′ = + ; 1 3yB w na a−′ = + + ; 

( )1 3yBB w na a B−′ = + + . Then 

( ) ( ) ( ) ( )1 1 2 3 2 3x yAA BB a nB t w na a B a nB t n B wB− −′ ′+ = + + + + = + + + +   (6) 
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Figure 2. When A, B, C have a common factor compared with no common factor. 
 
and 3C a s′ = + , then 

( ) 1 1 2 13 3 3 3zz z z z z z zC a s a a z a s zs s− − − − ′ = + = + + + +        (7) 

By (6) and (7), according to the congruence theory [6], we seen that at least 
that wB and s have a common factor a, can be have  

1 1x y zAA BB C− −′ ′ ′+ =                       (8) 

In other words, the Equation (8) can only be established if A, B and C contain 
common factor a. 

Sum up, we have been proved that the Equation (1) is not true when there is 
no common factor. 

2) When A, B and C have a common factor  
Look at the square in (1) of Figure 3. If A = 1, then there is  

1 + 8 = 9, or 
3 21 2 3+ = .                           (9) 

If AA and CC are the products of two squares, and C = 3A, as (1) of Figure 3, 
then 

8 9AA AA AA+ = .                       (10) 

If BB = 8AA, CC = 9AA, then we obtain    

AA BB CC+ = .                        (11) 

It is say, when A, B, C have common factor, then can write as (10) and (11). 
When iA D= , by substituting it into (10), we obtain as (2) of Figure 3, and 

2 2 28 9i i iD D D+ =                        (12) 

It can also be obtained by multiplying D3i on both sides of (9), have 
3 3 3 2 32 3i i iD D D+ = .                     (13) 

Let D = 3, by substituting it into (13), we obtain  

( )33 2 33 2 3 3i i i++ × = .                     (14) 

These are general term formulas for Beal conjecture. Let 3iA = , 2 3iB = × , 
3C = , 3x = , 3y = , 2 3z i= + , by substituting it into (14), we obtain  

x y zA B C+ = . 

For example of (3) in Figure 3, we saw 9 cubes, the equation corresponding as 
below 

https://doi.org/10.4236/apm.2019.95021


Z. Y. Liang 
 

 

DOI: 10.4236/apm.2019.95021 432 Advances in Pure Mathematics 
 

 
Figure 3. Three examples of graphs when edge length contains common factor. 

 
3 3 33 8 3 9 3+ =× × , or, 3 3 53 6 3+ = . 

For more examples as 3 3 89 18 3+ = , 6 3 149 162 3+ = ,  . 
Obviously, when i is any integer, no matter the Equation (12) or Equation (14), 

they are all established. 
Here, we noted that Ax, By, Cz in (12) must be have a common factor D2i, and 

D = 3, i ≡ 0 (mod 3); that in (13) must be have a factor D3i. The exponents are 
multiples of 3, to merge with 23. And the D is 3, to merge with 9D2i form 32+2i. 
This is a necessary condition for the establishment of the equations of the Beal 
conjecture.  

In addition, we have the second kind formulas: 
12 2 2i i i++ = .                     (15) 

For example, 12 12 132 2 2+ = , 6 4 134 8 2+ = . 
Therefore, we proved that Equation (1) is maybe holds when A, B, C have a 

common factor. 
In conclusion, we have been proved the Proposition, which Beal conjecture is 

true.     

3. Conclusion 

The above proves that, the Equation (1) is not valid without common factors; 
and it maybe holds when having common factor. It proved that, Beal conjecture 
is correct. Using the relationship between algebraic formulas and graphs and al-
gebraic transformation, a world mathematical problem of indefinite equation is 
solved smoothly. It shows that sometimes general and geometric figures can 
make mathematical proofs simple and clear, which is indispensable. At the same 
time, this paper also finds a new and effective way to solve the indefinite equa-
tion in number theory. 
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