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Abstract

This paper is to investigate the convergence rate of asymptotic normality of
frequency polygon estimation for density function under mixing random
fields, which include strongly mixing condition and some weaker mixing
conditions. A Berry-Esseen bound of frequency polygon is established and
the convergence rates of asymptotic normality are derived. In particularly, for

the optimal bin width 5,, = Ci ™, it is showed that the convergence rate of

~ ~2/5(1+3N)

asymptotic normality reaches to n when mixing coefficient tends to

zero exponentially fast.
Keywords

Frequency Polygon, Berry-Esseen Bound, Rate of Asymptotic Normality, Mixing
Random Field

1. Introduction

Denote the integer lattice points in the N-dimensional Euclidean space by Z"
for N>1.Let {X iezV } be a strictly stationary random field with common
density f(x) on the real line R Throughout this paper, let

i} = (i +2 +-+2)", i=ij,-iy, i< denote i, <j, (1Sk<N) for
i=(i,i,,iy)eZ" and j=(j, o jy)eZ”, and 1=(1,1,---,1)eZ" .

The limit process n — oo denotes

min{ni;ISiSN}—>oo and ni/anC (lSi,jSN)
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for some constant C > 0.

For a set of sites S<Z", B(S)=B(X;;ieS) denotes the o-field generated
by the random variables (X;;ieS). Card(S) denotes the cardinality of S, and
dist(S,S") denotes the Euclidean distance between Sand S’ that is
dist(S,5") = min {"1 —jlsiesS.je S’} . We will use the following mixing coefficient

a(B(S),B(S")) =sup{|P(4B)-P(4)P(B), 4 B(S),B<B(S")

< Ch(Card(S),Card(S"))o(dist(S,5")), W

where C is some positive constant, @(u)¥0 as u —> o0, and h(n,m) is a
symmetric positive function nondecreasing in each variable.
If h=1, then {Xi ie ZN} is called strongly mixing. In Carbon ef al [1], it

is assumed that A satisfies either

h(n,m)<min{n,m}, (2)
or
h(nm)<(n+m+1)" (3)

where k >1. Conditions (2) and (3) are also used by Neaderhouser [2] and Ta-
kahata [3], respectively and are weaker than the strong mixing condition.

In recent years, there is a growing interest in statistical problem for random
fields, because spatial data are modeled as finite observations of random fields.
For asymptotic properties of kernel density estimators for spatial random fields,
one can refer to Tran [4], Hallin et al [5] [6], Cheng et al [7], El Machkouri [8]
[9], Wang and Woodroofe [10], among others. For spatial regression models, see,
Biau and Cadre [11], Lu and Chen [12], Hallin et al [13], Gao et al. [14], Carbon
et al. [15], Dabo-Niang and Yao [16].

The purpose of this paper is going to investigate the convergence rate of
asymptotic normality of frequency polygon estimation of density function for
mixing random fields. The frequency polygon has the advantage to be concep-
tually and computationally simple. Furthermore, Scott [17] showed that the rate
of convergence of frequency polygon is superior to the histogram for smooth
densities, and similar to those of kernel estimators. In recent years, frequency
polygon estimator is given increasing attention. For example, key references that
can be found for non-spatial random variables are Scott [17], Beirlant et al. [18],
Carbon et al [19], Yang [20], Xin et al. [21], etc. For spatial random fields, the
references on frequency polygon are Carbon [11], Carbon et a/[1], Bensad and
Dabo-Niang [22] and El Machkouri [23]. For continuous indexed random fields,
Bensad and Dabo-Niang [22] derived the integrated mean squared error of fre-
quency polygon and the optimal uniform strong rate of convergence. For dis-
cretely indexed random fields, Carbon [24] obtained the optimal bin width
based on asymptotically minimize integrated error and the rate of uniform con-
vergence, Carbon [1] derived the asymptotic normality of frequency polygon
under the mixing conditions that the function 4 in (1.1) satisfies (2) or (3), El

Machkouri [23] established the asymptotic normality of frequency polygon for
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strongly mixing coefficients (that is, ~2=1). However, the convergence rate of
asymptotic normality of frequency polygon has not been discussed in these lite-
rature. In this paper, we will prove a Berry-Esseen bound of frequency polygon
and the convergence rate of asymptotic normality under weaker mixing condi-
tions, which include strongly mixing condition.

This paper is organized as follows: Next section presents the main results. Sec-
tion 3 gives some lemmas, which will be used later. Section 4 provides the proofs
of theorems. Throughout this paper, the letter C will be used to denote positive

constants whose values are unimportant and may vary, but not dependent on n.

2. Main Results

Suppose that we observe {X,} on a rectangular region {i:1=<i=n}. Con-
sider a partition ---<x, <x, <x, <x, <x,--- of the real line into equal inter-
vals I, =[(k—1)b,,kb,) of length b, , where b, is the bin width and
k=0,£1,+2,---. For xe [(ko —1/2)b,,(ky +1/2)b, ) , consider the two adjacent
histogram bins [, and [, ,,. Denote the number of observations falling in
these intervals respectively by v, and v, ;. Then the values of the histogram

in these previous bins are given by
fko =Yk /(ﬁbn )’ fk0+l = Vk0+|/(ﬁbn ) (4)

Thus the frequency polygon estimation of the density function f(x) is de-

fined as follows

fn(x)z(fko—bijfko +[%—ko+biJfko+l (5)

for xe[(k,—1/2)b,.(k, +1/2)b,).

We know that the curve estimated by the frequency polygon is a non-smooth
curve, but it tends to be a smooth density curve as the interval length b, of in-
terpolation gradually tends to zero. So we always assume that b, tends to zero
as n — 0. In addition, we need the following basic assumptions.

Assumption (Al) The density f (x) with bounded derivative. For all i, ]

and some constant M >0,
|fj|i (y | x)| <M,

where f,;(y|x) is the conditional density of X; given X;.

Assumption (A2) The random field {X iezV } satisfies (1) with
o(u)= O(u’a) for some 6 >2N.

Under Assumption (A2), we can take B such that NO ' < <1/2, then
>" i""¢” (i) < . Carefully checking the proof of Theorem 3.1 in Carbon et a/
[1], we find that the conditions (2) and (3) are not used, in fact, it only uses the
positive constant h(l,l). Therefore, by Theorem 3.1 in Carbon et al [1], we
obtain the following result on asymptotic variance.

Proposition 1 Suppose that Assumption (Al) and (A2) are satisfied. Then, for

xe[(ky—1/2)b,.(k, +1/2)b,), we have
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nanar(fn (x)) =0, (x)+o(1), (6)

where
o2 (x) =[%+2[k0 _bi” 7(x). %

It should be reminded that, as in Remark 3 in El Machkouri (2013), it should
be (1/2+2(k—x/b,)")/(x) instead of (1/2+(2k ~x/b,)")f(x) for the
asymptotic variance o, (x).

Let S, =(ib, )1/2 [fn (x)-Ef, (x)} o, (x), Fy (u)=P(S, <u) and ®(u)
denote the distribution function of N(0,1). Now we give our main results as
follow.

Theorem 1. Suppose that Assumption (A1) and (A2) hold. Assume that there
exist integers p=p, >» and q=gq, > such that

7,07, >07,—>0 (8)

1/2

where 1, =qp’',1,, =(nb, )71/2 p" and = (ﬁb;l) q’gh(ﬁ,pN) . Then,

for x such that f(x) >0 andas n— o, we have
suplF, ()0 ()] =0(, ) ©)
ueR

3 /2 1/3 _ 71 N _-0
where 7, =t/ +71,, +7),+7,, and 7,,=b p q".

Remark 1. In the theorem above, it does not need to assume that t,, —0
because 0<t,, <Ct,,7,,—>0 from(8).

Theorem 1 provides a general result for Berry-Esseen bound of frequency po-
lygon estimation. Some specific bounds can be obtained by choosing different
b,,pand q.

Theorem 2. Suppose that Assumption (Al) and (A2) hold. Let b, =Cn™"
(1+v)N 2(1-¢)N

for some v €(0,1). Denote that 1, = (—v)s (+3N)e
—v)e &

n, =1, +% and 1, =n, +(14_]\‘//];g for some ¢ €(0,1).
1)If h=1 and
6> max{2N,n,}, (10)
2) or if(2) is satisfied and
6> max {2N,n,}, (11)
3) or if (3) is satisfied and
«92max{2N,773}, (12)

then, for x suchthat f(x)>0 andas n—> o, we have

(1-v)(1-¢)
Fy (u)—q)(u)| = O{ﬁ 2(1+3N) J (13)

sup
uek
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Carbon [24] proved that the optimal bin width for asymptotical mean square

error

. 15
by =2| = | A (14)
7 49R, (f)

where R,(f)= J.j;[f"(x)f dx, when 6>2N +3/2. For the optimal bin width,
it is ease to get the following result by Theorem 2.

Corollary 1. Suppose that Assumption (Al) and (A2) hold and h=1. Let
b,=Ca. 1) If

6 > max 2N,ﬂ+M (15)
2¢e (1+3N)g

for some & €(0,1), then, for x suchthat f(x)>0,

_ 2(1-¢)
Fy, ()= (u)| = O[ﬁ 5(“”)}. (16)

sup
ueR

2) If ¢(u) tends to zero exponentially fast as u tends to infinity, then, for x
such that f(x)>0,

2
sup|Fy, (u)-® (u)| = O{ﬁ (1+3%) J (17)
ueR

Remark 2. The asymptotic normality of frequency polygon under the strongly
mixing conditions established by Carbon [1] and El Machkouri [23]. As far as
we know, however, the convergence rate of asymptotic normality has not been

studied. Our conclusions make an effort in this respect.

3. Lemmas

In the later proof, we need to estimate the upper bounds of covariance and va-
riance of dependent variables. The following two lemmas give the upper bounds
of covariance and variance respectively.

Lemma 1. Roussas and loannides [25] suppose that ¢ and n are B (S ) -
measurable and B(S') -measurable random variables, respectively. If |<§| <C
a.s. and |77| <C, a.s, then

|E(&n)—(EE)(En)| < 4C,Cya(dist(S,S")). (18)

Let

Y, =1((k-1)b, <X, <kb,), ¥, =Y,, —EY,,. (19)

Lemma 2. Gao et al. [26] let assumption (Al) and (A2) be satisfied. Sup-
pose that the integer vectors a=(a,,a,,--,ay), m=(m,m,,--,my) and
n=(n,n,,-,ny) satisty 0<a,<a,+m,<n, for 1<i<N . Then there exists

a positive constant C, which is no depending on n, a and m, such that

E[ > ?"”‘j < Crmib,. (20)

a=i=a+m
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Lemma 3. Lemma 3.7 in Yang [27) suppose that {{,:n>1} and {n, :n>1}
are two random variable sequences, {y,:n> 1} Is a positive constant sequence,
and y, —>0.If

sup|F7, (u)-®(u)|=0(z,), (1)

then for any £>0,

sup‘F”W (u)—d)(u)‘ = O(yn +e+P(

n,|ze)). (22)

4. Proofs

Proof of Theorem 1 We will use the methodology of using “small” and “big”
blocks which is similar to that of Carbon et al [1]. For
x € ((ky=1/2)b,.(k, +1/2)b, ), define

1 X 1 X
_ -2
Zi,ko - bn {(5+ ko _Zj Y;,ko + [E‘ ko +Ej Y;,k0+l } (23)
and Z;, =Z7;, —EZ;, .Then
S,(x)=0"% Z,. (24)
1=<i=n

Now we divide S, (x) into the sum of large blocks and the sum of small
blocks. According to the block size method, we assume ¢ < p and p,q satisfy
(8). Assume for some integer vector r = (r] AT ) , we have
n =r(p+q),,ny =ry(p+q). If it is not this case, there will be a remainder
term in the splitting block, but it will not change the proof much. For 1<Xj=<r,
let

(Jk-1)(p+a)+p B
U(Ln,j)=n" > Z

i,ky
i :(jA 71)(p+q)+l;lSkSN

(x=1)(p+a)+p in(p+4) .
U(2,n,j)=h" > > Z

i,ko
i :( Jk 71)(p+q)+l;l£k£Nfl iy :(jN 71)(p+q)+p+l

(Jk-D)(p+q)+p Jn-1(p+a) (in-1)(p+a)+p
i > > > 7

i,k
i =(ik ~1)(p+q)+11Sk SN =2 iy =(jnoy ~1)(p+q)+p+1 iy =(jn -1)(p+q)+1

U(3,n,j)

( ) " (Jx *U(Zﬁ:w)ﬂ) /.N—f*'q) jN(prq) -
U(4,n,j)=n" Ziy,
ie=Ue )P HEISKSN =2 iy =(is D p+a)t 4l in=(iy—1)(pa)epel

an so on. Note that
Jk(p+q) (in-1)(p+a)+p
(2" -tmj)=" 3 > 7y

i :(jk 71)(1)+q)+p+1;1SkSNfl iy :(/'N 71)(1)+q)+1

Finally

U(zN’n’j):ﬁ—l/Z jk(’i‘]) Z

ik
iy :( Tk 71)(p+q)+p+l;1SkSN

For each integer ie [1,2”} , define
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T(i,;n)= > U(i,n,j) (25)
1=zj=r
and B, =zi252T(i,n).Then
S, (x)=T(L.n)+B,. (26)

Enumerate the random variables {U (l,n, j) 1= r} in an arbitrary man-
ner and refer to them as V,V,,---,V;. Note that |Vl.|SCﬁ’l/2pr;1/2. Using
Theorem 4 in Rio [28] or Lemma 4.5 in Carbon et al [29] [30], there exists
V.,V,,-+,V,, independent random variables, independent of V,,V,,---,V, with

the same law verifying

E,=V,|< G p" b h((#-1) p". 0" )0 (q)

(27)
< Cﬁ’l/szbn’l/zh(ﬁ,pN)(o(q).
Let 7(1,n)=>" 7, and 4, =T(1,n)-7(1,n). Thus
S,(x)=T(l,n)+4, +B,. (28)
By Lemma 3, it is sufficient to show that
P(l4.[>75)=0(=h), (29)
P(|B,|> 72+ ) = 0(el2 +213), (30)
and
sup | (u)—d)(u)‘ = O(Tz,n ) (31)
ueRr
Obviously, from (27)
P(4,|> ) < co e -]
<CT 1/2M71/2 Nb 1/2h( )(o(q) (32)
<Cr,’? (nb )1/2 g ’h (ﬁ,pN)
= Cr;/z,
it follows (29). Now consider that
2N
P( 1/3-1-2'}‘/3) P<|T(i,n |>z'/ +ri/i)
- \ (33)
< C(z"/3 +73 ) 2Z:ET2 (i,m)
I,n 4,n H .
i=2
Note that
ET?(2,n)=fEU*(2,n,j)+ Y. Cov(U(2,m,j),U(2,n,j))
1.5 2 e (34)
=A, +A,
By Lemma 2,
A, <Cr7'b' pM b, <Cplq = Cty,. (35)
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j(z,n,j):{i:(jk - (p+q)+1<i, <(j,-1)(p+q)+p,
Define . By

1<k<N-1,(jy-1)(p+q)+p+1<iy < jy (p+q)}
Lemma 1,

|A2| <n’! z Z )‘COV(Z,,{O ,Zi,qko )

1=j.j'2r,j#] ieJ (2n.j).i'eT (20§

<Gi'p' Y )

1=j.j'2r,j2j i€ (2.n,j).i'eT (2.0,

<Gi'b Y > )fﬂ(lli—i’llq)

1237 g (2n.j)Ted (20§

< Cﬁ—le—IPZN—ZqZ Z (

1=,§'=<r,j=§

i=ila)”

< Cﬁ’lbglpw’zqu‘q’g Z "j”fG

1=Xj=r
<G, piq (07!} (36)
<ch'pYq”’
=Cr,,

Combining (34)-(36), we have

ET? (Z,D)SC(TLH +T4,n). (37)
similarly, ET?(i,n)<C(z,,+7,,) for 3<i<2". Thus, we obtain (30) from
(33).

Finely, to show that (31). Clearly,
Var(T(1,n))=#Var(V)+ Y. Cov(¥,.V,) (38)
1<t,t'<F,t#t'

Define 7 (1,n,j)={i:(j, —1)(p+q)+1<i, <(js ~1)(p+q)+p1<k <N} .
Recalling (36), we have

> cov(r )

1<t,t'<F,t#t'

< Y |Cov(U(l,ﬂ,j)aU(lanaJﬁ)N

1=j,j'=r,j#§

=h! z Z Cov(Zlko ,Z~i«,k0 )

1=j,j'=r,j=j ie](Z,n,j),i'e](Z,n,j’)

SR S R ()

1=j,j'=2r,j=j’ ie](Z,n,j),i'eJ(Z,n,j'

<ci'p' Y > )w(lli—i’llq)

1=j,j' =2, j=j' ie](Z,n,j),i'eJ(Z,n,j'
< Cﬁ—lbr:lpZN z ( j—j'"q)ig
12§/ =r i (39)
<G prg 3 il

1=jzr

< Cﬁ-lbl:lpzlvf_q—o

and by Lemma 2

#Var(V;)=tVar(U(1,n,1))<Cfa"'p" < C. (40)
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Combining (38)-(40) yields that Var(T(l,n)) =fVar(/})+o(1) and
Var(T(l,n))S C, so that Var(S,) :Var(T(l,n)+B ):Var(T(l,n))+o(1)

n

from EB; —0.Hence
Var(f(l,n)) = f‘Var(Vl) =tVar (V)
:Var(T(l,n))-i—O(l)
:Var(Sn)+0(1)
=0’ (x)+0(1).

’ ZLIE|I7I|3 . Note that

(41)

Let A, E{Var(f(l,n))}_z/

Var(f(l,n)) >0, (x)/22 f(x)/4 for xe((k,—1/2)b,.(k,+1/2)b,) . From
(40), we have

A, < Czr:E|I7l.|3 <C(ib,)" pYivar(V)<C(ib, )" p¥ >0, (42)
i=1

yields (31) by Berry-Esseen theorem. Complete the proof.

Proof of Theorem 2 In Theorem 1, take p:[ﬁp] and q:[ﬁf] where
(1-v)(e+3N) (1-v)e
=— 2 and r=——— for O<v<l and O<e&<1. Notes
2N(1+3N) 2

that b, =Chn™" . Then

T = qp—l _ ﬁi 2(1+3N) ’ (43)
7(1*\/)(1*5)
Tyn = (ﬁbn )_1/2 pN -h 2(1+3N) i (44)
_l:gr_v_(l—v)(erSN)
Ty = b;lequ -h 2(1+3N) (45)

First consider the case (1), that is that 2 =1 and the condition (10) holds. At
this time, we have
12 7(1—v)£9—(1+v)N
z,, =(06,') g h(h,pY)=R N (46)
(1+v)N 2(1-&)N

The condition (10) implies that 82> +
(10) tmp (1I-v)e  (1+3N)e

. Combining this

with (45) and (46), we can get that

7(171/)(178)
2 =0l N, (47)

7(17v)(17€)
r=olq Y (48)

From (43),(44), (47) and (48), it is ease to know that

7(1—1/)(1—5)
T, = 711!/"3 +7,, +rzl{ﬁ +z'i/jl = O{ﬁ 2(143N) J (49)
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It follows the desired result (13). For the case (2) and the case (3), the proving
methods are similar to the method used to prove the case (1). Complete the

proof.

5. Conclusion

The frequency polygon estimation has the advantage of simple calculation. It can
save calculation cost in the face of large data, so it is a valuable and worth study-
ing method. In the existing literature, the asymptotic normality of the frequency
polygon estimation has been studied, but its convergence rate has not been es-
tablished. This paper proves a Berry-Esseen bound of the frequency polygon and
derives the convergence rate of asymptotic normality under weaker mixing con-
ditions. In particularly, for the optimal bin width b5, = Ci ™%, it is showed that

the convergence rate of asymptotic normality reaches to 20N

when mix-
ing coefficient tends to zero exponentially fast. These conclusions show that the
asymptotic normality of the frequency polygon estimator also has a good con-
vergence rate under the dependent samples. Therefore, when the sample size is
large, the normal distribution can be used to give a better confidence interval es-

timation.
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