o5 Scientific

American Journal of Operations Research, 2011, 1, 243-248
#% Research

doi:10.4236/ajor.2011.14028 Published Online December 2011 (http://www.SciRP.org/journal/ajor)

Optimality for Multi-Objective Programming Involving
Arcwise Connected d-Type-I Functions

Guolin Yu, Min Wang
Research Institute of Information and System Computation Science, The North University for Ethnics,
Yinchuan, China
E-mail: guolin_yu@126.com
Received April 26, 2011; revised May 27, 2011; accepted June 11, 2011

Abstract

This paper deals with the optimality conditions and dual theory of multi-objective programming problems
involving generalized convexity. New classes of generalized type-l functions are introduced for arcwise
connected functions, and examples are given to show the existence of these functions. By utilizing the new
concepts, several sufficient optimality conditions and Mond-Weir type duality results are proposed for

non-differentiable multi-objective programming problem.
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1. Introduction

Investigation on sufficiency and duality has been one of
the most attraction topics in the theory of multi-objective
problems. It is well known that the concept of convexity
and its various generalizations play an important role in
deriving sufficient optimality conditions and duality re-
sults for multi-objective programming problems. The
concept of type-1 functions was first introduced by Han-
son and Mond [1] as a generalization of convexity. With
and without differentiability, the type-1 functions were
extended to several classes of generalized type-1 func-
tions by many researchers, and sufficient optimality cri-
teria and duality results are established for multi-objec-
tive programming (vector optimization) problems in-
volving these functions (see [1-12]). Another meaningful
generalization of convex functions is the introduction of
arcwise connected functions, which was given by Avriel
and Zang [13]. Singh [14] and Mukherjee and Yadav [15]
discussed some properties of arcwise connected sets and
functions. Bhatia and Mehara [16] investigated some
properties of arcwise connected functions in terms of
their directional derivatives and established optimality
conditions for scalar-valued nonlinear programming
prblems involving these functions. Mehar and Bhatia [17]
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and Davar and Mehra [18] studied optimality conditions
and duality results for minmax problems and fractional
programming problems involving arcwise connected and
generalized arcwise connected functions, respectively.

In this paper, we first introduce new classes of gener-
alized convex type-I functions by relaxing definitions of
arcwise connected function and type-I function. We pre-
sent some sufficient optimality conditions and dual theo-
rems for non-differential multi-objective programming
problem under various generalized convex type-l func-
tions assumptions. This paper is divided into four sec-
tions. Section 2 recalls some definitions and related re-
sults which will be used in later sections, and introduces
new classes generalized convex type-1 functions. In Sec-
tion 3 and Section 4, the sufficient optimality conditions
and Mond-Weir type duality results are established for
non-differential multi-objective programming problem
involving these generalized convex functions, respec-
tively.

2. Preliminaries

In this section, we first recall some concepts and results
related arcwise connected functions. Let R" be the n-
dimensional Euclidean space and R' be the set of all
real numbers. Throughout this paper, the following con-
vention for vectors in R" will be followed:

x<y ifandonlyif x <vy,, i=42,---,n,
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x<y ifandonlyif x <y, i=12---,n,
x<y ifandonlyif x <y, i=12---,n,but x=y,
X<y isthenegationof x<y.

Definition 2.1. (See [15]) A subset X < R" is said
to be an arcwise connected (AC) set, if for every xe X ,
u e X , there exists a continuous vector-valued functions
H,.:[0,1] > X, called an arc, such that

H,.(0)=x, H,, (1)=u.

Definition 2.2. (See [15]) Let f be a real-valued
function defined on an AC set X —R". Then f is
said to be an arcwise connected function (CN) if, for
every xe X, ue X, there exists an arc H,, such
that

f(H,,(0)<(1-6)f(x)+6f(u),for 0<o<1

Definition 2.3. (See [13,14]) Let X = R" be an AC
set, and Let f be a real-valued function defined on X .
For any xe X, ue X, the directional derivative of f
with respectto H,, at #=0 isdefined as

(R () 1(0)

60" [

provided the limit exists and is denoted by
f*(H,,(0)). If

H,,(0)-x
lim ———— 9)

60"
exists and it is denoted by H; (0), then vector

H; . (0) is called directional derivative of H,, at

x,u

Consider the following multiobjective programming
problem:

(MP) min f (x)
st. g(x)<0,xe X,

where f:X - R"™, g:X —RP, X is a nonempty
open AC set of R". Let F denote the feasible solutions
of (MP) assumed to be nonempty, that is

FI{XER”ZQ(X)SO}.

Definition 2.4. A point X e X is said to be a Pareto
efficient solution of problem (MP), if f(x)£ f(X) for
all xe X .

Definition 2.5. A point X e X is said to be a weak
Pareto efficient solution of problem (MP), if
f(x)£ f(x) forall xeX.

Along the lines of [1,5], we now define the following
classes of functions.

Definition 2.6. (f,,g;), i=12,--,m and
j=12,---,p, is said to be CN-d-type-l1 with respect
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toH. ,at X e X if there exist an arc
H. :[0,1] > X suchthatforall xe X,

()= f(x)= 7 (H,(0)
and
~0;(<)2 g (H,,(0))

Definition 2.7. (f,,g;), i=12,--,m and
j=12,---,p, is said to be quasi-CN-d-type-lI with re-
spectto H . —at x e X if there exist an arc

H. :[0]] - X suchthatforall xeX,
| ()< (x)= (M. (0)) <0,
and
~9,(¥')<0=9;(H,. (0))<0.

Definition 2.8. (f,,g;), i=12,--,m and
j=12,---,p, is said to be pseudo-CN-d-type-I with re-
spectto H . at x e X if there existanarc

H. :[01] > X suchthatforall xeX,
| i(H,,(0))2 0=, (x)= 1, (x'),
and
g; (H,,(0))20=-g,(x)=0.

Definition 2.9. (fi,gj), i=12,---,m and
j=12,---,p, is said to be quasipseudo-CN-d-type-I
with respect to H. at X" e X if there exist an arc

H. :[01]—> X suchthatforall xeX,
| ()< (x)= (., (0)) <0,
and
g;(H,,(0)20=-g,(x')=0.

Definition 2.10. (f,,g;), i=12,--,m and
j=12,---,p, is said to be pseudoquasi-CN-d-type-I
with respect to H.. at x e X if there exist an arc

H. :[01]—> X suchthatforall xeX,
| i (H(0)20= 1,(0 f(x),
and
~g,(x) <0=g;(H,. (0))<0.

To show the existence of the CN-d-type-I functions
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we give the following example:
Example 2.1. Defineaset X c R* as

X :{(xi,xz):xf+x§ >1x >0,X, >0} :

Then x is an AC set with respectto H,  :[0,1] > X

given by
2 2\¥2 2 2\¥2

H,, (60)=((1-0) +0y2) ((1-0) +0y2)”

x=(x,%)eX, y=(y.y,)e Xv0e[0,1].

Define f:X >R, g:X >R as

2 2 H
f(x):{xl +Xy, ifXx >1_and X, >1
0, otherwise,
p— 2 1
g(x):{ X2, ifx >1.and X, >1
0, otherwise,

f and g are not differentiable at x" :(1,1) e X . How-
ever, f* (Hx* X(0)) and g*(HX* x(O)) existed, and
they are given by

t*(H,.(0)
X’ +X;, if both components of H . >1
0, otherwise,
—x2, if both components of H . >1
0" (H,.,(0))=1 .
0, otherwise,

where x=(x,X,). Itis obviously that (f,g) is CN-d-
type-lat X =(11).

3. Sufficient Optimality Conditions

In this section, we establish sufficient optimality condi-
tions for a feasible solution X to be a weak Pareto effi-
cient solution for (MP) under the CN-d-type-I and pseu-
doquasi-CN-d-type-I assumptions.

Theorem 3.1. Suppose that there exist a feasible solu-
tion xeF and z=(zm,-~, 1), u>0 such that

f(Hy (0))+2'g" €20 wxeX (3.)

7;9;(X)=0, j=12,-,p (3.2)

If (f,g;) is CN-d-type- with respect to H,  at
X,then X is aweak Pareto efficient solution for (MP).

Proof Suppose that X is not a weak Pareto efficient
solution of (MP). Then there is a feasible solution x of
(MP) such that

f.(x)< f,(X) forany i=12-,m.
By CN-d-type-I assumption on f,, we get
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0> f,(x)—f,(X)= ;" (H,, (0)) forany i=12m.
Thus,

f"(Hy,(0))<0 forany i=12,--,m.

So, we have
31 (Hi (0)) <0. (3.3)
i=1
It yields from (3.1) that
szlﬁjg? (Hex(0))>0. (3.4)

from CN-d-type-I assumption on g, , we get
-9;(X)2 9] (Hy, (0)), forany j=12,---,p.
Since z>0 and Equation (3.2) holds, we can get
0=-%9;(X)= 9] (Hy, (0)), forany j=12,-,p.

Therefore,
P
Z;ﬁ,—gf (Hx(0))<0,
J:

which contradicts to (3.4).

Theorem 3.2. Suppose that there exist a feasible solu-
tion XeF and z=(m, M), £>0 such that (3.1)
and (3.2) hold. If (f;, g, ) is pseudoquasi-CN-d-type-
I with respectto H; at X, then X is aweak Pareto
efficient solution for (MP).

Proof Since (3.2) holds and X €F, by pseudoquasi-
CN-d-type-l hypothesis on z;g; atX, for all xe X
we have

7,97 (M-, (0))<0.
Thus

p
Y 7,97 (H,.,(0))<0 forall xeX. (35)

Let X not be a weak Pareto efficient solution for

(MP). Then there is a feasible solution X for (MP) such
that

fi(X)< f,(X) forany i=1,2,-,m.

from pseudoquasi-CN-d-type-1 hypothesis on f; at X,
it yields

f"(Hy2(0))<0 forany i=12,--,m.

SO,

(3.6)
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Combing (3.5) and (3.6), we get
3 (Hes (0)) + L2505 (Hes (0)) <0.

But this is a contradiction to (3.1). The proof is com-
pleted.

Remark 3.1. For the functions f(x) and g(x) in
Example 2.1, we consider the programming problem
(MP). Let z =1, we are easy to get that

f*(Hyx(0))+2 9" (Hy5(0))20 WxeX,
which implies that X =(1,1) is an optimal solution (is
also weak Pareto efficient) of (MP).

4. Duality Results

Now, in relation to (MP) we consider the following
Mond and Weir type dual under the CN-d-type-lI and
generalized CN-d-type-I assumptions.

(OMP) max () =(f,(¥), £, (¥)s- f (¥))

st. £117(H,(0))+4"g"(H,,(0))20forallycF
(4.1)

i,ujgj(y)zo, (4.2)

£>0, £=(&.5 &), (4.3)

120, ﬂz(ﬂl,yz,...,yp)ﬂ (4.4)

Theorem 4.1. (Weak Duality) Let X and (y,&,u)
be feasible soltuions for (MP) and (DMP), respectively.
Moreover, we assume that any one of the following con-
ditions holds:

a) (f,g;) is CN-d-type-I with respect to H,, at

b) (f,.4;9;) is pseudoquasi-CN-d-type-I with re-
spectto H,, aty.
Then

F(x) £ f(y).

Proof Since (y,&, u) is feasible solution for (DMP),
we have

£ (Hy, (0))+u"g" (H,,(0))20 ¥x'eX >0
(4.6)

and (4.2) holds. We proceed by contradiction. Suppose
that

(4.5)

f(x)<f(y).

Then, there exists an index k such that
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f (x)< f (y),
fi(x)< f(y) forall i=k.
Since & >0, i=12,---,m, we get
Ef(X)<&Ef(Y), &fi(x)<&f(y) forall i=k.
Thus,

m

g;fi(xyz; £ (y).

i=1

(4.7

by condition (a), we get
f.(y)-fi(x)2 £ (H,,(0))
and
~9;(y) 295 (H,.(0)).
Therefore, we can get
SEf(X)-2at (12288 (H,.(0) @8
and

(4.9)

_JZ:ﬂjgj (y)zéﬂngHy,x (0)).

Combing (4.2), (4.7), (4.8) and (4.9), we get

Ziléfi*(Hyyx (0))<0,
and
P
Zﬂjg;(Hyvx (0))SO'
j=1
S0

AN (H,,(0))+ gyig; (H,,(0))<0 (4.10)

which contradicts (4.6).
By condition (b), noticing that (4.2) holds, with the
similar argument as that of Theorem 3.2, we can get

géfﬁ(Hy,x(O))wv

and
L +
Zlﬂjgj(Hy,x(O))ﬁo-
]J=

The above two inequalities imply (4.10), again a con-
tradiction to (4.6). This completes the proof.

Theorem 4.2. Suppose that there exist feasible solu-
tions X and (y,&,z) for (MP) and (DMP), respec-
tively, such that
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f(X)=f(7), i=12-m. (4.11)

Moreover, we assume that the hypotheses of Theorem
4.1 hold at y, then X is a Pareto efficient solution for
(MP).

Proof For any feasible solution x for (MP), we get
from Theorem 4.1 that

FO)Zf(y)-

Suppose that X is not a Pareto efficient solution for

(MP). Then, there exist a feasible solution X for (MP)
and an index k such that

f ()< £ (X), fi(X)<f (X) forall i=k.
Using condition (4.11), we get
f ()< £ (V), fi(X)<f (y) forall i=k.

This contradicts to Theorem 4.1.

Theorem 4.3. (Converse Duality) Let (y,&,x) be a
Pareto efficient solution for (DMP). Moreover, we as-
sume that the hypotheses of Theorem 4.1 hold aty , then
y is a Pareto efficient solution for (MP).

Proof We proceed by contradiction. Suppose that y
is not a Pareto efficient solution for (MP), that is, there
exist xeF and an index k such that

fo(x)< f(y), fi(x)<f(y) forall i=k.

If any one of the hypotheses of Theorem 4.1 holds, it
yields in light of Theorem 4.1 that (4.5) is satisfied. This
leads to the similar contradiction as in the proof of
Theorem 4.1.
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