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Abstract

In this article, we start by a review of the circle group T [1] and its topology
induced [1] by the quotient metric, which we later use to define a topological

structure on the unit circle (Sl,rSI ) Using points on S' under the com-

plex exponential map, we can construct orthogonal projection operators. We
will show that under this construction, we arrive at a topological group, de-
noted G, ([9]) of projection matrices. Together with the induced topology,
it will be demonstrated that G, ([#]) is Hausdorff and Second Countable

forming a topological manifold. Moreover, I will use an example of a group

actionon G, ([6]) to generate subgroups of G, ([6]).
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1. Introduction

Orthogonal Projection is a very familiar topic in Linear Algebra [2]. With refer-
ence to [2], it is already known that if Vs a finite-dimensional vector space and
Pis a projection on W <V, where Wis a subspace of V. Then Pis idempotent,
thatis P’ = P. Pis the identity operator on W, thatis VxeW : Px=x. We al-
so know that W is the range of P and if U is the kernel of P then
V=W®&U,weW,uecU .ltis easy to show that w= Px,u=(/—P)x.Itis also
a known fact that these operators are bounded ie. ||Px|| < ||x|| In this paper
we will focus on projections in R® and define a different construct for these
operators. Starting in the next section with the circle group T [1] it is possi-
ble to endow the set of projective operators with a group and topological

structure.
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2. Notation Used in This Article

1) (Sl,z'Sl ) The unit circle as a Topological Group.

2) T Thecircle group definedas T:=R/27Z.

3) [6] isan element in the topology of T.

4) 7, the usual topologyon R.

5) 7y the topology on the unit circle S'.

6) dy([6].[6,]) is the Quotient Metricon T.

7) B([6].€) opensballsin T.

8) B(6.e) isopenin R.

9) (T,.z_T) the circle group as a topological group.

10) (Sl,-,rsl ) the unit circle as topological group.

11) Og open setin S' generated by counter-clockwise rotation.
12) OF opensetin S' generated by clockwise rotation.
13) R, A projection matrix at angle [0].

14) G,([0]) the topological projection manifold.

15) P, opensetsin G, ([0]).

3. A Brief Review of the Circle Group T and Its Topology
3.1. The Group Structure

The topological group as in [1] is constructed by viewing the real line R as
topological group where we identify x=8. The topology is the usual topology
induced by the metric d (6,,6,):=|6,—6,|. We then define the following equi-
valence relation

6 ~60,=06-60,=2nk,keZ (1)

Without proof, we see that this is an equivalence relation. The circle group is
then defined as

T:=R/277Z
That is,
T:={[0]|0 e R.[0] = {6 +27k.k € Z}}
It is very clear that this forms a group under addition such that
[6]+[6.]=[6+6.] )
With the identity 6 =0
[a]+[0]=[6 +0]=[4] (3)
The additive inverse is simply given by [0]" =[~6,]=-[6,] such that
[01+[0]" =[0]+[-0]1=[6,-6]=[0] 4)
where [0]:={27k.k € Z}.

It is clear that this is associative and hence T is a group.

3.2. The Topological Structure on T [1] [3]

First, we see that we have the projection mapping such that
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7 R—>T
Such that

7(0)=[6]
Since R is a topological space we can define the topology on T be declar-
ing an openset U €T tobe openifand onlyif z~'(U) isopenin R.
Suppose we have some open Oe€R then we have 7(0)= {[9] |0 e (9}
hence we define U = {[9] |0 e (9} to be open in T.Itis clear that 7' (U) is
open in R. Next, we show the closure w.r.t unions and intersections. From to-
pology, it is well known that the union of open sets is open and the intersection

of open sets is also open, therefore, we can see that
UUa er=>n" (UU(ZJ = Uﬂ'_l (Ua) e, ael
a a o

For the intersections we get
z! (ﬂaUa) =N, 7' (U,)ael

) isopenin R since 7' (U,)=0,.

a

Clearly, 7' (U,

a

3.3. The Quotient Metric on the Circle Group

The quotient topology 7, is induced by the quotient metric defined as
dy([6].[6,]) = inf,_; {|6, 6, + 27k]}
We can define an open ball from this metric in the following way
B([0).e) = {[0] e T:d ([0} []) < e > 0]

Let [#]eT and g, be the k" representative of [6], that is g, :=6+27k
for some keZ. Let [0'] be some other point in T. Then we think of
d =inf,_,{d(g;.0')|d(q,,0")=|q, — 0} . Hence, the open sets in T can be
defined by using the definition of the open balls (above) and the canonical pro-
jection mapping 7.

In order for the canonical map 7 to make sense and in order to satisfy

inf,_, {d(q,.0')|d(q,.0")=|q,— 0|} we construct the open balls as discussed

above
B([6].¢)={[0']10'€ 0.d(6,6')=|0-0 < e,c > 0}
Note that
7 (B([6].¢)) = B(0:e)
Such that

B(0.¢)={0'eR|d(0,0')=|0-0|<e.0'O,.e >0}

This defines a topology on T. Furthermore, even though B(6,¢) is open
and bounded in R, any open set in R can be written as the countable union
of open balls B(6,¢).
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Also we note that this metric is a pseudo-metric. A pseudo-metric is metric is
similar to usual metric spaces with the exception that it possible to have the fol-

lowing result

dy([0).]0']) =0 0=0

In fact, this implies that 0’ =g, = 6+27k,k e Z=[0]=[q,],Vk € Z.
Hence, T is a topological group, denoted (T,+,7_T).

. . 1
4. The Mapping 1:T—>S
We now consider the unit circle as the set
S :z{xeR2 X247 :1}
Clearly, S' can e endowed with the subspace topology 7, generated by the
metric d:S'xS" —[0,0) such that we define the metric to be d(ei‘g,ei‘g') ie.
the shortest arc length between the points (e"“’,e""') .

Clearly, this defines a topology on S'. Equipped with this topology we can
say that (Sl,-,rSl ) is a topological group. The mapping

I:(T,+,7,) > (S,-,TSl )
such that
1([0])=¢""[0]eT

This, clearly defines an isomorphism. The group operation on the circle is

given by multiplication as follows
eieeia' _ ei(6+9’) _ 1([0]+[9/]) (5)
Furthermore

ele’ = (c0s9+ isin 6’)(cos 0' +isin 9’)
=cosBcos@ +icos@sin@ +isin@cosd —sin@sin O’ (6)
= cos(6’+ 9')+isin(a9+ 0') = I([€]+[6"])

With

It is clear that open ballson T are mapped into open arcson S'.

5. Defining Projections on (Sl,-,rgl )

We now focus on the topology generated by open arcs. We can write

" =cos@+isind = (cos,sin H)T es' (7)
e’ =cosf—isin@ =(cos@,—sin H)T ,eS! (8)
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We define the following mapping
10 @ (11} a,
e ® (e ) , VOe (’)S]
o(e”):=1p, 0=0 ©)
i[-6] i-6]\" o
e ' ® (e ) , VOe Os‘
Given that each open set in the topology satisfies the metric d(e’g,ei”') <z

implies that @ is bijective and hence has an inverse.

Moreover, we have
cD(ei[H]ei[H’]) _ (D<ei[:9+6”]) _ 0 g (ei[€+6’] )T (10)
The group operation of the projector is defined as follows
0(RopBor) = R

where fig]:ei[g]®(ei[‘9'])T and 13[’0+9

Clearly, it can be easily verified that this defines an abelian group as per defi-

1= el ®(e[‘9+5'] )T respectively.

nition from [4] [5]. Also, this is consistent with the group operation on S' and

shows that @ is a group homomorphism.

Image and Kernel

Let u € R*. The vector can be written as u = ("u”cos 6,

u"sin 6, ) . 6, denotes
the angle between vector u and the x-axis. Then we have

RO (ei[g] )T . { cos’@  cos@sin 6’} {”u"cos 0, }

. .2 .
sinfcos@  sin" 0 ||u||s1n o,

" " cos’ @ cos @, +cos @sin Psin 6,
=|u
sin @ cos @ cos @, +sin” Osin 6,

= "u"(COS fcos Hu +sin@sin eu )|:C?S 9:|
sin @

This is just the familiar projection formula. Hence, the image is just the

1-dimensional subspace spanned by e,

The Kernel, substitution of 6, by 6 J_r% gives us the following result

||u||(cosecos(.9+zjﬂingsm( HJD{CM}
2 2))| siné

= ||U||(—COS«9$in6?+ sin @ cos H)|:COS 0} o

sind
Hence, the kernel is the orthogonal complement of the subspace spanned by
. . X T

el Tt is also easy to verify that ¢/l ®(e’[g]) is idempotent.

6. Projections as a Topological Manifold

Clearly, the topology (Sl,-, Ty ) induces a topological structure on the projector

group G, ([9])
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Lemma

The topology (G ) ([6’]),er ) is Hausdorff and Second Countable.

Proof

Suppose we have 2 points ¢l and €l”!, there exists Ok such that
e €O and an open arc (’)S"f' such that ¢l €] such that

o5 N OS”{' = . Hence, by the group homomorphism we
@(05N05)=o(0f)ne(0)) =2
Therefore, it is Hausdorff.
For the second countability property, we proceed as follows.

Starting by using a countable basis in R of the form (6,0") where
0,0' Q. Since Q is countable then the set

M:={(6.0")eR|6,6' € Q}
Is a countable basis on R. This implies that the mapping
exp {iM}

induces a second countable basis on (S1,~, Ty ) , which in turn, implies that ®
induces a second countable on G, ([6]).

Hence, we have a topological manifold.

Lemma 2

The topological manifold G, ([9]) is homeomorphicto R.

Proof

We can define an atlas as follows
A={(P0)|0(0F) =P, e 7,.4:G, > R}
where

¢[ef[9] ®(c!” )Tj ~[0]eR/22Z - B([6].¢)

The mapping is bijective since

¢(e’[g] ® (ei[g] )T j = ¢(e’m ® (e"[g'] )T )
Implies that
[0]=[0']= 6 =0+27k ke
Or
0=0+krn,keZ

Since we can get the following result
RGP (ei[é”] )T _ 1o g (ei[ﬁiﬂk] )T

We get the following matrix

cos’ (0 + k) cos(0+ 7k )sin (0 £ k)
sin(@iﬂk)cos(ﬁiﬂk) sinz(Qiﬁk)
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Now it is easy to show that

cos(0+ k) = *cos,sin(0 £ k) =+sind

Therefore, we have
cos’ (0 k) cos(@+ zk)sin(0+ 7k)
sin (0 + 7k )cos (0 + 7k) sin® (0 £ k)

_ cos’ 0 cos@sin @
sinfcosd  sin’@

However, since 07 is bounded such that (e"g,e”’"’) <7 implies that ¢ is
bijective on each P,,Va €. Itis easy to see that ¢ is also continuous hence it
defines a homeomorphism. For the transition functions, we arbitrarily choose
some P, T, ez, suchthat 7,7, #Q then wehave

po¢ (RNP)=B([0.]))NB([¢].€)
Isopenin R/2x7Z.

Theorem 3. The topological manifold G, ([#]) isa Lie Group.
Proof

Let

-G, (0% G, ([0) > G (19)
Such that

() > P =u[0)
And

1(By) > (P[e])_] =1y

Since the group operation is addition of angles § and &' implies that u
is both continuous and C”. Same argument applies to the inverse mapping. It
also clear that elements of these matrices are smooth transcendental functions of

6 which are also C” . Hence, we have a Lie Group. |

7. Group Action of Zon G, ([6])

We now define the following group action of Z on the Lie Group G, ([49]) in

the following way
£:7G,([6) - G, ([9)
Such that

£(=By)= R

Lemma 4. Let [#]eT be some point in the circle group for some fixed
6 ecR.Then [z6], zeZ isasubgroupof T.
Proof

The action of Z on T givenby [z60],ze€Z generates a subgroup since
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[z0]+[z0] =[26+2'0] = |:(z + z')@] eT
With the additive identity and additive inverse in Z, we have a subgroup of
T. |

8. Conclusion

In conclusion, we have demonstrated the link between the circle group, the circle
and the projection group. There is much to do to continue developing the theory.

We wish to continue on this topic in subsequent articles.
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