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Abstract

The proportion of the favorable among voters to a nominee might change
over times and depend on different factors for example: talent, reputation,
party and even name order on election. The unobservable factors which
might have minor impacts on the approval rate are modelized by random
elements. The approval rate is initially described by the differential equation
and then by the random differential equation including the above unobserva-
ble factors. We figure out the formula of the solution for the stochastic diffe-
rential equation and simulate these solutions to identify the changes of the
approval rate over time.
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1. The Model

In democratic countries, the people will elect the president of their country.
Presidential candidates (or parliamentarians) need to campaign to get as much
voter support as possible. Therefore, studying the fluctuations of voter support
for a candidate is very important. Studying the rules of change in favor rates
helps the candidate get the right campaign to win. In this article, we modeled the
rate of support for a candidate by a random process and examined its movement
over time.

The rate of support for a candidate depends on a number of factors, such as
candidate’s party, election standpoint, personal prestige, world political situation
and even order of applicants. Small factors, however, also affect the election re-

sults for random errors (see [1]).
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Considering the election problem (presidential election) in which N is popu-
lation of a specific country, n(#) is the number of voters of a nominee A at time ¢
we let E'is the efficiency of the election campaign of A, and M is the spillover ef-
fects of his voters to neutral voters or opposing party voters. Then the change of

n(f) over time is given by the differential equation:

dn_(t):E(N_n(t))+Mn(t)(N—n(t)) (1.1)

dt

Let x( ) ( ) [0;1] we obtain the differential equation:

d() E(1=x(t))+MNx(t)(1-x(t)) = E(1-x(¢))+bx(¢)(1-x(¢)) (1.2)

where b=M-N.

Since the efficiency of the campaign contains random elements, we are able to

« _»

decompose £ into two parts: fixed non-random part so-called “a” and random
part so-called O'adW( )”. And therefore, the differential Equation (1.2) be-
comes the stochastic differential equation:

dr(t)=[ a(1-x(¢))+bx(e)(1-x(¢)) |de + oa(1-x(e))dW (£)  (1.3)

2. Solution of the Stochastic Differential Equation

Consider the stochastic differential Equation (1.3)
dx(t) =[a(1-x(¢))+bx(¢)(1-x(¢)) |de + oa(1-x())dW (7)
Let 1-x(t)=X(¢) wehave —dx(¢)=dX(¢) and therefore
dx (¢) ==X () a+b(1- X (¢)) |dt + oax (¢)dw ()
dx (¢)=[bX7 (1)~ (a+b) X (t) |dt—oaX (¢)dW (1) (2.1)
We now solve the following equation
dX (1) =[ X’ (t)+ BX (t) |de+ AX (t)dw () (2.2)

where @,f and A are parameters of the process X (t).
1

Let Y(¢£)=X"(t)=——
et Y03 ()=

By Ito formula ([2]) we have:

1 1 2

dY(r)=—X2—(t)dx<r>+gxg(t)42x2(r>dr
[(aXz B ( ))dt+/1X(t)dW(t)]+%dt
:_[m%]m_%w(m%dt
o 5f e Ja-zigoreo
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So process Y (t) satisfied the following equation
dy (1) =((4> = B) Y (t)—a)de = a¥ (r)dW (1) (23)

The equation given by (2.3) is a linear stochastic differential equation and it
can be solved by following lemma.
Lemma 1. The solution of the following stochastic differential equation

dY (t)=(aY (t)+¢,)dt+(BY (t)+d,)dW (1) (2.4)

has the form

b(1)= exp{(al —%}t+le(t)}.
Proof.

Assume that ¢(t) the stochastic process, which is satisfied the following eq-

where

uation
dg(t)=ap(t)dr+bg(r)dW (1)

and therefore process ¢(t) has the form ( see [3] and [4])

ot)=o] - )0

Let Z(t) be the process defined by Z(¢)= % . Applying the Ito’s formula

we have
1

1
WdY(t)——Y(t)dqﬁ(t)

(1)

1 2 127 (1)

_5¢2(t)dy(r)d¢(t)+5¢3(t) dg(¢)dg(7)
1 1
(

dz(t)=

dY(t)—¢2—(t)Y(t)[alqﬁ(t)dt+b1¢(t)dW(t)]
[(alY(t) +¢ )dr+(BY (1) + dl)dW(t)]

Y (1)
(1)

40

L
# (1)

x| ag(t)de+bg(1)dw (1) ]+

dg(1)dé ()

And reduce thif formula we have
1 aY(t) . bY(t)
dZ(t)=——=dY (¢)- dr— aw
750w e Y
1

~——[0+0+0+(b7Y (1) +bd,)dt +mb12dt

#(1) #(t)
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Because (2.4) we obtain

(@ () +e)di+(BY (1) +d,)dW (1)) ay(r)

2= () o0 "
br() . (BY()+8d) R
o) w(r)- 50 de+ o) dt (2.4a)
_i +(cl_b1d1)
50”50

Finally, Integrate two side of Equation (2.4a) we have the form of Z ()
t dS d J-t dW (S)

20)-2(0) (000 5 [0
where Z(0)= % ~Y(0) and the solution of (2.4) is
#1000 Y(0)+(c )] 00 5
Corollary 1. The solution of (2.3) has the form
100 1(0)-af 2 23)
shere
pt)=e{[ - - .
Proof.

Replace @, in (22) by A’—=f; ¢ by —a, b by =4 and d,=0 we
obtain (2.5)
Corollary 2. The solution of (2.2) has the form

X(1)=¢" (I)I:ﬁo)—a j;%}l (2.6)
where
o=on|[ s -,
Proof.

1
Replace Y (t¢) in (2.5) by —— we obtain (2.6).
p () in(2.5) by 50) (2.6)
Theorem 1. The solution of (2.1) has the form

X(t)=¢l(f){ﬁ_bj‘:%}1
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where

¢(t)=exp{(o-22a2 +a+b}+aaw(1)}.

Proof.
It follows from Corollary 2.

3. Simulation

Here are simulations of support rate for a candidate in a number of different
scenarios. Assume that the candidate initially receives 50% of the voters and with
the different scenarios of the effectiveness of the campaign, how will the support
rate change?

In Figure 1 the initial voter turnout was 0.5, under the influence of the de-
clining early support vote, but then increased and approached randomly.

In Figure 2 the initial voter turnout was 0.3, the efficiency of the media was
0.5, the efficiency of word of mouth was —0.6. We saw the initial support in-
crease but eventually dropped below 0.2.

In Figure 3 the voter turnout was 0.5, the efficiency of the media was —0.3, the
effectiveness of word of mouth was 0.6, the support was initially reduced but
eventually increased to 0.6.

In Figure 4 the voter turnout was 0.5, the efficiency of the media was —0.3, the
efficiency of word-of-mouth was —0.6. The initial support margin increased
slightly then decreased and then decreased to 0.

These scenarios show the effectiveness of the campaign, including communi-
cation and word of mouth. If one campaign (communication and word of
mouth) is ineffective, it leads to failure. In today’s technology, word of mouth
can be far more effective than before because of the emergence of social net-
works. The US presidential election of 2016, for example, shows that although
Donald Trump was battered by media coverage, he won election through word

of mouth through social networking.

L 1 N L 1 .
0 50 100 150 200 250 300

Figure 1. The simulation of x(¢) with @=0.55=02 and 0=0.3.
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Figure 2. The simulation of x(7) with a=0.3;6=-0.6 and ¢ =03.
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Figure 3. The simulation of x(7) with a=-03;=0.6 and ¢ =03.
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Figure 4. The simulation of x(¢) with a=-03;b=-0.6 and o =0.1.

4. Conclusion

In this paper, we modeled the voter support for a candidate in an election by a
random differential equation, solving and simulating them. In further studies we

will consider the properties of the stochastic differential equation and use it in
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the optimal stopping problem for the campaign and compare the effectiveness of

media campaigns and word of mouth on election results.
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