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Abstract

In this paper, equivalence between the Mann and Ishikawa iterations for a generalized contraction mapping

in cone subset of a real Banach space is discussed.

Keywords: Mann Iteration, Ishikawa Iterations, Generalized Contraction, Cone

1. Introduction

Generally, the iteration techniques of W.R.Mann [1] and
Shiro Ishikwa [2] are used to find the approximation of
fixed point of a contraction mapping. These iterations are
quite useful even for the cases of where Picard iteration
fails. In this paper, we see the equivalence between these
Mann and Ishikawa iterations for a generalized contra-
ction mapping in a cone. First, we recall the definition of
a cone (refer Huang Long-guang and Zhang Xian [3])
and some of its properties.

Definition 1.1: Let E be a real Banach space and a
subset P of E is said to be a cone if satisfies the
following:

1) P, Pisclosedand P ={0};

2) ax+byeP forevery x,yeP and a,b>0;

3) Pn(-P)={0}.

The partial ordering < with respect to the cone P is
defines by x<y if and only if y—xeP. We shall
write X<y to indicate that x<y but x=y. Further
x<y will stand for y—xeintP, where intP de-
notes interior of P . We now define the generalized
contraction mapping. Let E be a real Banach space,
P a nonempty convex cone subset of E. Let T a self
map of P with the property that

[Tx=Ty|<¢(M(x,y)) (1.1)

where ¢ and M(x,y) satisfy the following:
1) ¢:]0,00) —[0,0) is a real-valued, nondecreasing,

1.2
right continuous function; (12
2) ¢(t) <t foreach t > 0; (1.3)
3) ¢ is nondecreasing on (0,x); (1.4)
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4) g(t):=t/(t— o(t)) is nonincreasing on (0,x); (1.5)
5 M(x,y):=
masc{x=y[L =T [y =Ty[l Jx=Ty[l |y =]}

T satisfying above conditions is said to be a Generalized
contraction. Below, we see the definition of the two
iteration schemes due to Mann [1] and Ishikawa [2]. Further,
these two iterations are applied to a class of generalized
contraction mapping which is mentioned just above.

Let X, =u, € P. The Mann iteration is defined by

Uy = L—a)u, +,Tu, . x.7)

(1.6)

The Ishikawa iteration is defined by
X1 = (1_an)xn +anTyn'
Y, = (l_ﬁn)xn +ﬂnTXn’
where {o,} = (0,1),{54,} =[0,1). Clearly, the sequences
{u.}.{x,} and {y,} are in P because x,=u,eP
and {a,}<=(0,1) and {f,}<[0,1) and from the defi-
nition of cone.

Let {w,} be a sequence in P which is a subset of a
real Banach space. We say that {wn} convergesto W

and write limw, =w if lim|w, —w|=0 where ||
n—ow N—w

(1.8)

is the norm associated with E .

The main aim of this paper is to show that the con-
vergence of Mann iteration is equivalent to the con-
vergence of Ishikawa iteration in the cone P .

Below, we sate two results without proof which are
very much useful for our analysis. for proof, one may
refer [4] and [5] respectively.

Lemma 1l [4]

Let {a,} be a nonnegative sequence which satisfies
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the following inequality:
a,.,.<(1-4)a,+o,, (1.9

where 4, €(0,1) forall n>ny,> " 4 =oo,and
o, =0(4,). Then lima, =0.

Lemma 2 [5] Let P be a nonempty closed convex
subset of a Banach space E, and T a self-map of P
satisfying (1.1). Let {o,} satisfy the conditions ¢, >0

for all n>0 and )" a, =c. Then the sequences

{5 {Ya b {un b {Tx, 1 {Ty,} and {Tu,} are bounded.

Clearly, the sequences {u,},{x,} and {y,} are in
P because x,=u,eP and {¢,}<=(0,1) and
{B,} =[0,1) and from the definition of cone. Here, P
is a closed and convex subset of E which also follows
from the definition of cone. Therefore, the above lemma
can be verified for P.

2. Main Result

In this section, we discuss the main result which gives
the equivalence of Mann and Ishikawa iterations in the
cone. The analysis is similar to the work of Rhoades and
Soltuz [6].

THEOREM 2.1

Let P be a cone subset of a Banach space E, and
T a self-map of P satisfying (1.1)-(1.6). Let {«,}
satisfy the conditions «, >0 forall n>0 and

“ a, =oo. Denote by x* the unique fixed point of T.

n=1""h
Then for u, = x, € P, the following are equivalent:

1) the Mann iteration (1.7) converges to x";

2) the Ishikawa iteration (1.8) convergesto x*.

Proof: By Lemma 2, both Mann and Ishikawa itera-
tions are bounded. we have to prove the equivalence
between (1.7) and (1.8). We need to prove that

lim{x, —u,[ = 0. (2.1)
Set
r, = max{sup( X, —Tyj": j> n)usup( u, —Tuj": j= n)
usup( X, —Tuj": j= n)usup( u, —Tyj": j= n)}
(2.2)
We then have the following
X, =Ty, " < (l_an—l) Xo1 = TY; "+ Uny |Tyn—l =Ty, ”

<(1=py )y + o d(M (Y10 Y)))

= (1_ an—l) Mo+ an—l¢(rn—1);
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u, —Tu; || < (1=t ) Uy —Tu; || +ta,, ||TuH ~Tu; ||
< (1_ an—l) oot an—1¢( M (U, U; ))
< (1_ an—l) fhat an—1¢(rn_1);
(1-a)

a1~ 1U; || +a, ||Tyn_1 -Tu, ||

S (1_ an—l) fhat an—l¢(M (Yn-1:U; ))
< (1_ an—l) fhat an—1¢(rn—1);

u, =Ty, " <(l-ea,,)
< (1_ an—l) Mg+ an—1¢( M (U, Yi ))
< (1_ an—l) Mo + B0 ).

From the definition of r, and all above inequalities
imply that,

U3 =T, [+ e [Ten s =Ty |

r, < (l— an_1) M+ an—l¢(rn—l) <

0> Q4 [rn—l _¢(rn—l)] < rn—l - rn'

Therefore, {r} is monotone non-increasing in n

(2.3)

n

and positive, i.e., bounded below. Hence, there exists
limr, , denoted by r>0.We wish to show that r=0.

Suppose not that, r>0. From (2.3), we get the
following,

an—lrn—l <r .-

= 'n- If-n
g (rn—l) '

< 9) (r,—r)< ﬂ(rn_1 -r,).

n-1
n-1 r

In general, we have that
g(r)
o, < T(rk —ls)-

Therefore, on summing we obtain,

n

S <303 (5 -5)= 21,0,

k=0

The right-hand side is bounded and the left-hand side
is unbounded, which leads to a contradiction. Thus
r=o.

Therefore, we have

m”xn ~Tu,[=0 lili'o"”“ -Ty,[=0 (2.4)
r|]im||xn ~Ty,[|=0 r|1im‘||un -Tu,[=0 (25)

We now show that both the iteration schemes are
equivalent. Suppose the Mann iteration converges,then
we have

O 8 R I L
< (1= )y = (T =5, 1%, =T, ).
Using (2.4), (2.5), Lemma 1 and above equations with
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the following
Ao =y =t 0 =t ([T, =0+, =Tu, ),
Un: = O(an)

we have rI}im A, =0, that is (2.1) holds.

Then, the relation

— 0.

X, —x*" <|x, —un||+||x* -u,

This implies that Ishikawa iteration also converges.
Suppose the Ishikawa iteration converges, then we have

X2 = el < A=)y = [+ 2, [Ty, =T, |
< (L—at) %, = Uy ||+ @, ([Ty, = U, ||+ [u, =Tu,|)-
Using (2.4), (2.5), Lemma 1 and above equations with
the following
2 = o =t s = i ([T, =t |+ lu, =Tu ).
o, =0o(a,),

we have lim 4, =0, thatis (2.1) holds.

nN—o0

Then, the relation

u, —x*||£||xn—un||+

X, —x*||—>0.

This implies that Mann iteration converges. Hence the
theorem.
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