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The 7 tree, which first appeared in [1] and was formerly introduced in [2], is a
perfect complete binary tree that is considered to be a new tool to study integers.
The tree can reveal many new properties of integers such as the symmetric
properties discovered in [3] and [4], the genetic property found in [5], and other
properties introduced in [6] and [7]. The tree also shows its big potentiality in
factorization of big semiprimes, as seen in [8] and [9]. A recent study found sev-
eral inequalities related with estimation of multiplication on the tree. This article

introduces the main results.

2. Preliminaries

This section lists for later sections the necessary preliminaries, which include de-

finitions, notations and lemmas.

2.1. Definitions and Notations

Symbol T is the 7, tree that was introduced in [1] and [2] and symbol N(k’j)
is by default the node at position ; on level & of 7;, where k>0 and
0< j<2"~1. Number of the level by default begins at zero and index of the po-
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sition also by default begins at zero. Symbol | x | is the floor function, an integ-
er function of real number x that satisfies inequality x—1<|x|<x, or equiva-
lently | x|<x<|x]|+1. Symbol A= B means conclusion B can be derived
from condition A.

For convenience in deduction of a formula, comments are inserted by symbols
that express their related mathematical foundations. For example, the following
deduction

A=
(L)
(

P)

o)

C
D

IN

means that, lemma (Z) supports the step from B to C, and proposition (P) sup-
ports the step from Cto D.

2.2. Lemmas

Lemma 1. (See in [1]) 7; tree has the following fundamental properties.

(P1). Every node is an odd integer and every odd integer bigger than 1 must
be on the 7} tree. Odd integer Nwith N >1 lies onlevel |log, N |-1.

(P2). On level k with k=0,1,---, there are 2° nodes starting by 2K 4]
and ending by 21 , namely, Ny € [2’”1 +1,2¢2 —1] with
j=0,1,---,2 1.

(P3). N(k’j) is calculated by

N,

) =2 41+424,j=0,1,---,2" -1

(P4). Multiplication of arbitrary two nodes of T;, say Ny and N, p)> 152
third node of 7;. Let J =2"(1+28)+2"(1+2a)+2af +a + 3 ; the multiplica-
tion N, ) XN, isgiven by

N, an,ﬁ

_ Am+n+2
(ma) XV )_2 +1+2J

m+n+1 =
If J<2 , then N, ) XN, 5 =N

( (m+n+l,J)
whereas, if J>2""" N anﬂ =N

(m,ax) (n.B8) (m+n+2,7)
level m+n+2 of T,.

Lemma 2. (Seein [10]) Let o and xbe a positive real numbers; then it holds
a| x|-1<|ax|< a(LxJJrl)
Particularly, if « isa positive integer, say o =n, then it yields

anJSLnx_lSn(LxJ+l)—l

3. Main Results with Proofs

lies on level m+n+1 of Tj;
with y=J-2""" lies on

Proposition 1. For positive integer & and real number x>0, it holds

k
022’{[1J—M2 1-2°,0<k <|log, x| M
2 —| x|.k>]log, x|

Proof. It can see by Lemma 2 that,
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o

and

2"LikJ—LxJzﬂz"zikJ+1—2"j—LxJ=1—zk

Meanwhile, when 2*>x,or k>log, x> Llog2 xJ >0, [Z%J =0; thus

2’fbikJ—LxJ:—LxJ.

Consequently (1) holds.

Proposition 2. Let N, and N, , be nodes of 7; with 0<m<n;let
N, _ xN -1
J= (m.a) > ("vﬂ) _ 2m+n+1 (2)

then when J < 2"

2< \‘N(”’»“) X N("’ﬂ) _1J <3

2m+n+1
{N(M) XN, ) —1J |
2 -
{N(m’a) <N, ) —1J L,
2m+n+2+o- -
(020)

and when J >2™"!

2S{MJS3

2m+n+2
{N(m’a) XN, ) —1J |
Q3 -
{N(m’a) XN, ) —1J 0
2m+n+3+o‘ -
(020)

Proof. By Lemma 1 (P4), it knows, when J < mnt N(m,a)xN(n’ﬁ,) lies on
level m+n+1 of T, and thus 2'”*”*2+1SN(m’a)><N(nﬁ) < 2™ 1 hence it

holds
mn+2 N x N, —1 mnt3
= 2 1 S (m’a) (:l!ﬁ) S 2 1 2 < 4
2m+n+ 2m+n+ 2m+n+
and
m+n+2 N x N —1 mn+3
_ 2 < (m,a) (11,/7) < 2 2 _9_ 1
2m+n+2 2m+n+2 2m+n+2 2m+n+1
Thus
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and

{Nw,a) ) _lle

2m+n+2

and thus

2m+n+2+o‘

N, xN, . —1
{ (na)* Niwp) J o
(o21)

Similarly, when J>2""*", N xN, .p lies on level m +n+2 of T, and

(m,a) (
2" 1< N o) % N(n,/;) <2™"* _1 and it holds
_ 2m+n+3 N(m,a) X N(n,ﬂ) -1 - 2m+n+4 ) . 1 y
2m+n+2 2m+n+2 - 2m+n+2 2m+n+1
N, xN, -1
(ma) ™" (n.B)
=2< {TJ <3
2
and
_ 2m+n+3 N(m,a) X N(”’ﬂ) —1 - 2m+n+4 -2 - 1 -
2m+n+3 2m+n+3 - 2m+n+3 2m+n+2
N, xN, . —1 N, xN, . —1
(ma) ™ " (n.B) _ (ma) ™ " (n.p) _
:{TJ—ljth =0
(0'21)

Proposition 3. Let N(m’a) be a node of 7; and n be an integer with
0<m<n;then it holds

N, -1
—1<l (3)
Thus for arbitrary integer ¢ >0

1 Nuo=! 1 1

—_— << — 5

20 2n+l+o‘ 20 20 ( )
N(,,, a) +1 .

0<— <2 B (6)

Proof. Considering that 2" +1<N,, , <2"" -1 holds for arbitrary m=>0,

it yields
m+1 N _1 m+2
a2 1<) _1<2 12— - L1y @
2}1 m 2Vl+ 2Vl+ 2n+ 2n m 2}1
and
m+l N +1 m+2
0< 1 1:2 +2£ (ma) <2 _ 2 <> )

+— <
2n—m 2n 2n+1 2n+1 2n+1 2n—m
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Consider in (7)

1
l-——<LlLn=m
27’!

1 1 1
j———lz ——<O,n:m+l
2’7)}1 2}1 2}’!

1 1
_—_1———1<0,n>m+1
znm 27!
and
0,n=
R ”1’
2 -1+ >—l,n>m
Zn—m

it knows (3) and (4) hold and consequently (5) and (6) hold.

Proposition 4. Let N, and N, , benodesof 7y with 0<m<n; then it

holds
N -1 N xN, -1 N +1
N opma )T A N — (m.a)
(m.ex) 2n+1 2n+1 (m,a) 2n+1
and thus for arbitrary integer ¢ 20 it holds
N(m,a) N(m,a) -1 < N(m,a) X N(n,ﬂ) -1 < N(m,a) _ N(m,a) +1
20 2n+1+cr 2n+l+o— 26—1 2n+l+a
Consequently, it yields
N xN, . —1
(ma) ™" (n.B)
N(m’a) < {TJ < 2N(m,a) -1
N(m,m)—l_1< N(m,a)XN(n,ﬂ)_l N
2 - 2n+2 = (ma)
and
Noay 5 | NonayNowpy 71 _ Ny 1
22 2)1+3 2
-1

N, -1 N, xN, -1
(m.a) _2< 2\k (m.a) 2n+3(”’ﬂ) J <N

Proof. The condition that N(n, 5 is a node of T leads to

n+l n+2
2 +1SN(n,ﬂ) <2M—1
Then direct calculation shows
N(m,a) x N(n,ﬂ) _1 _ _ N(m,a) -
o+l (m.ex) ol
n+l
. N(m!a) X N(n,/;) -1-2 N(m,a) - N(m’a) +1
- 2n+1
n+l
Ny * (N =2 +1))
- 2n+1 2 0

(9)

(10)

(11)

(12)

(13)

(13%)
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and

n+2
X N(n,/),) -1-2 N(m,a)

2n+1
Ny (N (277 1))

= 2n+1 < O

Hence (9) holds.
Multiplying each item in (9) by 2% for integer 021 immediately yields

(10).
By definition of the floor function, it holds

N, xN, -1 N _ xN,_.—-1| N _  xN_ . —1
(m.a) (n.B) _1 <\‘ (m,a) (n.B) J < (m.a) (n.8)

2n+1 2n+1

By the Inequalities (3), (4) and (9) it yields

N -1 N, xN, -1 N, xN, . —1
N(m : " (m,oz)1 1< (m,a) l(n,/}) 1< \\ (m,a) l(n,ﬁ') J <IN
o P ot ot

N, x N, -1
N, —l<| A A oy g
(m,a) ol (m.a)

N, x N -1
SN VAN i R G M P § VAR
(m,a) 2n+1 (m,a)

which says (11) holds.
Likewise, by definition of the floor function and referring to the Inequalities

(5), (6) and (10), it yields

Ny * Ny py =1 . {N(M) XN, p) = 1J . Ny X Ny py =1
2n+2 2n+2 - 2n+2
N, N -1 N__xN_ -1 N xN -1 N, +1
_ (m.a) (m,oz)2 1< (m.ex) Z(n,ﬂ) 1< \\ (m,a) 2(;1,,6) J < N( - (m,a)2
2 2n+ 2n+ 2n+ m,a 2n+
N, | N, . xN . —1
. (m.ex) " (m,a) 1< (m.a) (n.8) <N -1
2 2n+2 2n+2 (WI,D!)
N, 1 N, 1 N, N, 1 (14)
— a— X —
_ D) me) 70 1 e e T
2 2n+2 2 2n+2 (m,a)
N -1 N, XN, 1
w71 { (ma) 2( 5) J_N‘ -
2 2 2n+ m,a
N, o1 N, XN, -1
SN U P {—(’"’ - J <N, -1
2 2n+ (m,a)

which is the (12).
Similarly, the Inequalities (10) and the definition of the floor function lead to
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Noa)  Nona) ™l Niwa) *Ninp) =1 Ninay Ny +1
22 2n+3 2n+3 2 2n+3
and
N(m’a) X N(nﬁ) -1 B N(m’a) X N(””B) -1 - N(m,a) X N(n’ﬂ) -1
2n+3 2n+3 - 2n+3

Then referring to the Inequalities (5) and (6), it i
N,

mmediately results in

(na) Ny 1 1< Nowa)*Nop V1 Nnay - Ny +1
2 n+3 n+3 - n+3
2 2 2 2 2
N Ny . Ny =1 _L_§< Nipay X Ny gy —1 < Ny
2 n+3 2 n+3
2 2 2 4 2 2
Noay 13 _| Nwa)* Ny 71 Ny =1 1
2 n+3
2 4 4 2 2 2
N, N, x N, 1| N, -1
. ('"Zﬂ) | ) +3( A) (ma)
2 2" 2
N, XN, 1
= ) 2<2[ ) ) JSN( =
211+ m,a
N -1 N, xN -1
o™ 3 2[ )™ ) J Ny =1 (15)
2 2 2n+ m,a

which is just the (13).
Proposition 5. Let N, ,, and N, ; benodes
holds for integer 0<s<m

of 7, with 0<m<n; then it

xN, . —1
) J <2N,,, -1(16)

N xN_ . -1| |N
s+ s+ (m,a) (”sﬂ) (m,a)
N(m,a) -2 ’ +1<2 ’ n+2+s -2 n+2
2 2
and
Noay 7V sz o | Nona > Nowpy 71| Ny * Ny
2 - 2n+3+s

1
2n+3 J s N(m,a) _1 (17)

Proof. By Lemma 2 and Proposition 1, it holds when 0<s<m

2542 {Nw»a) *Niwp) _IJ _2“(»1#) * N p) ‘1J

Ny X Ny = 1J

2n+1
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211+2+.v

o2 {Nw,a) *Nug) ‘1J ~ Z{N(mm XN p) ‘1J

2 ol
(£2)< 2{ = zﬁ(" = _1J—1 {N(mm ;]X(”»ﬂ) - J+1
:{N(m,a)xN(nﬁ) IJ
i
That is
{N(W);Z(n,ﬁ) 1J+1 42

<52 N(m,a)xN(n,ﬂ)_l ) N(m,a)XN(n,ﬂ)_l < N(m,a)XN(n,ﬂ)_l
- 2n+2+s 2n+2 - 2n+1

By (11) it holds

N __xN_ . —1 N, XN, -1
N(m,a) +1-27 <2 \‘ (m’a)2n+2+(:ﬁ) J_ 2[ e 2n+2(”’ﬂ) J < 2N(m,a) -1
which is just the (16).
Similarly it holds
N, _\xN, -1
\‘ (m’a) 2)1+2(nﬁ) J + 1 - 2S+2
o2 [Nwa) ) _IJ—th(’”’“) *Nop) ~H | Moy Ny =1
- 2n+3+s 2n+3 - 2n+2
and by (12) it yields
-1

N, -1 N xN, . —1 N, xN, . —1
(m.) _ 2s+2 < 2s+2 (m.a) (n.8) -2 (m.a) (n.8) <N
2 2n+3+s 2n+3 (m,a)

4. Conclusion

The T, tree is emerging its value in studying integers. A lot of equations and in-
equalities will be research objectives. Since most of the inequalities on the 7; tree
are in the form of floor functions, their proofs are often skillful. The inequalities
proved in this article are not only quite useful for knowing the 7; tree, but also
excellent samples for proving inequalities with the floor functions. Hope it help-

ful to the readers of interests.

Acknowledgements

The research work is supported by the State Key Laboratory of Mathematical

DOI: 10.4236/apm.2018.88043

718 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2018.88043

X. B. Wang

Engineering and Advanced Computing under Open Project Program No.

2017A01, Department of Guangdong Science and Technology under project

2015A010104011, Foshan Bureau of Science and Technology under projects
2016AG100311, Project gg040981 from Foshan University. The authors sincerely
present thanks to them all.

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this pa-

per.

References

(1]

(2]

(3]

(4]

(8]

(9]

(10]

Wang, X. (2016) Valuated Binary Tree: A New Approach in Study of Integers. /n-
ternational Journal of Scientific and Innovative Mathematical Research, 4, 63-67.

Wang, X. (2018) T Tree and Its Traits in Understanding Integers. Advances in Pure
Mathematics, 8, 494-507. https://doi.org/10.4236/apm.2018.85028

Wang, X. (2016) Amusing Properties of Odd Numbers Derived from Valuated bi-
nary Tree. JOSR Journal of Mathematics, 12, 53-57.

Wang, X. (2017) Two More Symmetric Properties of Odd Numbers. JOSR Journal
of Mathematics, 13, 37-40. https://doi.org/10.9790/5728-1303023740

Wang, X. (2017) Genetic Traits of Odd Numbers with Applications in Factorization
of Integers. Global Journal of Pure and Applied Mathematics, 13, 493-517.

Chen, G. and Li, J. (2018) Brief Investigation on Square Root of a Node of 7 Tree.
Advances in Pure Mathematics, 8, 666-671. https://doi.org/10.4236/apm.2018.87039

Chen, G. and Li, J. (2018) Investigation on Distribution of Nodal Multiplications on
T, Tree. IOSR Journal of Computer Engineering, 20, 17-22.

Wang, X. (2017) Strategy for Algorithm Design in Factoring RSA Numbers. JOSR
Journal of Computer Engineering, 19, 1-7.

Li, J. (2018) A Parallel Probabilistic Approach to Factorize a Semiprime. American
Journal of Computational Mathematics, 8, 153-162.
https://doi.org/10.4236/ajcm.2018.82013

Wang, X. (2018) Some New Inequalities with Proofs and Comments on Applica-
tions. Journal of Mathematics Research, 11, 15-19.
https://doi.org/10.5539/jmr.v10n3p15

DOI: 10.4236/apm.2018.88043

719 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2018.88043
https://doi.org/10.4236/apm.2018.85028
https://doi.org/10.9790/5728-1303023740
https://doi.org/10.4236/apm.2018.87039
https://doi.org/10.4236/ajcm.2018.82013
https://doi.org/10.5539/jmr.v10n3p15

	Some Inequalities on T3 Tree
	Abstract
	Keywords
	1. Introduction
	2. Preliminaries
	2.1. Definitions and Notations
	2.2. Lemmas

	3. Main Results with Proofs
	4. Conclusion
	Acknowledgements 
	Conflicts of Interest
	References

