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Abstract

In this paper, we give an interpretation of mixed strategies in normal form
games via resource allocation games, where all players utilize the same re-
source. We define a game in normal form such that each player allocates to
each of his pure strategies a fraction of the maximum resource he has availa-
ble. However, he does not necessarily allocate all of the resource at his dispos-
al. The payoff functions in the resource allocation games vary with how each
player allocates his resource. We prove that a Nash equilibrium always exists
in mixed strategies for n-person resource allocation games. On the other
hand, we show that a mixed Berge equilibrium may not exist in such games.
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1. Introduction

Game theory is the study of mathematical decision making among multiple
players. Each player makes an individual choice according to his notion of ra-
tionality and to his expectations of the other players’ choices. Game theory can
be non-cooperative as described in [1] or cooperative as described in [2]. In
non-cooperative game theroy, the concept of the Nash equilibrium (NE) was in-
troduced in [3] and [4]. The proof of the existence was based on the Kakutani
and the Brouwer fixed point theorems [5]. Another solution concept, the Berge
equilibrium, was introduced in [6] and formalized by [7]. A strategy is consi-
dered to be a Berge equilibrium if some or all players other than player 7 cannot

increase the expected payoff for player 7 by changing strategies. The Berge equi-
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librium was extended to mixed strategies in [8], where it was also shown that a
mixed Berge equilibrium may not exist.

The computation of equilibria points is an essential component of game
theory research and is well studied in the literature. For example, a nonlinear
programming approach to find an NE for three player games was developed in
[9] and for n-person games in [10]. The nonlinear programming approach for
finding an NE was extended in [11] to find a generalized equilibrium that in-
cludes the case of an MBE.

Such equilibria have been widely in economics. However, game theory faces
some challenges such as making it more useful in applications as noted in [12].
Thus there is a need for a behavior interpretation of a strategy. For example, [13]
gives a behavioral interpretation of a dominant strategy, while belief hierarchies
play a prominent role in game theory as described in [14]. Moreover, there has
been a growing use of epistemic game theory. [15] gives a historical overview of
the transition from classical game theory in the sense of Nash to epistemic game
theory.

The purpose of this paper is to deal with the difficulties associated with mixed
strategies. See [16] for an extensive literature review on the concept of mixed
strategies, which require a randomizing process as described in [17] and [18].
According to [19], randomization lacks behavioral support. [20] gives two inter-
pretations for mixed strategies. The first is based on the purification theorem of
[21]. Purification refers to how mixed strategies reflect the player’s lack of
knowledge of other players’ information and decision-making process. The
second interpretation is that a mixed strategy represents the fraction of a large
population that adapts each of the pure strategies. In [22] mixed strategies are
interpreted as the belief player /s opponents have on what strategy player 7 will
choose. Therefore, as argued in [16], mixed strategies are used in games where a
pure NE does not exist, but their use is principally to provide an elegant mathe-
matical theory. In practice, they are problematic with no generally accepted in-
terpretation. We offer here a simple, intuitive interpretation for a certain class of
games.

In this paper, we construct resource allocation games (RAGs) such that the
equilibria strategies represent the fraction of a resource each player allocates to
each of his pure strategies. In particular, we consider the NE and the MBE. The
purpose of RAGs is to give a physical interpretation of the concept of mixed
strategies, as distinguished from other interpretations. Our interpretation is as
follows. The probability that a player chooses a pure strategy equals the fraction
of the resource the player allocates to that pure strategy over the total amount of
the resource the player allocates to all his pure strategies. The underlying idea is
as follows. Suppose there is a single resource used by all players. Suppose player
1 had 100 units of the resource to be used up in whole or in part. If he consi-
dered using 40 units on implementing strategy 1 and 60 units on implementing

strategy 2, whatever they are, then his associated mixed game theoretic strategy
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would be (0.4, 0.6), Thus in a RAG, he would choose both strategies as opposed
to one chosen by, say, randomization. In other words, in a resource allocation
game, one pure strategy does not preclude another. This simple idea is gene-
ralized here. A related notion was studied in [23] for infinitely repeated
non-cooperative games played at discrete instants called stages. The payoffs in
[23] were linear in the frequency that they had been played previously. Our ap-
proach differs significantly. For example, here a mixed strategy may or may not
maximize the payoff functions for each player.

The organization of this paper is as following. In Section 2, we present the
notation used. In Section 3, we prove the existence of an NE for a RAG. In Sec-
tion 4, we present a nonlinear program to find an NE analytically. In Section 5,
we consider the case of the MBE and present a nonlinear program to find one if
one exists. In Section 6, we give some numerical examples and show that an

MBE may not exist. In Section 7, we state our conclusions.

2. Preliminaries

In this section we define the notation used. Let the RAG T = <I (8., +( fl.)l_d>
be an n-person resource allocation game in normal form with exactly one
resource. The set [/ =1---,n is the set of the n-players. Let R, be the resource

available for player j so the n-tuple R=(R,---,R,) represents the amount of

the resource each player has available. Define R™ >0 to be the minimum
min

amount of the resource R, player 7 needs to allocate and o™ = 1’3 . The set

of the m, pure strategies for player 7is S, = (Sil o s{ﬂr) )

1

Each player player 7 allocates from his resource R, the fraction «/ to his
pure strategy s/, j=1,---,m,. The set of all possible allocations for each player 7

is
Ai :{ai :(ail""saim’):al:/ Zoajzla"'3mi5aimin gia/ Sl} (1)
J=1

Note that A, is compact and convex for each player ie 7. Let
A=A % XA xA, x-xA and A=A x---xA . The probability the

aij . ..
L . Hence a mixed strategy for player 7is

m; J
Zj:lai

player 7 chooses strategy s/ is

the mytuple

1 m;
a. o’
L e L
5 > >

m; j z m; j
Jj=1 ai Jj=1 ai

. o o
where o™ <" a/ <1 and @/ >0,j=1,m, .

i

A pure strategy j is an
allocation o™ <@/ <1 where the player 7 allocates «/ to his pure strategy j
and allocates 0 to the rest of his pure strategies. The payoff function for each

player is f/*(a), where a=(a,,.a,) and a, =(a, @ .a,, a,).

>“n i
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The payoff functions fij’k (a),j=1,---,mi,k=l,---,m7i are assumed to be
continuousin « €[0,1],/j=1,---,m, Viel.

The set of joint pure strategies of all players other than player i is the
Cartesian product of the sets of pure strategies of all players other than player j

S, = X et (S/,) and is denoted by §_, = {sfl-,-'-,sm"'} , where

—i
m_; = Hje]—{i}mf :

The joint probability
k

o
k = P = cee
o =[1,y my k= b m

j=1%p

is the probability that all the players other than player / choose the joint pure
strategy s’,. It is the product of the fraction that each player in
I-{i}={1,---,i=1,i+1,---,n} allocates to his corresponding strategy.

We apply the identities proved in [8] to I'. The following identities represent
the expected payoff for player i If player iallocates o™ <o’ <1 to his strategy
jand he allocates 0 to his other pure strategies while the rest of players choose

the allocation «_, is
Fi (@)=Y a7 (a). (2)
k=1

If player 7 chooses the mixed allocation ¢, and the rest of players choose the

allocation a_,, then the expected payoff for player /is

Fla)=3Y Z’/a g (@) 3)

J

Table 1 shows an example of a 2-person RAG.

In this paper, it is useful to consider the following two cases.

1) Case 1. Each player 7 allocates all of his resource R.. In other words,
Z';Zla,:f =L Viel. In this case, each player / chooses strategy ;j with the
probability o/ .

2) Case 2. Each player 7 does not necessarily allocate all of his resource R..

Hence o™ < Z';:aij <LViel. In this case, each player 7 chooses strategy j

with the probability
a’
z .o m
m; J 5] ) s 1Y
1
Table 1. Example of a RAG.
s, s;
. S («/R.aiR,), S (aR.a;R,),
Sl
szI (allRl,(,‘(iR ) sz2 (allRl’azsz)
Z S (R aR), S (@ RaR,)
S,
1 fu (alle ale ) f22,2 (alle ’azsz )
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R.,Viel is considered fixed in these two cases. However, in the second case
each player 7/ may not use all of his resource. Note that the first case is a special
case of the second case. In particular if R™ = R,, then the second case becomes
the first case. We formalize this previous statement as follows.

Lemma 1. Vie/l let R™ =R . Then Case 1 and Case 2 are equivalent.

Proof. Let R™ =R,Viel. Hence o™ =1 and " a/=1. It follows
immediately that Case 2 reduces to Case 1.

3. Existence of an NE for a RAG

In this section we prove the existence of an NE in Case 1 and Case 2 above.
Hence we seek to find a mixed strategy such that a player 7 chooses strategy j
with a probability
o’
——,j=L--m,Viel.
m
"
=11
We next restate the definition of an NE in terms of allocation.
Definition 1. A strategy o is an NE if and only if

F(a')= max F/(a’).Va, €A, Viel. (4)

! J=L ey

Intuitively, in an NE for the game I', no player can improve his expected
payoff with a unilateral change in strategy, i.e., a unilateral reallocation of his
previously allocated resource level. We now prove the existence of an NE in a
finite n-person I'. It suffices to prove the existence for case 2 since it subsumes
case 1 by Lemma 1 when R™ = R,. The proof of the next theorem is similar to

the proof of the existence of an equilibrium in [4]. Let
Jj=1

and A=A x---xA . The set A is compact and convex since the number of
player is finite and each player has a finite number of strategies. Define the
function @=(g, .4, ):A—>A where ¢,.=(¢,.],~-,¢im") and

;o al +max{0,Fl.j (a)-F (a)}
L1+ Zj’;lmax{O,Fl.j (a)-F, (a)}

The functions ¢’ are continuous since we assume that the f/* () are

’izla"'9naj=1a"'9m[~ (6)

continuous in @ e[O,l], j=1,-,m,Viel. Therefore by the Brouwer fixed

point theorem there exists fixed points
i ol +max{0,F,.f (a)—E.(a)}
' 1+zt’;lmax{0,Fij (a)—E.(a)}

,i=1,---,n,j=1,---,ml.. (7)

We now prove the following result.
Theorem 2. Every finite RAG ' has an NE in mixed strategies.
Proof. Let & be an NE. Then no player has an incentive to change his

strategy based on the allocation ¢ . Note that the function

DOI: 10.4236/tel.2018.810122

1858 Theoretical Economics Letters


https://doi.org/10.4236/tel.2018.810122

A. Nahhas, H. W. Corley

max {0,F/ (a)-F (a)} represent player’s 7 gain by choosing his pure strategy ;

given the previous allocation o . Hence

maX{O,E.j (a)-F (a)} =0,j=1,--,m,Viel.Thus a isafixed point.
Conversely, let & be a fixed point. Then for each 7let /be a pure strategy

suchthat & >0,and F'(a)=min,, , F’(a). Therefore,

max {O, E.j (a) -F (a)} =0, since Ej (a) <F (a) . Note that from Equation (7),

the right hand side is Otl.j only when the denominator equals 1. Hence,
Z:Zlmax {0, F/(a)-F, (a)} =0. Hence no player has an incentive to change his
strategy, and so « is an NE allocation to complete the proof.

We next show how a standard n-person game in normal form with constant
von Neumann-Morgenstern (VNM) utility functions is a special case of an
allocation game as defined in this paper.

Theorem 3. The payoff matrix for a standard normal form game is a special
case of the payoff matrix for a RAG.

Viel be constant VNM

utilities for a normal form game. It suffices to show that for any player 7 the

Proof. Let u, (sij,s’fi) = ci/’k,j =L-,m,k=1--,m,
VNM utilities can be written as the payoffs for player 7in an allocation game I'.
To do so simply let f/* (a) =c/*xR,R =1,Viel. It follows that a standard
normal form game with constant VNM utilities is a special case of the game I'
to complete the proof.

In other words, for R, =1,Vie [ the payoff functions for each player 7 need
not vary with the fraction each player allocates to each of his pure strategies. It
follows that for any equilibrium, say an NE or an MBE, a normal form game
with VNM utilities is a special case of an associated RAG. In the next section we
consider the computation of an NE. The computation of an MBE will be

considered in Section 5.

4. The Computation of an NE for a RAG

In this section we provide a nonlinear programming approach to compute an
NE for an n-person game by extending the nonlinear program in [10] to find an
NE for the game I'. Therefore an allocation « is an NE if and only the
maximum of the following nonlinear program is zero.

Theorem 4. @ isan NE for I' if and only if the maximum of the following
nonlinear program is 0.

Maximize g(a,ﬂ) = ZI:F, (a)_ﬂi:l

i=1

subject to

Sial f7 (@) < By j=1, m,Viel, (8)
k=1

al >0,j=1,--,m,Viel,

m; )
a™ <ol <1 Viel.

J=1
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Proof. Let @ be an NE where each player 7 allocates Z:Zlaf* of his total
resource R, . Then E(a*):maxjﬁi(a*):ﬁi* . Therefore g(a*,ﬂ*) =0 .
Furthermore, all constraints (8) are satisfied since from Definition 1
B =max,  F’ (a*) .

Conversely, let a'," be a feasible point such that g(a*, ﬂ*):O. It can
easily be checked by the constraints (8) and Equation (3) that Fl.(a*)s ,Bl*
Hence it must be the case that Fi(a*)z B’ . Otherwise g(a*, ,B*);tO which
yields a contradiction. Moreover, from the constraints 8
B = max ., F’ (a*) . Therefore @ isa NE by Definition 1.

It is worth noting that the payoff functions at an NE may not be maximized.
To maximize the payoff functions one needs to find an allocation such that the
fraction each player 7 allocates to each strategy maximizes each of the player 7%
payoff functions. However, we analyze only the case where the payoff functions
are monotonically nondecreasing functions in the fraction of the resource «; .
In this case, each of the payoff functions is maximized when the total resource
R. is allocated to that strategy. In other words,

F/ (e =La,)2F/(a.a,).j=1"m.Va,eA,Viel.

Lemma 5. Let f/* (a) be monotonically increasing functions in

a/,j=1,--,m,Viel.Then the optimal strategy for each player is an NE if and

only if the maximum of the following nonlinear program is 0.

Maximize g (a, B) =Zn:[FI- (a)—ﬁi]
i=1
subject to
F/(a/ =La,)<B.j=1-m.Viel, 9)
a,-j 2 09VI €[>j :1""9mz‘9

ial/:I,Viel.

=
Proof. Let @  be an NE where the payoff is maximized. Then

B = max F/ (a,.f =1,a7,.).
=l

i

However, @ is an NE. Hence from Theorem 4 the maximum of the
nonlinear program is 0.

Conversely, let a", 8" be a feasible point such that the maximum of (9) is 0.
The functions f are monotonically nondecreasing in «/,Viel,j=1,--,m,.
Therefore, there exists a solution that zero-maximizes the objective function and
satisfies all the conditions of the nonlinear program in Theorem 4. Hence the
solution is an NE. Furthermore, the solution maximizes the expected payoff for

each player of over all payoff functions and the proof is complete.

5. The Computation of an MBE for a RAG

In this section, we consider the MBE. We present an approach similar to (8) for

computing an MBE if one exists. However, the case of computing an MBE is
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different from the case of computing an NE since an MBE for n>3 may not
exist as shown by the example of section 6. An MBE for a RAG is defined as
follows.
Definition 2. A strategy « isan MBE for I' if and only if
N : a ik
F(a')= max 3 —t— i (a').Va, ea viel (10)

i

In other words, a strategy is an MBE if for all i=1,---,n, when player 7 does
not change his strategy, no one or more other players can change strategies and
increase player 7% expected payoff. Thus in an MBE for the game I, no player
has an incentive for a unilateral change of his resource allocation if increasing
the other players’ expected payoffs is his completely unselfish objective. We now
extend the nonlinear program presented in [11] to the RAG T.

Theorem 6. @ is an MBE for I' if and only if the maximum of the

following nonlinear program is 0.

n

Maximize h(a, B) = [F,- (a)_ﬁi]

i=1
subject to

m;

'Z
Jj= jll

al >0,Viel, j=1,--,m

f/k( )Sﬂpkzl,“',M_i,Viel, (11)

m;

am Z J<Lviel

Proof. Let o be an MBE allocation. Then each player allocates to each
strategy a fraction al.j* of his resource that equals to the probability that the
player uses that strategy. From Definition 2 one can check that
F, (a*) =B = max,_, .. F* (a*),‘v’i €/ . Hence all constraints are satisfied.
Moreover, h(ﬂ*,a*) =0

Conversely, let (a*, ﬂ*) be a feasible solution such that h(a*, ,B*) =
From (11), it is easy to see that F( *)<ﬂ* Viel. But h( *,ﬂ*)zo, so it
must be that E.(a ) B .Viel and B =max,_,. Fk( ) - Therefore,

F, (a*) =max, ., E! ( ), and hence " isan MBE by Definition 2.

i

6. Examples

In this section we present three examples. The first example is a 2-person RAG,
while the second and third are 3-person RAGs.

Example 1.

In this 2-person RAG each player has 2 strategies. For some single resource,
player 1 has R, =30 units and player 2 has R, =50 units. The payoff matrix
for each player is shown in Table 2. For this game, we consider Case 1 and Case
2 from Section 2. In the first case, each player uses his maximum resource. The
following NLP finds an NE for " for Case 1.
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Table 2. Example 1.

1 2

S, S5
5| (3+a/ x30,5+a,x50) (2+a/ x30,8+a; x50)
s? (2+a’ x30,6+a) x50) (5+a x30,4+a; x50)
al a
(P1)Maximize g (a, ) =———5———(3+a x30+5+a, x50
1 2 1 2 1 2
o tor a,+a,
a) as
2 (2+a x30+8+a; x50)

1 2 1
o tor a,+a,

2 1
a, a
+ﬁ%(2+af ><30,6+a; XSO)
o tor a,+a,

2 2
a, a
1 2 2 2
+ﬁﬁ(5+al ><30,4+a2 XSO)—ﬂl —ﬂz
o tor a,+a,

subject to
: 1 0‘22 1
—2 (34 x30)+ 2 (2+a/ x30)<
a, +0{2
2
_%
ay+al
1 2

(5 +ay x50)+— (6 +a) x50) < 3,

(2407 x30) + (5+a’x30)< 5

1
o +a a +a
1 2
a
ﬁ(8+a22><50)+ —! 2(4+a§><50)£ﬁ2
o +a o+
1 2
a +a; =1
ay+ai =1

(*)ne solutior: to (P1) wi*th g(a*,ﬂ*) =0 and hence an NE is al'* =0.52,
o =048, a) =051, o =049, B =17.99, B =30.77.

In Case 2 when each player allocates at least 0.4 of his resource, the following
NLP finds an NE strategy for this problem.

1
(P2) Maximize g (@, ) =———2—(3+a} x30+5+a} x50)
o, +o; o, +a,
1 2
+ B (240} x30 48+ a} x50)

1 2 1
0(1+(,¥1 0!2+0l2
2 1
[04 04
+ 2 (2+a] x30,6+a,x50)
061+(l1 (12+(12
2 2
a, a 2 2
(54 x30,4+ a3 x50) - B, -
061+(l1 (12+(12

subject to
1 2
) 1 @ 1
2 (34 x30)+ 2 (2+/ x30)<
a, +a, a, +a,
1 2
a a
—2(2+ 0 x30)+ 2 (5+a] x30)< B,
o, +a; o, +a;
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1

LZ<S+O:; x50)+a—]

2

H(6+a3x50)< B,

o +a ol +a

o ol
—— 5 (8+ a3 x50)+———(4+a; x50)< 3,
a, +a a, +a

04<a +of <1

04<a)+a; <l.

One solution to (P2) with g(a*,ﬂ*):O and hence an NE is all* =045,
a' =0, ay =023, a; =0.17, B =15.94, f; =16.5. Thus there is an MBE

for this example. However, in general an MBE need not exist for n>3 as

shown in [8]. In such cased, the interpretation is that there may not exist an

allocation such that every player other than player 7 allocates to each strategy a

fraction equals to the probability of using that strategy that maximizes player 7%

payoff. In the next example, an MBE does not exist, However, an NE exists by

Theorem 2.
Example 2.

In this 3-person RAG each player has 2 strategies with R =R, =R, =1 and

needs to allocate at least 0.2 of his maximum resource. The payoff matrix for

each player is shown in Table 3.

We now write the following NLP to find an MBE.

1
(P3) Maximize i (e, B) = %

1 1
a o
2 3 (1+a;+a31+1+a11+a;+0)

1 1
(24 o
+ 1 2

1 2 1 2 1
o, to o, +a, oy +aog

2

2
o

1 2 1
o +o o, +a

2 2
(24 o
1 2

2
2

1 2(1+af+a§)
a5+ o,

1

al +al o +a

2
2

— 2(1+a12+a22)
a3+a3

2 2 2
a a a
2 2(1+a22+a32+1+a12+a32)
o ta a,+a; o;+ao;
- ﬂl - ﬂz - ﬂ3
subject to
1 2
a a
ﬁ(l+a; +a3')+ﬁ(0) < ﬁl
a, +a a, +a
al al
! 0)+ ! 0)<p
P UL ULV,
Table 3. Example 2.
s, s, s;
5| (1+a, +a.1+a) +a;,0) (0,0,0)
s (0,0,0) (0,0,1+a] +a})
s 5) s
5| (0.0,1+a, +a,) (0,0,0)
s (0,0,0) (1+a; +a} 1+a] +a;,0)
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1 2

2 2 2 2
(O (145 + a7 )< B
0{1+al a1+al

1 2

% (1+a1+a‘)+ L —(0)<p
1 2 1 T 1 2 2
O!2+0!2 2+a2

o, o

) )

= (0)+—=—"5(0)<5
C{2+0!2 a2+a2

1 2

o o 2 2

= (0)+— 2(1+a1 +a3)£ﬂ2
O!2+0!2 a2+a2

1 2

o 2 2 a;

1 2(1+al+a2)+ ——(0)< B,
0.’3+ 3 a3+a3

1 2

o o

+ 0)<p

a31+a32() a3l+a32() ’

0:1:/ >20,Viel,j=1,-,m,

02<Ya/ <1Viel.

J=1

In this problem, an MBE does not exist. This fact follows from (23) having the

maximum objective function value not equal zero. Moreover, note that there is

not any pure Berge equilibrium because whenever players 1 and 2 gets a positive

payoff, player 3 gets a payoff 0 and vice versa. Furthermore, if any mixed strategy

is used then for at least one player j the players —7 will choose with a positive

probability a strategy where at least

maximum of (P3) cannot be 0, and there is no MBE by Theorem 6. In contrast
to the MBE, an NE always exists by Theorem 2. The following is the nonlinear

program to find an NE for this game.

one player 7 gets a payoff 0. Hence the

1 1 1
a a a
L 1 2 3
(P4)Maximize g (@, ) =—————"—5———
a +al ata; a;+a;
1 1 2
+ 2 a, a; l+a' +a
2 2 al az

1 2 1 1
o tor a,+a, o;+0o

2 2
Q o,

+ 2

1 2 1 1
o +ao o, +a; o

2 2 2
Q o, a;

+

o
3 2(1+af+a22)
+ 3

2 2 2 2
2(1+0¢2 +oa; +1+a, +a3)

1 2 1 2 1
o o a,+a; ay+ao;

_ﬂl _ﬂz _ﬂs

subject to

1 1
a, a;

1 2 1
o, +a; a;+a

2 2
" 3
1
al+al ai+a
1
a s
a +al o +a

1 1
2(1+012+oz3)ﬁﬁ1
3

a 2 2
—_ (1+0{2 +a3)Sﬂ1

3

—2(1+0(11 +a§)£ﬁ2

3
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2 2
a a
1 3 2, 2
T, 2 1 2(1+a1 +0‘3)Sﬁ2
a +a a;+a;

2 2
a a

1 2 2 2

1 2 1 2(1+a1 +az)£ﬂ3
o +o a,+a,

al a
1 2 1 1
T, 2 1 2(1+(Z1+a2)3ﬂ3
o +a a,+a;

1 2 1 2 1 2 . .
a,,a;,0,,0;,0;,0, 20,Viel,j=1,--,m,
02<a +of <1
02<a)+a; <1

02<ay+a; <.

pne s?lutio*n to (*P4) w*ith g (a*, ,B*) =0 and hence an NE is
o =af =ay =a; =ay =a] =01, B =p,5 =03, B =5, =03,
Example 3.
In this 3-person RAG each player has 2 pure strategies with R =R, =R, =1,
and each player needs to allocate at least 0.2 of his maximum resource. The
payoff matrices are shown in Table 4.

This example has an MBE obtained from the following NLP.

1 1 1
a a o

(P5) Maximize (e, ) ol +al ay+a; ay+a;

x(2+a;+a§+1+a1'+a§+2+a,1+a;)

1 2 1
a (24 a
+ 1 2 3

a +tal o ta; opta;
2 1 1 1 1 2
><(1+a2 +o,+2+a tay;+l+ o +a2)

2 1 1
(24 (24 a
1 2 3

1 2 1 2 1 2
o +op o, +a; o +a
1 1 2 1 2 1
><(1+a2+a3+2+a1 +oa;+1+¢ +a2)
2

2 1
(24 a (24
+ 1 2 3

al +al oy +a; ay+a;
x(2+a§+a§+1+a,2+a§+2+a]2+a22)

1 1 2
(24 (24 a
+ 1 2 3

1 2 1 2 1 2
o +a a,+a; a;+a

x(1+a2'+a32+2+af+a32+1+a11+a2')

Table 4. Example 3.

1 1 2

5 s) s:
1 (2+ay+al+a +al2+a +a))  (1+a; +ay.2+a +a,.1+0 +a) )
s, (I+a+a2+a’ +al+a) +a))  (2+a) +ap,l+a +a).2+a] +a;)
s s, 55
, (4o +al2+a +al l+a +a))  (2+a) +a}1+a +a] . 2+a +a;)

s, (2+a+a)1+a] +ai 2+a +ay) (140 +a).2+a +a] 1+a] +a;)
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1 2 2
(24 a a
+ 1 2 3

a +ao ay+a; ay+an
x(2+a22+a32+1+a1'+a32+2+a1‘+a22)

2 1 2
(24 o a
+ 1 2 3

1 2 1 2 1 2
o, +a1 a, +C{2 2 +a3
x(2+a§+a32+1+a12+a32+2+a,2+a§)

2 2 2
(24 a a
1 2 3

1 2 1 2 1 2
o, +a; o, to, 0;+0;

x(1+a22+a32+2+a12+a32+1+a12+a22)

_ﬂ1_ﬂz_:33

subject to
1 2

a a
—— 2(2+a;+a§)+—] ! 2(1+a;+a31)£,81
a +a o +ao

1 2

a a
ﬁ(naf+o:§)+ﬁ(2+oz§+oc3‘)sﬁ1
a +a a +a

1 2

a a
—_—— 2(1+a;+a32)+—1 ‘ 2(2+a;+a32)£ﬂ1
a +a; ol +a;

a) ol
ﬁ(2+a§+a§)+ﬁ(l+a§+a§)sﬂl
al +a al +a

1 2

a a
ﬁ(l+a}+a§)+ﬁ(2+af+a§)£ﬂ2
ay+a; ay+a;

al a;

—_— 2(2+oc|2+oc3')+—1 2 2(1+af+a§)£ﬁ2
0{2+a2 a2+a2

al a;
%(2+af+a§)+ﬁ(l+af+a§)sﬂz
al+a; ay+a;

1 2
o 2 2 a, 2 2
—— 2(1+a1+a3)+—1 2(2+al+a3)£ﬂ2

o +a; o +a;
1 2
a a
ﬁ(2+a1‘+a;)+ﬁ(l+a3+a;)sﬂ3
a3+a3 0{3+0{3

1 2
o a
ﬁ(l+af+a§)+ﬁ(2+af+a§)gﬁ3
o +a; o +a;
1 2

o a.
3 3 2 1
ﬁ(l*—al +a2>+ﬁ(z+al +a2)<ﬂ3
[3 [3 [3 [3

2

a
2+ )+ 2(1+a12+a22)£ﬂ3
a; + o, a; +a,

al 20,Viel, j=1,,m,

1
o

02<Ya/ <1,Viel.

=
One solution to (P5) with h(a*,ﬂ*) =0 and hence an MBE is
o =a’ =a =aX =a =X =0.125, g =5, B =175.
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7. Conclusion

In this paper, we gave an interpretation for mixed strategies to n-person games
in normal form via the notion of resource allocation. In these games, a mixed
strategy is an allocation strategy, as distinguished from other interpretations of a
mixed strategy. Each player chooses a pure strategy with a probability that equals
to the fraction of the maximum available resource allocated to that pure strategy
over the total fraction of the the resource the player allocates to all his pure
strategies. We proved the existence of an NE in these games. Furthermore, we
showed that an MBE may not exist in a resource allocation game unless there

exists a strategy yielding zero for the associated nonlinear program.
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