Applied Mathematics, 2018, 9, 355-368
http://www.scirp.org/journal/am

ISSN Online: 2152-7393

ISSN Print: 2152-7385

@,
0:0‘ Sclentific

Q: Publishing

4

Pulsed Laser Heating of a Finite Silver Selenide
Slab Using (HHCE) Model

Mohamed Abdelhady Kamel EL-Adawi, Safaa Abdelfattah Shalaby

Physics Department, Faculty of Education, Ain Shams University, Heliopolis, Cairo, Egypt

Email: adawish1@hotmail.com

How to cite this paper: EL-Adawi, M.A K.
and Shalaby, S.A. (2018) Pulsed Laser Heat-
ing of a Finite Silver Selenide Slab Using
(HHCE) Model. Applied Mathematics, 9,
355-368.
https://doi.org/10.4236/am.2018.94027

Received: February 22, 2018
Accepted: April 21,2018
Published: April 24, 2018

Copyright © 2018 by authors and

Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

Heat induced in a finite Silver Selenide slab by an external pulsed laser source
is studied in dimensionless scale according to hyperbolic heat conduction
model (HHCE) using Laplace integral transform technique. The temperature
profile, the critical time required to initiate phase transition and that to in-
itiate damage at the front surface are obtained for different pulses and are il-
lustrated graphically.
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1. Introduction

Heating sources of high power densities such as laser sources and microwaves
have arisen recently an increasing interest of many investigators [1]. Such heat-
ing interaction has vital applications in different fields related to material
processing such as spot wilding, laser cutting, surface annealing and drilling of
metals [1] [2] [3] [4] [5]. In semiconductor industry, many other applications
are developed including both local diffusion and alloying to form p-n junctions.
The most spectacular effects involve a change of phase of the absorbing material
[1] [6] [7] [8] [9]. In many applications, it is particularly important to reveal the
temperature distribution within the irradiated target, and the time required to
initiate phase transition and to initiate melting.

Many authors assess theoretically such temperature profiles solving the heat
conduction equation [3] [6] [8]-[22].

In principal, there are two trends concerning this point. One trend assumes

that heat propagates with infinite velocity through the heated target (Parabolic
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heat conduction equation (PHCE)). The other trend suggests that heat propa-
gates with finite velocity leading to the hyperbolic heat conduction equation
(HHCE) [23] [24] [25] [26] [27] especially when extremely short laser pulse or
very high frequencies are concerned. The existence of thermal waves propagat-
ing with a finite speed has been demonstrated experimentally [28] [29]. Several
analytic and numerical solutions of such problems have been reported [23] [24]
[25] [26] [30] [31] [32].

The present article represents a study of the problem of laser heating of a ho-
mogeneous finite slab of Silver Selenide (Ag,Se) material considering the hyper-
bolic heat conduction equation (HHCE). Ag,Se compound is of great technolo-
gical importance as a promising thermoelectric power generator material [33], it
has also applications in the field of the switching devices [34] [35]. Also it is well
known that silver selenide Ag,Se undergoes a polymorphic phase transition [34].
It has two phases one below 400 degree Kelvin and is identified as S-Ag,Se phase
with orthorhombic structure, the other phase is at higher temperatures and is
called a-Ag,Se phase with body-centered-cubic (bcc) form.

Moreover, silver selenide material shows semiconducting nature up to 403
degree Kelvin and then it shows a metallic nature with rise in temperature [34].

It is observed [34] that it undergoes this phase transition at (403 + 2) degree
Kelvin.

This alpha-beta transition temperature does depend on the pressure [36].
Moreover, it is revealed [37] that the phase transition temperature is affected by
the heating rate and that it increases with a decrease of its thickness.

The aim of the present trial is to find analytically the temperature field within
an Ag,Se-slab subjected to a pulsed laser as a heating source. This makes it poss-
ible to determine the time required to initiate phase transition in such material,
and the critical time required to initiate melting at the irradiated front surface of
the considered slab. The problem is formulated in the light of the hyperbolic
heat conduction equation (HHCH) in dimensionless form. Laplace integral
transform technique is considered to get the required solutions. Computations

on silver selenide slab are given as an illustrative example.

2. Mathematical Formulation

In sitting up the problem a finite homogeneous slab of silver selenide Ag,Se ma-
terial is heated using laser flux of power density g(#), W-m” incident perpendicu-
larly on its front surface. It is assumed that a part of the incident laser flux will be
reflected at the front surface and a part will be absorbed by the target material.

It is also assumed that heat losses due to convection and thermal radiations
are neglected [37]. The physical properties of the slab material are assumed to be
temperature independent [37]. Several papers have been written on the ther-
moelectric properties, the thermal conductivity, Seebeck coefficient and the re-
sistivity of silver selenide [33] [38]. The values A(7) obtained in [33] revealed
that the thermal conductivity A(7) increases monotonously with increasing
temperature such that A//AT = 7.76 x 1077 W-m-K* [33] [39].
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This weak temperature dependence makes it possible to accept the assump-
tion that its thermal conductivity is temperature independent for the considered
temperature intervals [39]. The heat flow for our case is considered to be one
dimensional [1] [2]. The x-axis normal to the free surface of the slab is taken in
the direction of the incident laser beam. The hyperbolic heat conduction equa-
tion (HHCE) is considered according to which the thermal effects propagate
within the target with a finite velocity and thus a thermal relaxation time is in-
volved in the related equations.

For such a case the modified Fourier equation (Cattaneo equation) is consi-

dered in the form:

oq(x,t
t, a )+q(x,t)=—/WT(x,t) (1)
where t, 2% is the thermal relaxation time (2)
o =—— is the thermal diffusivity in terms of the thermal conductivity A,

Py
W-m-K, the density p, kg/m®, the specific heat ¢, j/lkg-K, and W, m/sec is the
speed of the propagation of the thermal wave in the medium.

Equation (1) with the following conservation energy equation:

oT
-V-g=pC — 3
Leads to the hyperbolic heat conduction equation (HHCE) in the form:
T aT 2
t,—+—=aVT 4
“ot2 ot @)

Considering the following dimensionless scales:

W
o (5)
W
Y= 6
20 (6)
w
o (7)
g-T"To @)
Tm_TO

o)
—~
o
—
~—
—~~

1-R)

—_ 9)
W pc, (T, -To)

3

where,
T, is the ambient temperature, T, the melting temperature, and R is the

reflectivity at the front surface.

One obtains Cattaneo equation in dimensionless form as:

a—("+2¢=—v¢9, S (10)
or t,
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the energy conservation equation in the dimensionless scale attains the form:
00
I v/ 11
s @ (11)
and the hyperbolic heat conduction equation (HHCE) in the following dimen-
sionless form is:
0’0 00 00

or? or oX? (12)

Equation (12) is subjected to the following dimensionless initial and boundary

conditions:
atr=0, 6(X,0)=0 (13)
06
at X =X, a—X(Xd,r)=0 (14)
at X =0, %(0,1) =—[2¢)(0,r)+2—¢;(0,1)} (15)

Equation (14) indicates that the rear surface of the target is insulated.
Laplace integral transform technique is applied to solve Equation (12). Taking
Laplace transform on Equation (12) w.r.t. the time 7 one gets:
62
oX?

§(X,s)—(sz+23)§(x,s)=0 (16)

The solution of equation (16) is as follows:

§(X,S)= Ae s(s+2)X +Be s(s+2)X (17)
at X= 0 one gets:
% = A{s(s+2)—By[s(s+2) (18)
X,

Andat X =X, one gets:

69_ s(s+2)X —\/s(s+2)X
— =A,/s(s+2)e 4 —B,/s(s+2)e 1=0
x| e s(s+2)e

Thus: AeV(**?%s _ge V=% _ (19)

Taking Laplace transform to the boundary condition Equation (15) one gets:

00 _ _
a—x(x,s):—[ng(x,s)+{s¢(x,s)(p(x,0)}],
At the front surface X= 0 this equation can be rewritten as:
99 0,s) =-25(0,5)-57(0,5), Where ¢(X,0)=0
oX oo
00 _
—(0, =—(s+2)¢p(0, 20
Pos) =~(s+2)9(03) o)

X=0

Comparing the two Equations (18), (20) A and B can be obtained as follows:
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A\/s(s+2) —B\/s(s+2) =—(s+2)9(0,s)

(A B):-@@(o,s) or: (A- B):—\/?a(o,s)

Multiplying both sides by eV**?*¢ thenby e V**?*¢ respectively one gets:

A 2Xe _ Beﬂ/s(s+2)xd _ —(5(0, S) S+2 e\/@xd 1)
S
Aeﬁ/s(s+2)xd B Beﬁ/s(s#z)xd _ —5(0, S) ’S +2 . [s(s+2)Xq (22)
S

Subtracting (19), (21) one gets:
B |:e+1[s(s+2)xd e s(s+2)Xg } _ ¢_7(0, S) S+2 ot [s(s+2)Xg
S
Thus:

?(0,5) SH2 e i)y

B s
2sinh \/s(s +2)X4

Also from (19), (22) one gets:

A|:e+,/s(5+2)>(d e s(s+2)Xq j| _ (ﬁ(o

1

2 (st
S) S+ ev( 2)Xq

S
Thus:

7(0,5) T2 O

2sinh \/s(s +2)X,

Substituting in Equation (17) one gets:

?(0.s) s+2 [e*mmﬂ) +efm<xdfx)}

eﬂls(s+z)><d [1_e72ﬂ/s(s+z)xd }

9(X,s)=

1 00
Considering that: Ta- > .atlal<1 [39]
Thus:
1 _ Z efzn\/@xd
[1_ o 2s(s+2)Xa } n=0
This gives:

§(X,S) _ {3(0,5) S+2 |:zoc ef(erznxd)\/m +Z::0e7(2(1+n)xdfx) s(s+2):|

S n=0
Neglecting the last term with respect to the first one, one gets:

g(x , S) _ Z(::O(Z(O, S) S+2 e—(X+2nXd) s(s+2)
s(s+2)
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This equation can be rewritten in the form:

F(X,9)= 30, | (0,5) g O
s(s+2)

— 2 e7(><+2nxd) s(s+2)

+2(0s) s(s+2)

Let, f(s) S B G get:

s(s+2)

3(X.5)=3[#(0.5){sf (s)}+2p(0.5) T (5)]

n=0

Put: (23)
2p(0,5) f(s)=M,, @(0,5){sf (s)}=M,
From Equation (9):

{5 (s)) __aM@-R) (24)

Wpc, (Tm —TO)

L_l{ f (S)} _ L_l{ 1 ) e—(X+2nXd) s(s+2)} (25)
S

(s+2

We have: [40]
1 1

—c[(sa—a)}(sa—b)E} (
=€

a+b
L—l%_ 2)T|O|:(a7_bj(rz —CZ);}, r>c,c>0

(s+a)z(s+b)2

Put: ¢c=X +2nXd,b:0,a:2,T=% one gets:
k

—(X+2nXq )y/s(s+2)

L e (26)
s(s+2)
The modified Bessel function 1, (x) is written in the following form: [41]
( X j(q-v-Zm)
N\ 2
Iq(x):mZ:1 oy [(7+m+1) (27)

Comparing (25), (26) (at 77 =0) one gets:

o [72=(X+2nX, )]

LH{f}=e7>

=~ 22" m1

m

r(m+1) (28)

Thus the inverse in time domain is as follows:

) ]

m=1 22m m!

r(m+1) (29
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where: T'(m+1)=m

BT R (O R, ()

Wpc, (Tm —TO)

The convolution theorem:
L[ f.(s) f,(s)] = [F(t—u)F, (u)du (31)

Thus
LM, ]=L"[20(s) £ (s)]

I S EA

=2 Zlk
prc (T T) mz; 2°"

Also we have:
L{EF(t)}:sf ()~ (0),
dt
For such a case one has f (O) =0, thus:

L' [M,]= L—l[(,?sf (S)}:l(o(t—u)% f(u)du

u 2 WZ 2m
— | ———(Xx+2nx
jAalt-w) d {(mj ! d)} (33
0

—Je Ay S du

3(x.t)
_ i 2 .
{[;J 2 (x+2nx,) }
@ t _ _Y %
-y [z_iJ Ag(t=u) oy g L - du (34)
n=1 2tk 0 WpCp (Tm TO ) m=1 2
u 2 ) m-1 ]
m [th ————(x+2nx,)
t _ _u 0
+.|' Aq(t-u) D ‘ — udu
W, (T,-T))2¢ & 2

where: q(t—u)=0,,e [ ", Oax» W/m? is the laser maximum power den-
sity

At x=0 we get:
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Il
;
LMs
VR
|
B
N——
O —
>
(@]

udu

3. Computations

The obtained thermal profile is computed for different laser pulses with different

maximum power densities as follows:

Opax = 2E7,2I.5E7,1E7,0.8E7,0.7E7,0.6E7,0.5E7,0.4E7,0.3E7,0.2E7,W/m2 .

mf
Y, yis

the full width at half maximum of the suggested pulse, # in seconds is the time

The laser pulse shape is taken of Gaussian form as: q(t):qmaxe{

required for q(t) to reach the maximum value g, .

The other laser pulse parameters are as follows: £ = 6 usec, y = 6 | sec. pulse
duration = 12 psec, the slab thickness = 300 um, the absorption coefficient A4 =
0.67, t, =1 psec.

The physical and thermal properties of the silver selenide slab material [42]
[43] are given in Table 1.

The temperature of the irradiated front surface 9(0,t) for the different
pulses is computed and are illustrated graphically in Figure 1 and Figure 2 and
are tabulated in Table 2 for m=1, n=1, and in Table 3 for m=1, n=1.2.

The critical time ¢,, required to start phase transition, and the critical time ¢,
required to initiate melting at the front surface are obtained for the considered
pulses and are tabulated in Table 4 for m =1, n=1, and in Table 5 for m =1,

n =12 and are illustrated graphically in Figure 3 and Figure 4.

4. Conclusions

As a result of the study the following conclusions can be made:

1) The temperature of the irradiated surface does depend linearly on the
maximum power density g, of the laser pulse and also on the absorption coef-
ficient (1 — R).

2) The dependence on the slab thickness and the pulse parameters y & ¢, are
no longer linear.

3) The dependence of the ¢,,and ¢, on g,,, is not linear.
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Table 1. The physical and thermal properties of the silver selenide slab material [42] [43].

pkg/m® 2, WmK o, m*/sec ¢ jlkgK T, K T.» K

e P

Silver Selenide

8200 1.08 3.9E-7 277 855 403

Table 2. The temperature of the front surface as a function of the g,,,, W/m?* and expo-
sure time, (m=1, n=1).

Qmax
2x107 1.5x 107 1x107 0.8 x 1070.7 x 107 0.6 x 107 0.5 x 107 0.4 x 107 0.3 x 107 0.2 x 107
t, ms

2 325.1 243.83 162.55 130.04 113.78 97.53 81.27  65.02 48.76  32.51
3 474.14 355.61 237.07 189.66 16595 142.24 118.54 94.83 71.12 4741
4 613.78 460.34 306.89 245.51 214.82 184.134 153.44 122.75 92.06 61.38
6 829.56 622.17 414.78 331.82 290.35 248.86 207.39 16591 124.43 82.96
7 885.56 664.17 442.78 354.22 309.95 265.67 22139 177.11 132.83 88.56
8 998.12 748.59 499.06 399.25 314.34 499.06 224.53 179.62 134.72 89.81
9 867.2  650.4  433.6 346.88 303.52 260.16 216.8 173.44 130.08 86.72
10 798.52 598.89 399.26 319.41 279.73 239.56 199.81 159.84 119.88 79.92

12 590.88 443.16 295.44 236.35 206.81 177.26 147.72 118.18 88.63  59.09

Table 3. The temperature of the front surface as a function of the g,,,, W/m?* and expo-
sure time, (m=1,n=1, 2)

qmax
2x107 1.5x 107 1 x 107 0.8 x 107 0.7 x 107 0.6 x 107 0.5 x 1070.4 x 1070.3 x 107 0.2 x 107
t, ms

2 162548 1219.11 812.74 650.19 568.92 487.64 406.37 325.10 243.82 162.55
3 2370.70 1778.03 1185.35 948.28 829.75 711.21 592.68 474.14 355.61 237.07
4 3068.86 2301.65 1534.43 1227.54 1074.10 920.66 767.22 613.77 460.33  306.89
6  4147.78 3110.84 2073.89 1659.11 1451.72 1244.33 1036.95 829.56 622.17 414.78
7 4427.18 3320.84 2213.89 1771.11 1549.72 1328.33 1106.94 885.56 664.17  442.78
8  4590.58 3442.94 2295.29 1836.23 1606.70 1377.17 1147.65 918.12 688.59  459.06
9 433548 3251.99 2167.99 1734.39 1517.59 1300.79 1083.99 867.20 680.40 433.60
10 3992.6 2994.45 1996.30 1597.04 1397.41 1197.78 998.15 798.52 598.89  399.26

12 295436 2215.77 1477.18 1181.74 1034.03 886.31 738.59 590.87 443.15 295.44

Table 4. The critical time ¢, required to start phase transition, and the critical time ¢,
required to initiate melting at the front surface are obtained for the considered pulses for
m=1,n=1.

o W/Mm? L, pisec Lo USEC
2 x 107 2.7 6.3
1.5 x 107 3.7 -
1 x 107 5.7 -
0.8 x 107 8 -
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Table 5. The critical time ¢,, required to start phase transition, and the critical time ¢,

required to initiate melting at the front surface are obtained for the considered pulses for

m=1,n=1,2.

o W/Mm? L, pisec Lo USEC

2 x 107 0.6 1.3
1.5 x 107 0.8 1.5
1x 107 1 2.3
0.8 x 107 1.3 2.7
0.6 x 107 1.7 3.7
0.4 x 107 2.6 6.5
0.2 x 107 5.5 -

4,,,=0-2x107, W/m?

0(0, t), K
80
60
m=1, n=1
40
20
2 4 6 8 10 12 ps

Figure 1. The temperature of the irradiated front surface as a function of the laser expo-
sure time “#°. g,,, = 0.2 x 10’ W/m?*, m=1and n= 1.

©(0,1),K Omax=2x10", W/m?

1000
800
600 m=1, n=1
400
200

5 4 6 8 10 12
t,us

Figure 2. The temperature of the irradiated front surface as a function of the laser expo-
sure time “#°. ¢,,, = 0.2 x 10’ W/m?*, m=1and n= 1.
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2
(max> W/M

x107
25 4

1.5

0.5

0 T T T T tph9 “

Figure 3. The critical time ¢, required to start phase transition as a function of the max-
imum power density of the laser pulse for m = 1 and n = 1. The other parameters are kept
constant.

2
Qmaxs W/M
x 107
2.5

1.5

tm, 1S

tph9 pns

t,us

Figure 4. The critical time ¢, required to start phase transition and the critical time ¢,
required to initiate melting as a function of the maximum power density of the laser pulse
for m=1and n = 1, 2. The other parameters are kept constant.

4) Successive pulses may be required to initiate phase transition or melting.

5) For the summation over “m” and “n” one gets acceptable values for &0, 9
only for m=1.

But for m > 1 one gets negative values.

Increasing values of €0, #) are obtained with increasing n values.
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6) The extension of the present technique to other materials makes it possible
to specify the optimum operation conditions to attain and maintain a certain

phase for specific medical and technological applications.
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