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Abstract

An analytical investigation is conducted to study the effect of magnetic field
on convection heat transfer through packed porous beds which consists of a
horizontal fluid layer (river bed) and a porous zone with anisotropic permea-
bility and underlined by a surface heated by a constant temperature 7;. The
free surface of the fluid layer overlying the horizontal porous layer receives
solar rays to length of day and is then considered heated isothermally at tem-
perature 7, such as 7] < T,. Flow in porous medium is assumed to be go-
verned by the generalized Brinkman-extended Darcy law and in the fluid layer
by the Navier-Stokes model. The Beavers-Joseph condition is applied at the
interface between the two layers. The influence of Hartmann number and hy-
drodynamic anisotropy on the convective phenomenon is investigated analyt-
ically. It is found that the magnetic field, the anisotropic permeability and the
thickness of the porous lining, & have a strong influence of the geothermal
convective flow and the heat transfer rate.
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1. Introduction

The first study concerning the effect of a magnetic field on the natural convec-
tion heat transfer in a rectangular porous cavity seems to be due to [1]. The ver-
tical walls of the enclosure were maintained in isothermal and isoelectrical con-
ditions. It was demonstrated that, for large Hartmann numbers, the electromag-
netic magnetic force retards considerably the convective heat transfer. The in-
fluence of the Hartmann number on the Nusselt number was investigated nu-

merically. The stability of a conducting fluid saturating a porous layer, in the
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presence of a uniform magnetic field, was investigated analytically by [2]. On the
basis of the linear stability theory, the critical Rayleigh numbers for the onset of
motion were obtained for various types of thermal and hydrodynamic boundary
conditions. The case of a shallow cavity heated isothermally from the sides was
considered by [3]. The effect of a magnetic field on the convective heat transfer
was investigated analytically using matched asymptotic expansions. The results
indicate that the retarding effect of the electromagnetic body Lorentz force de-
creases the strength of convection in the enclosure.

Several studies have been made on the effect of the magnetic field on the
thermal convection through porous cavity. Our present research concerns the
study of the thermal convection in a horizontal fluid-superposed porous layer
and few studies have been made in this sense (see our literature magazine [4]).
Like that, we consider the convective heat transfer through a parallel-plate hori-
zontal system consisting of a homogeneous porous bed underlying a sin-
gle-component fluid layer whose upper surface is free and isothermally heated.
A magnetic field, B, is applied perpendicularly to the long sides. The lower
plate bounding the porous layer is impermeable and is maintained at a constant
temperature. The porous medium is homogeneous and anisotropic in permea-
bility whose principal axes are arbitrary oriented, as it is seen in nature and for
many realistic applications. Beavers and Joseph boundary condition model is
applied at the permeable bounding interface between the two layers [5]. On the
basis of the generalized Brinkman-extended Darcy model, of Navier-Stokes equ-
ations and of energy equation which takes into account the viscous dissipation,
the effects of magnetic field, of anisotropic parameters of the porous matrix and
of the influence of the depth ratio on velocity and temperature fields and heat

transfer rate are investigated in detail.

2. Mathematical Formulation and Resolution

The physical model illustrating the problem under different considerations is
shown in Figure 1. The system of height, A, consists of a horizontal paral-
lel-plate porous channel of thickness, 4,, underlying a fluid layer whose upper
plate (free surface) is permeable and exposed to a constant temperature 7,. The
lower impermeable plate lining the non-erodible porous layer is maintained at a
constant temperature 7] < 7,.

The axial and transverse coordinates are respectively x'and y, the latter being
measured vertically upwards from the lower impermeable wall. The porous me-
dium is anisotropic in flow permeability, the permeabilities along the two prin-
cipal axes of the porous matrix are denoted by K, and X,. The anisotropy of the
porous layer is characterized by the permeability ratio K™ =K;/K, and the
orientation angle ¢, defined as the angle between the horizontal direction and
the principal axis with the permeability K.

Thus, the flow regime is divided into two zones:

Zone 1 (fluid layer) from the free surface of the fluid to the surface of the
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Figure 1. Physical model and coordinate system.

porous layer (called the nominal surface) and

Zone 2 (porous layer) from the nominal surface to the impermeable lower
plate.

The porous bed is saturated with an incompressible viscous fluid that is in lo-
cal thermodynamic equilibrium with the solid matrix.

The equations governing the conservation of mass, momentum, energy and
electric charge transfer [4] [6] [7] can be written in each Zone as follows

Zone 1 (fluid layer):

Equation governing the conservation of mass

V-V{ =0, (1)

Equation governing the conservation of momentum (Navier-Stokes model

with the presence of magnetic and gravitational fields).
avfl ' ’ 2 ’ H
Po 7+(vf VIVI |==Vp, +p 9+ 1 V2 (V] )+ j; AB,  (2)

Equation governing the conservation of energy

!

ot
— Vi) :afvz(T;)+Cchf, (3)

Equation governing the conservation of electric
Vi =0, j =o(-V@, +V{ AB). (4)
Zone 2 (porous layer):

Equation governing the conservation of mass

V.V =0, (5)

Equation governing the conservation of momentum (Brinkman-extended

Darcy law with the presence of magnetic and gravitational fields).

Vi ===V, + 000+ ey V2 (Vi) + i A B), (6)

= | =i
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Equation governing the conservation of energy
oT, L, .
(£C,), So+(6C,), V (Ve T)=kV2 (Ty)+ sy, ()

Equation governing the conservation of electric
Viin=0, j,=0(-VD,+V, AB). (8)

In these equations, V , denotes the velocity vector, p'the pressure and 7"the
temperature of the fluid, g the gravitational acceleration, ¢’ the time, and

(,OCp)f , (pCp)m the heat capacity of the fluid and the saturated porous

medium, respectively. The subscript “/” denotes the fluid layer, “7” the porous
medium. Moreover, u the dynamic viscosity, p'=p, [1— B(T'-T, )} the den-
sity, B the thermal-expansion coefficient, T, the constant reference Kelvin
temperature, o, the density of the fluid at T;, C, the specific heat of the
fluid, & the thermal conductivity and o = k/ ( PC, )f the thermal diffusivity. In

Equation (3), j is the electric current density, o the electrical conductivity of
the fluid, @ the electric potential and -V the associated electric field. As dis-
cussed by [8], for a two dimensional situation Equation (4) and (8) for the elec-
tric potential reduces to V*@=0. The unique solution is V@& =0. It follows
that the electric field vanishes everywhere. The energy Equations (3) and (7) take
into account the viscous dissipations @, and @, for the fluid layer and the
porous medium respectively. It is important to mention here that the viscous
dissipation @, for the porous layer is the sum of viscous dissipation of the sa-
turated fluid and the Darcy dissipation through the term V/? / K .In Equation
(6), wy denotes the apparent dynamic viscosity for Brinkman model and the

symmetrical second-order permeability tensor K is defined as

& K.sin®p+K,cos’p (K,—K,)singcosg ©)
(K, —K,)sinpcosp K,sin? p+K, cos’ ¢

Assuming that when the flow is fully developed in the system, the axial
(x“direction) velocity depends on the transverse coordinate y’'(Ze, u} =uf(y')
for the fluid layer and u/, =uy (y') for the porous layer), and then from the
continuity equation, the transverse velocity component must be zero (ie,
Vi =0 and v, =0). The temperature is assumed to be a function of y' No as-
sumptions are made with regard to the pressure variation (which, in fact, is
found to be a function of x"and y’'in Zone 2 [9]). So, governing Equations

(1)-(8) may be reduced as

Zone 1 (fluid layer):

duf
X
1 op, du} oB%,

=0 (10)

— Ly —I- =0, (11)
Po OX dy" Po
a’
LI} (12)
Py Oy

DOI: 10.4236/jcpt.2018.82004

60 Journal of Crystallization Process and Technology


https://doi.org/10.4236/jcpt.2018.82004

J. Yovogan et al.

d’T! du; )’
@ _L[_j o (13)
dy”  (pC,), Ldy

Zone 2 (porous layer):
du’

Un _o 14
™ (14)
' 2,1 2,1
by’ __K ap, . lﬂd u;n _ KioBuy, | (15)
u ox dy’ )z
cuf, =K P (16)
u oy
201 r\2 b u' 2
A T ICY) (17)
dy’ dy’ K,
where
b =sin’ p+ K" cos? ¢,
- (18)
c=(1-K")sinpcosp.

And A=y / 4 the relative viscosity for which the value in the present study
is taken, as a first approximation, equal to unity (Ze., 4 = ).

The appropriate boundary conditions prevailing on the lower impermeable
boundary and the upper free surface and at the interface of the two layers (y =
h,) of the channel are [4]

y'=0:u, =0T, =T, (19)
. du’ ,
y =h:d—y,:O,Tf =T,, (20)
' . ' du’f ﬂl ’
y'=h_ :u, =u’ :uB/ &y =\/K71(u8—um|y_hmJK—1), (21)
' T ’ de' ﬂz '
y'=h T/ =T =TB/ 5 =\/K(TB—Tm|y_hmJK—l). (22)

where uy is the slip velocity at the nominal surface (interface) which changes
to the constant Darcy velocity through the porous, the existence of the tempera-
ture slip layer whose thickness given by Beavers and Joseph is of order \/K .
Indeed, this thickness subsequently has been shown to be equal to \/E [10]
[11]. According to these authors, the parameter S, (and f,) denotes a con-
stant depending on the material property of the porous medium, which have can
be determined only experimentally. The slip temperature T, at the nominal
surface changes to the constant ambient temperature T, through the porous
layer whose thickness considered to be the same as that of the velocity slip layer
namely \/E . So, the existence of the temperature slip layer depends on that of
the velocity slip layer and in view of this, T, isidentified with T ' at a distance
\/E below the nominal.
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When the following variables are introduced
x=X/(hRe),y=y'/h,
(g un) = (ufoup) /o, (T T ) = [ (T1T0) -

AT :TZ_Tl,(Pf,Pm) (pf' pm)/(puz)-

the governing Equations (10)-(13) corresponding to the fluid layer may be writ-

] /AT (23)

ten in non-dimensional form as

d?u, , dp

v —Ha‘u; =d—, (24)
y X

d?T, du, Y

V:—PrEC W . (25)

and the governing Equations (14)-(17) corresponding to the anisotropic porous

layer may be written in non-dimensional form as

d’u, b+Ha; u =%

) 26
dy? Da " & (26)
oP, __¢c U, 27)

oy ReDa

2 2

9o _ pree| [ Bn | 42, ) | (28)

dy dy

where
2 b

=, 29
4 Da (29)

In the above equations, Pr=uC, / k is the Prandtl number, Ec=0" / (CpAT)
the Eckert number, Re=0h/v the Reynolds number, Da=K,/h? the Darcy
number, Ha=B- h\/0/7 the Hartmann number for the fluid layer and
Ha,, = B\/K,o/u the Hartmann number for the anisotropic porous layer.

The boundary conditions associated with the non-dimensional Equations
(19)-(22) are [4]

y=0:u,=0,T, =0, (30)
d
yzl:i:O,Tf =1, (31)
dy
du, B
dT, yii
T =T, =T (T T, : 33
y=¢: /dy \/K71(8 m|y:£,ﬁ) ( )

where g=h, /h is the thickness ratio defining as the ratio of saturated porous
layer thickness to packed porous beds thickness (which consists of a horizontal

fluid layer (river bed) and a porous zone).
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Using the hydrodynamic conditions (30) and (32), the resolution of Equation
(24) yields the velocity distribution in Zone 1 (for the fluid layer) expressed as

Q

Ha? (34)

, (¥)= A+ AT -

where Q=dP; /dx.
Taking into account Equation (34) and considering the boundary conditions
for T,, Equation (25) can be integrated to give the following fully developed

temperature profile in fluid Zone:

2 2
Tf(y):—PrEc{%ez‘Ha'y+A2 e 2™ — AAHa y}A3 y+A, (35)

4
where
U, +Q/Ha’
- |:eHa.g +eHa(2—5):| !
AZZAiez-Ha
Ts-1 PrEc 2Has | 2Ha(2-¢) 2 2 2Ha | A2
At e )2 2ha (1ot e
-T; PrEc . 2Has | 2Ha(2-¢) 2
A= g2 2 ) e

(36)

where uy is the velocity profile at the interface that must be determined by
making use of the condition (32) in which we have to know first the velocity u,,
for the porous layer. It is seen that T, dependson T; that has to be calculated
from the boundary condition (33) for which the temperature profile T, (in
Zone 2) should be expressed.

Now, the velocity and temperature profiles u, and T, for the porous layer
will be determined.

As Harf1 = Da-Ha®, Equation(26) may be written as

d*u,, ey = P,
dy® moax

(37)

where &% =y%+Ha’.
Eliminating the pressure from Equation (27) and (37) in the usual way, one

may have
d’u,,
o
y

2 dum

dy =0. (38)

It is clear that the bulk mean velocity U’ (in Zone 2) defined as
U= (]7/ [ p'(h, xl)])johm p'urdy’ iscalculated in dimensionless terms by

U= u,dy (39)

which equals to &
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Making use of Equation (39) and the hydrodynamic conditions (31) and (32),
the resolution of Equation (38) yields the velocity distribution (for the porous

layer) expressed as

1

um(y):g(Bleéy—Bze’éy)Jr B, (40)
where
Ee(l-e)-us (e +&-1)¢
~ 4-cosh(&e)—2-&-&-sinh(&e) -4
B, (1_e§€)+§us (41)
2T 1-e®
B3 — Bz - Bl
g

By substituting Equation (40) into Equation (28) and using the thermal
boundary conditions (32) and (33), the temperature profile for the porous me-

dium is obtained as

2
T, (y) = —PrEc[ﬁ[lJr %](Blzezz;y 4 BZZe72§y)

+ 2?37/ (Ble§y - Bze’gy) (42)

2 y2
4{2(1—%] B,B, +7ZB32J7 +B,-y+B,.

where

T,-B i
B 1ot PIEC) L 1y, 7 (e, press)
£ e |4:¢& &

2

2B,7* 2m2 |E
+—§337/ (Ble‘fg—Bze_”z‘g)+(2(l—g—2)B182+7/ B, ]%:I’ (43)

. 52

It is noticed that both the velocity profiles u; and u, depend on ug. the

2 2
B, = PrEcL ! . £1+7/_J(Bf n B§)+ 2'?37 (B, - BZ)}

same holds good for both the temperature profiles T, and T, which depend
on T,. The profiles u;, and T, at the interface are determined by using

boundary conditions (32) and (33) respectively. After manipulations, one can

obtain
U, = a'5'Ha'ﬂl_Q'a7“\/ﬁ (44)
g =
Ha(Ha~a7«/D_a—ﬁ1 (1+a6))
where
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R
& =8 -3
& &
1) g el
aQ =2a, -4,
& &
e eHaL(Z £)
a7 e +eHa(2—g)
525( e‘fg)
AT (45)
a, =4-cosh(&e)—2-&-¢-sinh(&e) -
_fe_p ¥
N
a (1-¢%)
+a,(1-e*
Eralee)
1-e™

Similarly, after development and reduction of algebraic terms, the characteris-

tic temperature distribution T, at the interface is calculated by

[b0ﬁ+(bl+b2)ﬂ2:|£(l—8)

TB: 46
ﬁz-(’9(1—5)+(\/ﬁ—5)ﬁ2(1_5)“L\/E o
where
by =g (2 HRe e (b2 Halo ) b [
TR
b, = &— Da{PrEc( [1+7_2](Bfe2§s+822e2§e)+b5]—55:|
& 4.£° g
o [ ob -1y 2. (2 1] o
2 ) . 2 _\/D_Z
b4:25337 (Blef(éfﬁ)_Bze’f(“m)) 2[1— jBB +7°B; u
£ & i
2837 e —g& _ﬁ 2?2 i
== (Be” - Bee )+(2(1 52J8182”B3J2
(47)

The heat transfer rates through the upper free surface and the lower wall
bounding the porous layer underlining the fluid zone are expressed by the Nus-

selt numbers given in dimensionless terms respectively by

dT,
Nu, =—

= =2-PrEc-Ha’A%e*™ + A, (48)
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and
_ 0T,
dy

Nu,

2 _ 2
:_PrEc[l_%) Blz ;2 + 28;37 (B,+B,)+B,  (49)

Consequently, one can deduce that the mean heat transfer rate Nu,,

y=0

through the superposed layers is calculated by the following expression

3. Results and Discussion

3.1. Horizontal Velocity Distribution and Temperature
Distribution for the Entire System Width

Figure 2 illustrates the analytical results obtained for the Horizontal velocity
distribution for the entire system width when Da = 0.05, Q= -2, S, = 0.1, e =
0.2, K = 0.1, ¢ = 0° and various values of Ha. From this figure it is clearly seen
that the velocity distribution decreases as the Hartmann number increases. For
K = 0.1 (When the permeability in the horizontal direction, K, is higher than
the permeability in the vertical direction, K].) the convective flow is high when
Ha = 0.8 (and for the lowest values of Ha) and is reduced when Ha = 5 (and for
the highest values of Ha). It is noticed that the velocity fields have the same be-
havior as described previously [4].

Figure 3 illustrates the analytical results obtained for Temperature distribu-
tion for the entire system width when K = 0.1, 8, = ,=0.1, Da= 005, Q= -2, ¢
=04, Pr=7, Ec= 0.05, ¢ = 0°. It is noticed that the temperature fields have the
same behavior as described previously for the velocity distribution, revealing
that the effect of varying convection in the two superposed layers depends

strongly on the magnetic field, ie., Ha.

Da=0.05Q=-2,p,=01,=02K"=0.1,¢=0°

1.0 1 '
l ,
0gl Fluidlayer|
| |
0.6 Ha=0.8
y
04
0.2
0
-05 0 05 1.0 15 20
u(y)
Figure 2. Horizontal velocity distribution for the entire system width.
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K*=0.1; 131:[32:0.1 ; Da=005; Q=-2; e=04; Pr=7 ; Ec=0.05 ; ¢=0°.

1.0

0.8

Fluid layer

0.6

3.5 Ha =3.2

04

0.2

(0] 0.25 0.50 0.75 1.00 1.25
T(y)

Figure 3. Horizontal temperature distribution for the entire system width.

3.2. Velocity Profile, ug, at the Interface

Figure 4 show the effects of various values of the Hartmann number, Ha, of va-
rying the anisotropic ratio, K, and the thickness ratio, & on the velocity profile
uy at the interface when ¢ = 10°, ,= 4,=0.1, Pr=7, Q= -3, Ec=5x 107, Da=
107>, Because of the fact that U, is not physically defined at £ = 0 (correspond-
ing to the situation when the two layers are assimilated into a pure fluid layer)
and at £ = 1 (case for which the system would become a pure porous layer), all
curves observed tend asymptotically to the pure fluid case when & —0. As ex-
pected, in this limit, the effects of the anisotropic properties of the almost neg-
ligible porous layer are irrelevant. For intermediate values of the thickness ratio,
it is seen that, as the porous layer becomes more and more important, the aniso-
tropic effects of the porous medium become more significant (please refer [4]).
It is also noticed that each curve for a given value of K is distinguishable from
others at a special point &, that depend on the Hartmann number and below
which the effects of anisotropy and magnetic field is irrelevant. For example,
& =0.0744 when Ha=1, & =0.0731 when Ha=0.5and ¢ =0.0722 when
Ha = 0.005. For each value of K, Figure 4 indicates that the velocity profile u; at

the interface decreases as the Hartmann number increases.

3.3. The Mean Heat Transfer Rate, Nunoy

The variations of Nusselt number with the Hartmann number and the aniso-
tropic ratio is shown in Figure 5 as a function of the thickness ratio, & when Da
=75x%x 107, ¢ =0°, Pr=7.0, Ec=0.05, B, = = 0.001, and Q = 50. When the
porous lining is negligible with respect to the fluid layer (i.e., when the thickness
ratio is small), the heat transfer given by Equation (50), does not vary with the
anisotropic ratio, K. Then the Nusselt number decreases with the increase of the

thickness ratio and the effect of anisotropy is predominant. Figure 5 indicates
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¢=10°,p,=p,=0.1,Pr=7,Q=-3,Ec=5x10",Da=10"

3.0
K*=0.1
— T ——
25 e -~ —— Ha=1
0.1 — — ~ — — Ha=5x10"
44’ =~ — — Ha=5x10"
UB

Figure 4. Velocity profile, u,, at the interface.

Da=0.075 ; p,=p,=0.001; Ec=0.05 ; Pr=7 ; Q=50 ; ¢=0°
60 T T T T

Figure 5. Effect of the Hartmann number on Nusselt number, Nu,,,,.
that the heat transfer through the entire system is enhanced when K = 2.5 with
respect to the isotropic case for which K = 1.0. That is damaging to the aquatic
species life. We also note that the increase of the Hartmann number corresponds
to the decrease of the heat transfer when the porous layer becomes more and
more important. What encourages the aquatic species life.

In Figure 6, we have plotted the average Nusselt number as a function of the
thickness ratio, & with the variations of Hartmann number and the anisotropic
orientation ¢ for Da= 75 x 107, K* = 0.1, Pr= 7.0, Ec = 0.05, 3, = f3, = 0.001,
and Q = 50. It is noticed that the Nusselt number have the same behavior as de-

scribed previously, revealing that the heat transfer through the entire system for
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Da=0.075 ; p,=p,=0.001; Ec=0.05 ; Pr=7 ; Q=50 ; K*=0.1
60 T T T T

50 5| 4

5

40
Nu
moy

30
20

10

0 | |
0.2 0.4 0.6

Figure 6. Effect of the Hartmann number and ¢ on Nusselt number, Nu,,,,.

a given value of Hartmann number is found to be maximum when ¢ = 90° and
minimum when ¢ =0°.

The average Nusselt number is presented in Figure 7 as a function of the
Darcy number, of the Hartmann number and of varying the anisotropic ratio
when ¢ =0°, Pr=7, Ec=0.05, , = 3, =10"% £=0.25 and Q = 5. From this fig-
ure it is clearly seen that the average Nusselt number decreases as the Hartmann
number and the Darcy number increase, the highest decrease of the average
Nusselt number occurs for the region of the low values of the Darcy number
(ie, in the porous zone where the effect of anisotropy is predominant). For high
values of the Darcy number (case for which the system would become a pure
fluid layer), no significant decrease occurs on the average Nusselt number which
is not affected by the anisotropy ratio.

In Figure 8, the average Nusselt number is plotted as a function of the Darcy
number for K = 0.5, Pr= 7, Ec=0.05, f, = 3, =10 £=0.25 and Q = 5 and
various values of the Hartmann number and of ¢. It is noticed that the average
Nusselt number have the same behavior as described previously in Figure 7 and

is found to be maximum when ¢ = 90° and minimum when ¢ =0".

4. Conclusion

In this paper we have examined the effect of magnetic field on convection heat
transfer through packed porous beds which consists of a horizontal fluid layer
(river bed) and a porous zone with anisotropic permeability. The results ob-
tained show that, the application of a magnetic field on the natural convection in
the y-direction has some important changes on the structure of the convective
flow and on convection heat transfer. It generates a reduction in the heat trans-
fer and reduces considerably the velocity and temperature distribution. We have

also examined the effect of anisotropic permeability ratio and anisotropic angle
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£=0.25; B, =p,=10°;Q=5;Pr=7;Ec=0.05;¢=0°

40
—_— K*=2
K* =1
30 — — K*=05
™~ - Ha =1
moy T s
20
10
- Ha =10
0.01 0.1 1
Da

Figure 7. Effect of the Hartmann number and Da on Nusselt number, Nz,

£=025; B, =5,=10°;Q=5;Pr=7;Ec=0.05;K"=0.5

— — Ha=4
—— Ha=15

\
N
5 \Qx\
\§-§_—____
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Figure 8. Effect of the Hartmann number and ¢ on Nusselt number, Nu,,,.
on the velocity profile, u, at the interface and on the average Nusselt number.
The heat transfer, for a given value of the Hartmann number and for ¢ = 0°, is
found to be maximum (minimum) when the permeability in the y-direction
(x-direction) is bigger than the permeability in the x-direction (y-direction) and

for a given value of the anisotropic permeability ratio (K = 0.5), the average
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Nusselt number is found to be maximum when ¢ = 90° and minimum when ¢ =

0°.
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