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Abstract

A weighted graph is a graph that has a numeric label associated with each
edge, called the weight of edge. In many applications, the edge weights are
usually represented by nonnegative integers or square matrices. The weighted
signless Laplacian matrix of a weighted graph is defined as the sum of adja-
cency matrix and degree matrix of same weighted graph. In this paper, a brief
overview of the notation and concepts of weighted graphs that will be used
throughout this study is given. In Section 2, the weighted signless Laplacian
matrix of simple connected weighted graphs is considered, some upper bounds
for the spectral radius of the weighted signless Laplacian matrix are obtained
and some results on weighted and unweighted graphs are found.
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1. Introduction

A weighted graph is a graph that has a numeric label associated with each edge,
called the weight of edge. In many applications, the edge weights are usually
represented by nonnegative integers or square matrices. In this paper, we gener-
ally deal with simple connected weighted graphs where the edge weights are pos-
itive definite square matrices. Let G =(V, E) be a simple connected weighted
graph with vertex set V :{1,2,---,n}. Let w; be the positive definite weight
matrix of order ¢ of the edge j/and assume that W; =W;; . The weight of a vertex
ieV definedas w, =) w,

;s where i~ ] denotes the vertex /is adjacent to i
Unless otherwise spetified, by a weighted graph we mean a graph with each
edge weight is a positive definite square matrix.

The weighted signless Laplacian matrix Q(G) of weighted graph G is a
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block matrix and defined as Q(G)= (qij )mxm , where

w,; ifi=j,
Qi =9 W;s ifi~j,
0; otherwise.

Clearly, Q(G) is a square matrix of order nt The eigenvalues may be de-
noted by 0,(G),0,(G),+,0,(G), where ¢,(G)>0,(G)>--->q,(G). Also
let ql(G) , ql(vvi) and ql(vvij) denote the spectral radius of G and the largest
eigenvalues of W, and W, respectively. If A(G) is the weighted adjacency
matrix of G, then note that

Q(G)zW(G)+ A(G) ,
where W(G):diag (Wl,WZ,‘--,W )

n

In literature, there are a lot of studies deal with upper and lower bounds for
the spectral radius of signless Laplacian matrix of unweighted graphs. For a sim-
ple connected and unweighted graph G, there are some known upper bounds on
the spectral radius of signless Laplacian matrix as follows such that d; is degree

of vertex f/and m, =—> d;.
=

6, (G)<max{2d}, (1)
0,(G)< rrigl/x{di +m}, (2)
ql(G)SniEX{dih/di;Bdimi}’ 3)
%(G)Smﬁx{di‘*‘dj}’ 4)

(5)

In this paper, some upper bounds for the spectral radius of signless Laplacian
matrix of weighted graphs are given. Also some results on weighted and un-
weighted graphs are obtained by using these bounds. The following lemmas are
convenient for the graphs we consider.

Lemma 1. [1].

If A is a real symmetric nxn matrix with eigenvalues ¢, >¢, >--->q,, then
forany XeR" (77&6),

X X<X'AX<QX'X.

The equality holds if and only if X is an eigenvector of A corresponding to
the least eigenvalue (.

Lemma 2. [2].

If Ais a real symmetric nxn matrix with eigenvalues ¢, >q, >--->q, then
forany XeR"(X#0), yeR"(y=0),
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X7 AY| < VXXYTY -

The equality holds if and only if X is an eigenvector of A corresponding to
the largest eigenvalue g, and y=aX forsome aeR.

Lemma 3. [3].

Let G be a weighted graph and let W; be the positive definite weight matrix
of order ¢ of the edge 7. Also let X be an eigenvector of W; corresponding to

the largest eigenvalue ql( u) for all 4 j. Then

()qu()

D

Lemma 4. [4].
Let G be a weighted graph and let w; be the positive definite weight matrix

of order ¢ of the edge 7. If W,w; +W;W; and W;W; are not Hermitian matric-

es for all j, j~/ and for all &k k~j, j~i then for any Xe(C“(x;tO),
yeC'(y=0),
Z‘ W.W.,+W,JWJ)y‘ ql(WIWUJ,-Wuwj)JYTY IVT—’
i
Z:|X W'JWJky|<q1 ij Jk)ViTi VTV

I<i, k<nkk
k~

2. Main Results

In this section, some upper bounds for the spectral radius of weighted signless
Laplacian matrix are found.
Theorem 5.

Let G be asimple connected weighted graph. Then
ql(G)snigx{qu(wi)}. (6)
Proof.

T
- —_T T —T . . .
Let X= (X1 Xy e X, ) be an eigenvector corresponding to the eigenvalue

0, (G) and Xi be the vector component of X such that
—r— —_r—
X X —max{xj xj}. )
jev
Since X is nonzero, so is ;, We have
0,(G)X=Q(G)X =W (G)X+A(G)X. (8)
From the i-th Equation of (8), we get

6 (G)% =W+ 3 WX,

jej-i

Le.,
— — p— _T —
Xi (ql( ) tt Wi)Xi :Z_Xi Wijxjs___‘xi Wi X1 -
joj~i

From (7) and using Lemma 2, we get
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< ZTZZ a, (Wij ) .
joj~i

From Lemma 1 and Lemma 3, we have

—_T—

(6 (G) = (W)X % <% (G(G) o W )% <% % 0 (W,).
Thus
6, (G) < max{2q, (w;)}

ievV
Hence the theorem follows.
Corollary 6.
Let G'be a simple connected weighted graph where each edge weight w; isa

positive number. Then

0, (G)<max{2w} .

iev

Proof.

For weighted graphs where the edge weights W; are positive number, we
have ql(vvij)zvvij and Q1(Wi)=Wi , for all i, j. Using Theorem 5 we get the
required result.

Corollary 7. [5].

Let G'be a simple connected unweighted graph. Then
6(G)<max{2d;},

where d; isthe degree of vertex i

Proof.

For an unweighted graph, w; =1 and w, =d; forall i,j and i~ j. Using
Corollary 6 we get the required result.

Theorem 8.

Let G'be a simple connected weighted graph. Then

q(G)< ngf}X{ql(vw% > o (W, )}. 9)
Kk~ |
Proof.
Let us consider the matrix M (G)=diag(d (W) 1, & (Wy) Lo+ Gy (W) 1t ) -

The (i, j)-thelementof M (G)'Q(G)M (G) is

W, ifi=j,
W.

i ’)wij; if i~ j,

o (W)

0; otherwise.

N
_ —T —T —T . . .
Let X= (X1 Xy e Xy ) be an eigenvector corresponding to the eigenvalue

% (G) of M(G) Q(G)M(G) and X, be the vector component of X such
that
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x_iTx_izmax{x_ijj}_. (10)
jev

Since X isnonzero,sois X .We have

{M(G)"Q(G)M (G)}x =0, (G)x. (11)
From the /-th Equation of (11), we get
- a(w) —
0,(G)Xx =wx + W X
1(6) J;lql(wi) o
Le,
% ((6) s —w)i < 3 e, -
i 1 txt i I_j;j~i ql(VV,) i ijoj e
From (10) and using Lemma 1 and Lemma 2, we get
(ql(G)_ql(Wi));iT;i
_ — e @)
< Gl —W, < L 12
XI (ql( )txl WI)XI X| Xl J;I ql(Wi)ql(WU) ( )
= 1
<X X max | q, (W a, (w:
] Z et

Thus
(@) <maxlau) X a ).

Hence the theorem follows.

Corollary 9.

Let G'be a simple connected weighted graph where each edge weight w; isa
positive number. Then

ql(G)Smel_X{Wierj},

=]

Proof.

For weighted graphs where the edge weights W, are positive number, we
have ql(wij):wij and ql(Wi)=Wi , for all i, j. Using Theorem 8 we get the
required result.

Corollary 10. [6].

Let G'be a simple connected unweighted graph. Then
G)<maxd, +d,¢,
o, (G) < max{d; +d,}

where d; isthe degree of vertex 1.

Proof.

For an unweighted graph, w; =1 and w, =d; forall i,j and i~ j. Using
Corollary 9 we get the required result.

Theorem 11.

Let G'be a simple connected weighted graph. Then,
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6, (G) <max g, (w)+ 7}, (13)

ql( u)ql( )

. o (w)

where 7, =

Proof.
From (12), we get

@(6)<a(m)+ X Zi((\;vvi"))ql(wq)

<max{q1( )+ %)

The proof is complete.

Corollary 12.

Let G'be a simple connected weighted graph where each edge weight w; isa
positive number. Then

a, (G)<n|1§x{w +W},
RN
joji
W,

where W =

Proof.

For weighted graphs where the edge weights W; are positive number, we
have Q1(Wij ) =w; and ql(wi ) =W, for all i, j. Using Theorem 11 we get the
required result.

Corollary 13. [6].

Let G'be a simple connected unweighted graph. Then
6,(G)< max{di +m},

where d; is the degree of vertex 7and m, is the average of the degrees of the
vertices adjacent to vertex i

Proof.

For an unweighted graph, w; =1 and w, =d; forall i,j and i~ j. Using
Corollary 12 we get the required result.

Theorem 14.
Let G'be a simple connected weighted graph. Then
\/ql )+8a, (W),
4 (G)<m§><{ , (14)
& ql ( ij )ql( )
where ;= !
o (w;)
Proof.

—T —T —T

T
Let X= (X1 Xy e X, ) be an eigenvector corresponding to the eigenvalue

0, (G) . We assume that X; be the vector component of X such that
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—r— —r—
X; xi=r{<1zi1/x{xk xk}. (15)

Since X is nonzero, so is Z.We have
0 (G)’ X =Q%(G)X=W?2(G)X+W (G)A(G)X+ A(G)W (G)X + A*(G)X.

In order to prove the Inequality (14), we consider a simple quadratic function
of ¢:

(6 (6" +bg (G))| X =W X +WAX + AWK + A% +b(WK+ AX).  (16)

From the i-th Equation of (16), we get
(a(G)* +ba; (G))x
= WEX W WX WX+ Y ka V"iinkX_k+b[V"i;i+ > WJX_JJ
jij~i jij~i jij~ikk~j jij~i
Le,
2 — T
(a(G)" +bay (G))x

— ,— T —r _
=X WX+ DX (w,wIJ +WW, )xj DX WyWy X,
iij-i Ji-ikk=j

+b[x_iTwiZ+ > x WIJ xjj

Jii

‘x W,x‘ Z‘ W,vv,l+ww)x‘ >

joj~i jri~ikk~j
_T —_—]
+b| [x wox |+ [x W”X]

Since W; is the positive definite matrix of edge 7, Wi? matrix is also positive

_T —]
X Wi Wi X,

ISR

definite. From Lemma 1, we have

<q1( x X+Z‘ WIWU+WW) j‘+z >

k=]

+b[q1( " X+qu ., \/ﬁ\/ﬁj (17)

jiy~i

- |
X W Wy X,

Four cases arise;

1) (W,WIJ +WUWJ) and W;w, are real symmetric matrices for all j j~i and

for all &, k~j, j~1i.

i
real symmetric matrix for all &, k~j, j~i.

2) (WW + W, W, ) is a real symmetric matrix for all j, j~7and W;w, isnota

3) (W,WIJ + WUWJ) is not a real symmetric matrix for all j, j~7and w;w; isa

real symmetric matrix for all &, k~j, j~i.

R

and for all & k~j, j~i.

4) (WIWIJ + W, W, ) and W,W; are not real symmetric matrices for all j j~i

From (15), (17) and using Lemma 2 and Lemma 4, we get

S%( )X X+qu(WIWU+WW)XiTZ+Z Z%(Wijwjk);iT;i

Jij~i jrj~ikk~j

+b[q1( )+ 4w )jx‘ﬁx‘i, "

B
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for Case (1), Case (2), Case (3) and Case (4). Hence,
6, (G)’ +bg, (G)
<q1( ) Z ql(w,w” +\NIJWJ)+ Z Z 0 (Vvljwjk)

+b(q“w:;*§ql<wﬂ>]_

From Lemma 3, we have

<qy (W )+ (w) ql( )+ ql(Wij)ql(Wi)

it~ Ji-

+Z z ql( |1)ql(wjk)+2bq1 W|

=20, (W )(, (W )+ +b),
Q1(G)2+bq1( )~ 2, (w )(ql( )+7l+b)

Thus

_ b+ 80, (w) (6 (w)+ 7 +b)

ql(G) 2

From the inequality above, for every different value to b, we can get several

distinct upper bounds. In particular, if b=-g, (W ), we get
)+8
ql(G)Sn?eV { \/ql almr }

This completes the proof.

Corollary 15.
Let Gbe a simple connected weighted graph where each edge weight w; isa

positive number. Then

0 (G)< max{wi + W, +8WiWi'}’
iev 2
Wi Wi
jiji
W.

where W =

Proof.

For weighted graphs where the edge weights W; are positive number, we
have ql(vvij ) =w; and ql(wi ) =W, for all i, j. Using Theorem 14 we get the
required result.

Corollary 16. [5].

Let G'be a simple connected unweighted graph. Then

q, (G)<max{—di +W}

iev 2

where d; is the degree of vertex 7and m, is the average of the degrees of the
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vertices adjacent to vertex 7.
Proof.
For an unweighted graph, w; =1 and w, =d; forall i,j and i~ j. Using
Corollary 15 we get the required result.
Theorem 17.
Let G'be a simple connected weighted graph. Then,
ql(VVi)+Q1<Wj )+\/(q1(V\/i )_ql(Wj ))2 +47i7/j

6, (G) < max 5 (19

M (G) = diag (¢, (W) 7y Gy (Wy ) Zousr++ Oy (W, ) Iy ) - The (i, ) -th element of
M(G) Q(G)M(G) is

W, ifi=j,
W.
MW”; if i~ j,
Q1(Wi)
0; otherwise.
(=T —T —T1\T
Let X= (X1 Xy e X, ) be an eigenvector corresponding to the eigenvalue

% (G) of M(G)le(G)M(G), Z and X_J are the vector components of X

such that
i S
X X =max{xk xk}, (20)
keVv
S S
X X :Tﬂ)i({xk xk}. (21)

Since X is nonzero, so is ;, We have
{M(6)"Q(G)M (G)}x=q,(G)x. (22)
From the /-th Equation of (22), we get

K (@(©) )k < 3 &)

From Lemma 2, we get

<3 B o xR 23)

et 0, (Wi )

From (21), (23) and using Lemma 1, we get

(0.(6) -0, (W)X % <% (0(C) fue —w )% <73 1yx %, @)

Similarly, from the j-th Equation of (22), we have
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(0(8) = (W)X 3 <7 (0(G) g — w3 )3 <73 XX % (29)
From (24) and (25), we get
(ql(G)_ql(Wi))<q1(G)_ql(wj ))SJ’#’]-

Thus

Q1(Wi)+Q1(Wj)+\/(Q1(Wi)_Q1(Wj ))2 +4y7;
2

6 (G) < max
i~j

Hence the theorem is proved.
Corollary 18.
Let Gbe a simple connected weighted graph where each edge weight w; isa

positive number. Then

2 Nnt
wi+wj+\/(wi—wj) +Aww,
ma
i~ 2

2 WiW,
where w =",
W,

i

Proof.

For weighted graphs where the edge weights W, are positive number, we
have ql(vvij ) =w; and ql(wi ) =W, for all i, j. Using Theorem 17 we get the
required result.

Corollary 19. [7].

Let G'be a simple connected unweighted graph. Then

2
ql(G)sning di+dj+\/(di;dj) +4mm, )

where d, is the degree of vertex 7and m, is the average of the degrees of the
vertices adjacent to vertex 7.

Proof.

For an unweighted graph, w; =1 and w, =d; forall i,j and i~ j. Using
Corollary 18 we get the required result.
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