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Abstract

The operator 7 from a domain D into the space of measurable functions is
called a nonanticipating (causal) operator if the past information is indepen-
dent from the future outputs. We will study the solution x(#) of a nonlinear
operator differential equation where its changes depends on the causal opera-
tor 7, and semigroup of operator A(#), and all initial parameters (t,,X,). The
initial information is described x(t)=¢(t) for almost all t<t; and
#(ty) = ¢ . We will study the nonlinear variation of parameters (NVP) for this
type of nonanticipating operator differential equations and develop Alekseev
type of NVP.

Keywords
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1. Definitions and Example of Nonanticipative Operators

An important feature of ordinary differential equations is that the future
behavior of solutions depends only upon the present (initial) values of the
solution. There are many physical and social phenomena which have hereditary
dependence. That means the future state of the system depends not only upon

the present state, but also upon past information (see [1]-[6]).

Twins before the time of conception share all of their genetic history and may

go to a different path in their future life. We are going to study the phenomenon
which can be formulated in principle that the “present” events are independent

of the “future”. These kinds of events are called nonanticipation or causal events.

Definition 1.1: Continuous Nonanticipating System

A mapping of T from the space of functions Y into itself is said to be a
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nonanticipating mapping if for every fixed s in the real line R, (Tx)(t)=(Ty)(t)
forall t<s,whenever x(t)=y(t) forall t<s.

Example 1.1: All of the delay operators and integral operators are
nonanticipating. All compositions or Cartesian products of the nonanticipating
operators are nonanticipating.

Example 1.2: Let | =[t;,a] R be a compact subset of the real line and fa
function from the interval | xY into Y. The knowledge of the state of the

system
y'(t)=f(ty(1)) (1.1)

at a given time (t,,Y,) is sufficient to determine its state at any future time.
This system has no after-effect or “no memory”.

Example 1.3: In a dynamic system
y'(t)=f(ty(t).T(y)(1)) (1.2)

when 7'is a nonanticipating operator, to find the state curve y(t) we need to
have information about the initial function y(t)=¢(t) for t<0 in order to
determine the state of the solution.

The following are examples of continuous anticipating operators (see Naylor
and Sell 1982 [7]).

Definition 1.2: A mapping 7" of Y into itself is said to be causal if for each
integer NV, whenever two inputs x={x,} and y={y,} aresuch that x =y,
for n< N, it follows that

T(x)=T(y,),for n<N
where

T =1 T (x0T (%), T ()T (%)}
and

T ={T ) T ) T (%) T(¥z)

In other words, if the inputs x and y agree up to some time X, then the
outputs 7(x) and 7(y) agree up to time N. In particular, 7{x) and 7{y) agree up
to time N no matter what the inputs x and y are in the future beyond N. The
events in the past and present are independent from the future.

Example 1.3: Consider Z = |2(R), and let 7'be a mapping of Z into itself

represented by a convolution integral defined of the form
(Tx)(t) =] h(t-u)x(u)du

This is a nonanticipating mapping if and only if h(t—s)=0 for almost all
t—s<0. This Voltera integral mapping shows that (Tx)(t) is independent of
x(9) for t>s.

Notice that when a mapping is not nonanticipating it will be an anticipating
mapping, meaning that the past and the present depend on the future.

Anticipating (anticausal) Mapping: This is a mapping that the future output
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is independent of the past input, meaning that the mapping T:Z — Z is said
to be (anticausal) or anticipating if for fixed s in 1 =[0,a], (Tx)(t)=(Ty)(t)
for t>s, whenever x(t)=y(t) for t>s.

Example 1.4: Let 7 be an operator from the space of a square summable
function LZ(R) into LZ(R). We can show that the following mappings are

anticausal;
y(t)=e“*x(u)du

Since, for fixed real number s, the fact that x,(t)=x,(t) for t>s implies
y;(t)=y,(t) for t>s and means that the future input {y(t) > S} will
affect the past. Therefore, this is an anticausal operator.

2. Nonanticipating Operator Differential Equation

Notations. Let Sbe the interval of all nonpositive numbers. Let /be the compact
interval [ty,a], J={teR:t<t,}, and define J=SUI . Assume ¥, Z and U
are Banach spaces. Let M(1,Y) be the space of all essentially bounded
Bochner measurable functions with respect to classical Lebesgue measure from
the interval 7 into the Banach space Y. Denote by L(J,Y) the space of all
Lipschitzian functions y strongly differentiable almost everywhere from Jinto
Y.

Let ¢ be a fixed initial function from the space L(S,Y). Denote by
D(¢,Y) the subset of the lip-space L(J,Y) consisting of all functions y such
that y(t)=¢(t) forall ¢in S

According to these two definitions, D(¢,Y)<=L(J,Y).

For any Banach space Y and Z let Lip( 1Y ,Z) denote the space of all
functions f(t,y) from the product IxY into Z Lipschitzian in y, and for
every fixed ythe function f(.,y) belongs to the space M (1,Z). This space is
called Lip-space.

We apply the definition of nonanticipative operators in Section 1.1 to the
initial domain. An operator 7 from the initial domain D(¢,Y) into M(1,Z)
will be called a nonanticipating operator if for every two functions y and zin
D(¢,Y) and every point se I, the fact that

y(t)=z(t) for almost all t<s implies that T(y)(t)=T(z)(t) for almost
all t<s.

An operator P from a subset D of Yinto Zis said to be Lipschitzian if there

exists a constant b such that
|P(y1)—P(y2)|sb|yl—y2| (2.1)
for every y,,y,€Y .For felip(l,Y;Z) the operator
F:M(1,Y)—>M(1,Z) defined by F(y)(t)=f (t,y(t)) (2.2)
is called the operator induced by f and the operator F is called Induced

Operator generated by the function £
Lipschitzian Space (or simply the Lip-Space), denoted by Lip(K,Y;Z), is the
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set of all functions f:KxY — Z such that f (t, y) is uniformly bounded,
Lipschitzian in y; and is measurable in # Thatis, Lip(K,Y;Z)={f:KxY —>Z|f
is Lipschitzian in y and f(,,y)eM(K,Z)}. The infimum of all Lipschitzian
constants L will be denoted by || f ||

On the space M (1,Y), we shall introduce a family of norms, called k-norm

by the formula
Iyl =ess.sup{e‘kt ly(t):te I}

for any fixed real number 4 Observe that from this definition follows the

inequality
[y ()] =<1l e

for almost all #in I Notice that for every & the k& norms || ||k and || ||0 are
equivalent.

A Lipschitzian operator P from a subset D of M (J,Y) into the space
M (1,U) is called an operator of exponential type if for some constants » and

&
[P(y)-P(2))], <blly-2,

for all y and z in the domain D and all k >k, .

Example 2.1: The operator T (y)(t) :Sin(t, y(t — r)) for a constant real
number r is an induced operator. Thus for any function yeM(1,Y) the
operator T is nonantipating and Lipschitzian.

Properties of the nonlinear operator F in (2.2) induced by the function f
have been studied by Bogdan 1981 and 1982. In particular, it is known that for

felip(1,Y;Z) and yeM(l,Y) the function g:1—Z defined by
g(t) = f(t,y(t)) belongs to the space of measurable functions M (1,Z) (see
Ahangar 1989, [1]-[6]).

When an operator 7 is nonanticipating, the future values of the input will
have no effect on the present state. One can prove that the composition and the
Cartesian product of nonanticipating and Lipschitzian operators are
Nonanticipating and Lipschitzian. Furthermore, the operator F induced by the
function f is a well defined, nonanticipating, and Lipschitzian operator.

Definition 2.1 (Direct Sum Operators): Let T, (i=1,2) be operators from the
domain D<M (1,Y) into the space M (1,Z). Define the direct sum operator
T=T,®T, suchthat

(LOT)(Y)(1) =T (¥)()+T(¥)(t)

for every yin M (J,Y) and ¢in 1.

Lemma 2.1: A direct sum operator of two nonanticipating and Lipschitzian
operators is nonanticipating and Lipschitzian.

Proof: First let us prove that the direct sum operator is a nonanticipating
operator. Assume that two functions yand z are in the space of M (J,Y) and
for some point s in the interval 7 we have y(t)=2z(t) for almost all t<s.

Since 7; and 7, are nonanticipative, then
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T,(y)(t)=T,(z)(t) foralmostall t<s,
T,(y)(t)=T,(z)(t) foralmostall t<s.
These two equalities will imply that {T,(y)+T,(y)}(t)={T,(2)+T,(2)}(t)
for almost all t<s.Thus (T,®T,)(y)(t)=(T,®T,)(z)(t) foralmostall t<s.
This will imply that T (y)(t) and T(z)(t) coincide for almostall t<s.

Now let us prove that the operator T =T, @T, is Lipschitzian. According to
the definition

TMO-T @) =|(LOT)(YV)(O)~(T.OT,)(z)(t)

(W) +T)W)O-((T)(2) +(T.)(2) (1)

(MO =T D) +(T) (O = (T)(2)(V))

Since both operators are Lipschitzian, the right hand side will be
<Lfy-z],+ L[y -1,

Notice that ||||0 represents the ess.sup norm in the space measurable
functions M (1,Y). If we let max{L;}=L for i=12 and take the essential

supremum norm on the left hand side of the above relation then it will be
[T ()-T @) <tly-2, 23)

for all y and z in the domain D. This proves that the direct sum operator is
Lipschitzian. Q.E.D.

Example 2.2: Assume that T,(y)(t)=y(t—r) for a constant real number r
and T,(y)(t)= .[;y(s)ds . The operator T(y)=(T,®T,)(y) is nananticipa-
ting and Lipschitzian.

Nonanticipating Deterministic Dynamical System: Assume that the

operator 7'is nonanticipating and Lipscitzian. The behavior of a dynamic system
y ()= (tyO).T()() @4

is known as an after effect differential equation with the initial domain
D(4.Y).

Given that f eLip(l,YxZ;Y) there exists a unique solution y to the
system (2.4).

Equations of this type arise in many mathematical modeling problems. In a
simplest case, T"as a constant delay operator can be applied (see Hale 77 (8] and
Driver77 [9]). The following is a single species growth model with time delay.

Example 2.3: A single species model with delay can be described by

y'()=ry(t)[1-y(t-7)/K]

where r is the growth rate of the species y; and K is called the environment
capacity for y.

The chaotic behavior induced by time delays was presented by Yang Kuang
1996. The global existence of the general single species with stage structured

model described by a system
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Y (1)=1(y(t-7)-9(y()
has been studied (See Kuang 1996, p.173, [10]).

Example 2.4: Let 7T be the operator defined in example 2.2. One can verify the
existence and uniqueness of the solution of the system y'(t)=T(y)(t) with
the initial data function y(t)=¢(t) for —r<t<t,. Our goal is to investigate
the conditions which guarantee the solution of the system (2.4) when there is a
random perturbation in the system.

Solution to the Nonanticipating Operator differential Equations: The
following operator differential equation when G is a nonanticipating operator
from the initial domain D(g4Y) to the Banach space Z is called
nonanticipating differential equation

{y’(t)=0(y)(t)) t>t,

(2.5)
y(t)=4(1), t<t,

for almost all ¢in the interval Z We define that a function y from the space

M(LY) is a solution to the nonanticipating operator differential equation if

it is strongly differentiable and satisfies the system (2.5) (see Bogdan 1981

[11], Bogdan 1982 [12], Ahangar 1989, (1], and Ahangar 1986 [2]). We accept

the following theorem without proof.

Theorem 2.1: Given a nonanticipating and Lipschitzian operator G from the
initial domain D(¢,Y) into the space of Bochner measurable functions
M (1,Y), there exists a unique solution ye D(¢,Y) that satisfies the nonlinear
operator system (2.5).

Note: The purpose of this paper is to develop a generalized nonlinear
variation of parameters formula, analogous to Alekseev's result (see Alekseev
1961 [13]). The generalization is listed below:

1) The classical existence and uniqueness theorem for the solution of abstract
Cauchy problems no longer holds if the underlying space is an infinite
dimensional Banach space (See Lakshmikantham 1972, [14] [15] and [16]).

2) The nonlinear system in this paper includes all evolutionary equations of C°
semigrop of operators.

3) Instead of continuity of the nonlinear functions f(t, y(t),T(y)(t)), we
will replace the more general form of these functions in Banach spaces to be
Bochner measurable in t and Liptschitzian in y. For regulatory conditions, we
will assume the nonlinear operator involved in the nonlinear system is
nonanticipating and liptchitzian.

4) The solution functions either x or y are assumed strongly differential.

3. Strong Solution to the Perturbed Nonanticipating
Operator Differential Equations

Definition 3.1: By Nant-Lip we mean nonanticipating and Lipschitzian
operators.

The operator G in the system (2.5) is nonanticipating and Lipschitzian. We

DOI: 10.4236/am.2017.812134

1888 Applied Mathematics


https://doi.org/10.4236/am.2017.812134

R. R. Ahangar

need to clarify the meaning of the solution to the nonlinear system of operator
differential Equation (2.5). The important part is when we accept some other
principles indirectly hidden in the proof of Theorem (2.1). In fact we use the
equivalent relationship between (2.5) and the integral

y(t)=¢(t)+ [,G(y)(s)ds

Notice that this equivalent relation requires the absolute continuity of
function y and the summability of the operator G which implies the
differentiability of y. The above nonlinear operator system similarly could be

presented by the following operator differential equation

X' (t)=f(t,x(t), T(x)(t)) foralmostallt>t, (3.1)

which contain the initial function ¢ for the past time interval S={teR:t<ty}.
The solution of the system (3.1) is denoted by x(#) which depends on the initial
time t, and the initial function ¢ and can described by x(t,t;,¢) which is
called the strong solution to the system.

Definition 3.2: A function x(?) is said to be a strong solution to the system
(3.1) if it satisfies the following conditions:

1) xis strongly differentiable,

2) x satisfies the system (3.1) almost everywhere in the interval 7

3) there exists a function ¢eD(J,Y) such that x(t)=¢(t), for almost all
t<t,.

The following proposition will show the existence and uniqueness of the
solution to the perturbed operator differential Equation (3.1). For introductory
perturbation theory see Brauer 66 and Brauer 67.

Proposition 3.1: Assume that the operator 7'is Nant-Lip and functions fand
gbelong to the Lip-space whichis f e Lip(1,YxZ;Y) and geLip(l,Y;Y).

1) If g is the perturbation to the Equation (3.1) then there is a unique strong
solution y(#) in the initial domain D(¢,Y) which satisfies the perturbed
system of differential equation

y'(t)=f(ty(t).T(y)(t)+a(ty(t) (32)

2) Given a solution X(t,t0,¢) of (3.1) then the solution to the pertrubed
equation will satisfy the integral equation

y(t)= x(t,to,¢)+J't:g(s, y(s))ds (3.3)

Proof: 1) Let us assume that the operator Pl(y)(t): f(t,y(t),T(y)(t))
and P,(y)(t)=g(t,y(t)). Define the direct sum operator G =P, ®P,.

By Lemma 2.1, the operator G will be Nant-Lip and the differential Equation
(3.2) will be in the following form

y'(1)=G(y)(t) (3.4)

for almost all #in £ According to Bogdan’s theorm (see Bogdan 1981 and 1982,
[11], [12]), there exists a unique solution y() in D(g,Y) to the Equation (3.4).
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Proof of 2) The equivalent integral equation of (3.4) will be
y(1)=4(t)+ [ G(y)(s)ds (35)

Applying the direct sum operators P, and P, we get the conclusion which is
(3.3). Q.E.D.

Substitute for unperturbed solution X(t,t0,¢) =¢(t)+ J.;f (S, y(s).T (y)(s))ds
in (3.3) as a solution of (3.1) we will get the following

v (t)=g(t)+ J';f (s,y(s).T(y)(s))ds+ J';g (s,y(s))ds (3.6)

This completes the proof of part (ii).Q.E.D

4. Generalized Operator Differential Equations

Introduction to the mild (Weak) solutions: For the definition of strong
solution in the previous section, it was assumed equivalent relations between the
differential and integral forms. This assumption required the differentiability of
the solution. This condition may not be true in a large class partial differential
equations. We are going to review the difficulties of applying the concepts of
strong solution to the operator differential equations. The following are some
examples.
The collection of solutions of the problem of free oscillations of an infinite

string expressible in the form

ou_ , 0%

Faar-d
takes the form u(t,x)=g¢(x+ct)+y(x—ct), where ¢ and y are twice
differentiable functions. Notice that at the vertices of these solutions, u(x,t)
will not be differentiable. Notice also the Lipschitzian condition for the
nonlinear operator G which is required for the unique solution to the system
(2.5) may not hold for unbounded operators in evolutionary equations. Thus, we
need to have a new concept which includes the nondifferentiable solutions for
unbodied operators. We are going to demonstrate this study by a linear system

of abstract Cauchy problem
du=a"u+f(u) (4.1)

for ueH;, fe LZ(Q), where o' may be an unbounded operator in the
space X. Assume that the domain of this operator is denoted by D(a"l) cX.
We are looking for a solution space Y < X . One way to to get the solution
space Yis to work from A and show that it generates a C’-semigroup.

When the operator is PDE, it may be unbounded, thus the solution in (4.1)
may not be well defined.

We use a test function ¢ e H' such that
(0,u,¢)= <a'1Vu,V¢>+<f (u).4) (4.2)

We define a weak solution “mild solution” u such that both relations (4.2)

and the following are equivalent
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u(t) =e*uy + [ (u(s))s 3

Most of the physical models can be described by a PDE system with evolution
equations. One can interpret the solution as an ODE solution in an appropriate
infinite dimensional space.

Nonlinear Operator Differential Equations(NODE):

Suppose X is a Banach space, A:D(A)c X — X is the generator of a
C-semigroup on X, UcRxX is open and f:U — X be a continuous
function such that x — f(t,x) is differentiable and (t,x,)— D, f(t,x,) is a
continuous in U.

For (t,,4(t;))€U , we denote by X(t,t,,¢) the mild solution to the Cauchy

problem

(44)

{x’ =Ax+ f (t,x(t),T(x)(t)), fort>t,

x(t)=¢(t), fort<t,

which has not been defined yet. We can define it by employing a similar
argument and using the integral form of the system (4.4)

x(t)=e"p(t)+ [ " f (5,x(s),T (x)(s))ds (4.5)

Definition 4.1: We define the function x(#) to be a mild solution to the
system (4.4) on | =[0,a] ifit satisfies (4.5) and xe D(A) forall #in

Lemma 4.1: Every semigroup of operators generated by the operator A is a
nonanticipating and Lipschitzian operator.

Proof: Assume that the semigroup T, generated by A is given. Thus by the
definition of semigroup, for every yin I(A)

Ty(&)=TT.(y)=y(t+&), fort=0,£20

Suppose that for yand ¥ in D(A) then y(&)=Y(&), for every &<t. Thus
the equality y(t+&)=y(t+&) implies that T (y)(&)=T,(Y)(&), for all
& <t . This proves that the semigroup operator 7, is nonanticipating.

Remarks: 1) The converse is not true. There may be a nonanticipating
operator which may not be a semigroup.

2) It would be interesting to find out what conditions we may impose on the
nonanticipating operators to generate a semigroup?

Theorem 4.2: (Existence and Uniqueness of the Solution)

Let the operator A be a semigroup operator and 7 nonanticipating and
Lipschitzian. Assume that f e Lip(I,Y,Z) . Then the system (4.4) has a unique
solution in the space of initial domain D(¢,Y).

Proof: The homogeneous solution is guaranteed by the semigroup of
operators and it will be equal to eAt¢(t). The unique solution of the entire
system (4.4) will be obtained by the nonanticipating and Lipschitzian properties
of T'and the Theorem 2.1.

These types of problems arise in a variety of physical models like heat

conduction, population dynamics, and chemical reactions.
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5. Variation of Parameters for Perturbed
Operator Differential Equations

Suppose X is a Banach space, A: D(A) c X —> X is a generator of a
C-semigroup on X, U cRx X xY is open and f:U —Y be a continuous
function such that x — f (t,x,z) is differentiable and (ty,x,,4,) — D, f (t.4,)
is continuous in Uwhere z=T(x) and z,=T(X,)=4d,.

For (ty,%.2,)eU , we denote by Xx(tt),¢) the mild solution to the
following Cauchy problem

%x(t,s,to,qﬁo) = A(t)x+f(t,s,x(t,t,,¢)), foralmostallt>t,

(5.1)
x(t)=¢(t), for almost all t <t,
Assume also that p(7) is a solution to the following perturbed system
{y'<t>:A<t>x+f(t,y(t):<y><t>)+g(t,ya)), vy
y(t.ty. d) = x(t.t,.9), t<t,

These solutions in the system (5.1) are then related by the evolutionary
property
X(titg, dy) = X(t:5,X(Sity, )

for all t;<s<t. The initial function ¢ depends on ¢ &, and x, It is denoted
by @(t,t;,X,). The solution to the system says that the future is determined
completely by the present, with the past being involved only in that it
determines the present. This is a deterministic version of the Markov property.

We make use of the following theorem in developing the variation formula for
nonlinear differential equations. The Alekseev’s formula for C’-semigroups was
generalized by Hale 1992 [17]. In addition, F. Bruaer 1966 [18] and 1967 [19]
studied the perturbation of Nonlinear Systems of Differential Equations [10],
[11].

We will use the same approach to develop the Nonlinear Variation of
Parameter (NVP) for operator differential equations.

Let X be a Banach space, operator A:D(A)c X —Y is generator of a
C’-semigroup on X, felLip(l,YxZ;Y) is continuously differentiable with
respect to x.

Let us summarize our conditions to present the following hypothesis;

(H1) The operator A in (5.1) and (5.2) is a Semigroup.

(H2) Assume that functions f and g belong to the following Lip spaces. That is
they are Bochner measurable on the first variable and Lipschitzian on the other

variables.

f eLip(J,YxZ,Y), gelLip(J;Y,Y)

(H3) Assume that X(t,t,¢,) isa mild solution to the following unperturbed
operator differential Equation (5.1).

(H4) also let y(t,t;,¢) be a solution to the following perturbed nonlinear
operator differential Equation (5.2).
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Lemma (5.1): Assume that all conditions for the existence of the solution to

the nonlinear operator system of the unpeturbed equation hold. Then

1) The derivative aix(t’tm Xo,¢0) =U (t,to, X0,¢0) exists and it is denoted by
Xo

9,X(t,ty, X, ¢ ) as partial derivative on variation with respect to the second

parameter X, . It satisfies the following nonlinear operator equation

, du
U (t):E: fx[tyx(t’t01X0|¢O)]U fort>t0
U (t)=1 forall t <t,

(5.4)

The relation (5.4) shows how fast the unperturbed solution x(#) changes with
respect to its initial position X, and its initial function ¢. This is a partial
derivative with respect the variable x(s) for new initial value x(s=t,).

2) Also assume that the function x(?) is Frechet differentiable with respect the

first parameter variable t,

atix(t,to,xo,qﬁo) =V (t,t, %, 4)

0

exists and it is denoted by ,x(t,t;, Xy, ¢, ).
It satisfies the second kind of operator differential equation

{V’(t) = £ [tX(Lt, X, ) [V fort>t, 56
V(ty)=—"f (t;. X, 4) forallt <t,
Furthermore

V(t,ty, X0, 6y ) =—U (t,t5, %o, ) T (to: %0: ) (5.7)
Proof:

Part 1): We are assuming that the transformation 7" will be applied on the
solution function x(#) and will produce a function at (t,,x,) which will be the
initial function ¢,. Though the unperturbed solution can be described by
X(t)=X(t,t;, %, ¢ ) - Let us take the derivative of both sides of (5.3) w.r.t variable
t:

40

_X(t’tO!X0!¢o)=iix(t!tovxo:¢o)

d
—U (t,t,, %,,
(00 4h) dt ox, x, dt

dt
oX

:aiio[fa,x(t),ux><t)]:§f(t,x<t>.T<x><t>>-—

%,
Substitute its equivalent from (5.3) then we can conclude:
U'(ttg, Xputhy) = T [t X (L5, %0, 6) JU for t>t,

where the second part of the relation (5.4) can be interpreted as an identity

matrix:

U(tO)EU(tO’tOIXOI%):ID%U(to)zo (5.8)

2) Notice that, at the starting point t=t, we can re-evluate the rate of

change of the solution with respect to the initial moment
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atix(t,to,xo,gﬁo) =V (t,ty, Xy, ¢y )

0

A few notes are important: For a vector solution

X(ty b0, X, 40) =& (10, %) = :%x(t,to,xo,%) = (5.9)

t-ty

Similar to (5.8)

d
V(to,te, X0, ) = | :EV (to te: %0, ¢)=0

Notice that
d d o o d
av(t'tovxm%):agox(t’tovxov%):at_oax(t'tmxo'%)
0 of dx
= (it X ) =
at, (8l %006h) ox dt,

=, (t,tO,X0,¢0)'V (t’tmxov%)

forall t>t,. =
d
aV(t,to,Xo,%):fx(t,tO,X0,¢0)'V(t’to,xo,¢0)

This completes the proof of the first part of (b).

To prove the second part of (b), we can assume that t,(s) has a variation on
selt,t].

Let us take the derivative of both sides of (5.9) with respect £:

atix(t,to,Xov¢o):{§x(t)+_x(t).%}

0

=0

t-ty
0
—X(t
V)

X(to)+1:V (1) =0=V (t)) =—X'(t5. 15, Up)

-t Xo

St ), =V ()= (6 00) (5.10)

t-ty

This completes the second part of the result in (2).
Proof of the last part of (2): using the definition of operators Uand V%

V(t,to,x0,¢0)=§x(t,t0,x0,¢o)

0

2 O XY
X X(tvtmxo'%) ot XO_U(t’tO’XO'%)

0 0 t-ty
Substiting (5.10) yields
v (t,to, X01¢o) =-U (t!tov X0v¢o)' f (tO’ Xoy¢o)

Theorem (5.1): Alekseev Type Variation of Parameters Theorem for NODE
Systems:
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Let X(t,ty, X%, ¢) and y(t,ty, %), 4 ) be solutions of the NODE systems: (5.1)
and (5.2) through the initial conditions (t,, X,,¢,) respectively. Then for t>t,

y(tt, %)= x(t,to,xo,¢o)+_|';u [t y(sitg. %) 9] s y(st5, %) ]ds

)

y(tty, %)= x(t,to,xo)+.[[ a%x[t,s, Y (St %) 95, Y (St X0y ) |0 (5.11)

Notice: As we see in Equations (5.1) and (5.2), the perturbation causes the
changes on the initial conditions at t=t; and X(t,)=X, and on the initial
function ¢(t). Up to the initial condition both functions x(t) and y(t) have
the past history and they will be identical at t=t,.

Proof: Variations of unperturbed solution x(#) and perturbed solution {(?)
when the initial conditions of the moving object change with respect to the
independent variable se[t,,t] canbe demonstrated by the following chain rule
formula

_Ox  oxdy

d
Ex[t,s,y(s)]_g+gg

0 0 ,
=£x[t,s, y(s)]+5x[t,s, y(s)]y'(s)
0 0 '
:gx[t,s, y(s)]+5x[t,s,v(s)]y (s)
Substitute (5.3) and the perturbed solution y{s) from (5.2)
=V[ts, y(s)]+%x[t, s,¥(s)]* f(s.y(s))+9(s y(s))
Substitute for V(s) by (5.7)

=0 [t5x(5)] £ (5.x(5)+U [ty (5)][ 1 (5.¥(5) + 0 (5.¥(5))]

As a result of these substitutions we can integrate the following relation on
Se [to,t] :

Saftsy@)-Uesy(e)a(sy(s) =

Now integrate

Jo[ts.y(9)]ds = LU [tsy(s)Ja (s y(5))ds

X[ty (t) - x[ttg, %] =I;ai;0x[t,s, y(s:t5.Us) ]9 (s, y(s))ds

x[tty(t)]= x[t,to,x0,¢0]+.[;ai;%x[t,s, y(sty %) ]9 (s, y(s))ds

Now the question is this: what is X[t,t, y(t)] ? The unperturbed solution x(#)
with the perturbed solution as the initial conditions t, =t and X(t,)=u, =y(t).

Thus X[t,t, y(t)] = y(t,to,uo), and the above relation will be concluded as
follows:

y[tto o, 6] = x[t,to,x0,¢0]+j;a%x[t,5, y(sty %) ]9 (s, y(s))ds

This is a conclusion of the Alekseev type Theorem for Nonlinear Operator
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Differential Equations.

6. Generalized Alekseev’s VOP of NODE with
Initial Functions

When the operator A is unbounded, one cannot expect to derive the same result
for any x,e X since x(t,to, X0,¢0) in general is not differentiable with
respect to t,. We also need the differentiability of the solution X(t,t,,X,,¢,)
with respect to the parameters (t,X,,¢,). The variation of parameters was
investigated with respect to the parameters (t,,X,) in the previous section and
it will be investigated in this section with respect to ¢, .

The relation (5.2) has been generalized in Hale 1992 for infinite dimensional

variational operator when f eC!
X (tity, X, ) =—03x (L, 1y, xo,qﬁo)[AxO +f (tg, X, T (xo))] (6.1)
0
Assume that ” y(tty, X, #)=W (t,ty, X,,4) exists, then

AW _dfoy|_ody_ o Ay ¢
W' = " _dt[(%j (Ax0+f(t,y,T(y))) Y, f,-W

Copdt og
This argument can lead to the fact that if the operator fy € Lip(I,Y X Z;Y) R
then the solution to the system
{W’:fy[t,y(t,to,¢)]w, t>t,

(6.2)
W(t,)=1, fort<t,

has a unique solution. The system (6.2) is called the variational equation.
Notice that forall t<t,, y(t,t,,¢)=¢(t) then

U (tt,.8) = (0/06) y(t..6) = (0/09) (1) =

Using the chain rule for abstract functions, we get
%y[tvto’fﬁo +5(wo =) ] =U (Lo, o +5(v0 ) (wo — )
Thus by integrating the system,
Y(ttw) -y (Lt @)= [U (Ll do+5(wo—))(Wo-h)ds  (63)

Proposition 6.1 (Alekseev's Theorem for Operator Differential Equations):
Suppose f:UcRxX —>X and g:UcRxX —>X are of class C'. If
X(t,ty,4) is the solution of Equation (5.1) through the initial state, (ty,X,,¢,)
and y(t,t),%,,p,) is the perturbed solution of

y(t)=Ay+f(ty(t),Ty(t)+g(ty(t), t>t,
y(t)=¢(t), fort<t,
through (t,,4,), then, for any ¢ e D(A)ND(g,Y) we have

(6.4)

Y (Lt Xo ) = x(t,to,xo,¢o)+.[;%x(t,s, y(sit4))-9(5, Y(S.ty.¢))ds (6.5)

Proof: For ¢, e D(A)ND(4,Y) assume y(s)=X(t,s,¢(s)). Differentiating
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with respect to the first parameter (S, ¢(S)) ,

y(s)= ax(t,(sa,f(s)) . 8x(t,2,v¢(s)) ' 82(:)

=0,x(t,5,6(s))+0,x(t,5,6(s))X'(s)
Using the relation (5.3)
X' (t,s,y(s)) =0,x(t,s,y(s))+,x(t.s, y( ))y( )
=-0,x(t,5,y(s))[ Ay (s) ¥(s).T(¥)(s))]
+0,X(t,5,y(s)) [Ay (Y)(S))“Lg(s'y(s)ﬂ
=62x(t,s,y( ))-9(s.y(s ))

Integrating from ¢ to £ we will conclude that

X(t.t,y (1)) - x(tt, y(t ja x(t,s,y(s))-g(s,y(s))ds
Therefore,

y(tt.4)=x(t.t).4(t ja x(t,s,y(s))-g(s.y(s))ds

This proves the theorem for ¢ e D(A)ND(¢,Y).

Assume that for the initial function ¢ €Y the maximal interval is [to, a)
for the solution y(t,t,,4).

For t,<t<r letusdefine {eB,, = {yeY:|y-¢|<5(r)} and operators

F(): By, —C([ty,7].Y), F():B 5 —C([t,.7].Y)
by the following relations

F()(6)=x(t.1.6(t)) + [;ax(t5,¥(5))- g (5. ¥(s))ds
Fo(dh)(1) =" gy + [ I £ (5,y(5).T(y)(s)) + 9 (s, ¥(5)) Jds

Since both operators are well defined and continuous on B&(r) and coincide

on D(A)NB,,,, they must coincide on B, . This proves the theorem.

The next theorem will provide the variation of parameters formula for
operator differential equations.

Theorem 6.1 (Variation of Parameters for NODE): The solution of the
systems (5.1) and (5.2) satisfy the following

V(o %, 8(6)) = X (bt %o, (¢ +J:)W(t 5,y(s.t.4(1)))
-9(s,y(s:t.4(1)))ds

ox(t.ty,¢(t))
o

(6.6)

where W (t, s, y(s,t0,¢(t))) =

W (tt,,v(t)) exists.

and assume the inverse matrix

Proof: In a variation of parameters, we will determine a function v(t) to

satisfy the differential equation for perturbed solution y such that
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(6.7)

y(tt. 8(t)=x(tt,v(t)),  fort>t,
v(t) =4 (1), fort <t
is a solution process for the system (5.7). From the system (5.7) and differentia-

tion of (5.9) we will get

” Cax(tt V() ax(ttv(t) av(t)

v (t)= ot T ot (6.8)
=Ay+ f(tLy(t).T(y)(t)+g(ty(t)., t>t,

Since X(t,to,v(t)) is a solution of (5.5), then

=ax(t,t0,v(t))‘ ,

9(ty(m)=——"7 "V (69)
It can be observed that the inverse matrix W™ (t,t;,v(t)) exists, then
V(1) =W (t,t5,v(t)) g (t. x(t. 15, v(1))) (6.10)
By integrating we will obtain
v(t)= ¢(t0)+LLW’1(s,to,v(s))g (s.x(s.t5,v(s)))ds (6.11)

Differentiation with respect to the second independent variable s when
t, <s<t implies that

dx(tt,v(s)) _ x(tt,v(s)) av(s) _ax(ttyv(t))
ds v as o9

=W (t,t,,v(s))-v'(t)
Substituting (6.10) for Vv'(t) we get the following for the right hand side

=W (t,t5,V(s))- W ™ (5,15,v(s))- 9 (5, X(5.,v(5)))

v(t)

which implies
X(t.4.v(s)) = x(t.t,, (1)) + I;W (L.t v(s))-W (5,85, v(s))
-9 (s, X(s5,v(s))ds

Using variation definition (6.7) in the above relation, we will now get the

variation of parameters for nonlinear operator differential Equation (6.5)
(Lt %) = X(6 . (1)) + [ W (1,(5)) W (s,8,v(5))
-g(s,y (st 4(1)))ds

The operator 7'in the differential Equation (5.1) and (5.7) could be any delay,

(6.12)

integral, composition, or Cartesian product of nonanticipating and
Lipschitzian operators which will affect the nonperturbed solution
X(t,to, X0,¢(t)) . The variation formula (5.14) will be effected by the operator 7"
through these changes.

Assuming that the variation of parameters is given, we will investigate some of

the properties of this formula through the following conclusions for particular
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cases.

Corollary 6.1: Suppose that the conditions of Theorem 6.1 satisfy and
guarantee the existence and uniqueness of the solution of the system (5.2).
Assume also ¢(t,)=¢, is the initial state of the system x’'= Ax. Then the
relation (5.7) will be

y(tt, é)= x(t,t0,¢0)+J.;f (s.x(s),T(x)(s))ds

A (6.13)
+J"087x(t,s, Y (St %)) (S, Y (5,1, %, ) ) ds
0

Proof: Assuming that X(t,t;,¢,) is a solution to the homogeneous equation
Xx"— Ax =0, then by the direct integration of the system (5.1) and applying the
variation of parameters formula (5.3) to the nonlinear system (5.2), we will get
the formula (6.13).

Corollary 6.2: Suppose that the conditions of H1 through H4 guarantee the
existence and uniqueness of the solution of (5.1) and (5.6). Assume also a
particular case when f =0 and ¢ (t, X(t)) =g (t) , then the Alekseev’s formula
(5.7) deduces the variation of parameters formula

x(t):tb(t,to)xo+_|';<D(t,s)g(s)ds (6.16)

for linear differential equation: x'(t)=A(t)x(t)+g(t).

Proof: Assuming that x(tt;,X,) is a solution to the homogeneous
x'(t)— A(t)x(t) =0, then the fundamental matrix of the homogeneous system
will be

X(tty, %) =@ (t,t,) X,
By considering the following
X(t,t, %, ) =@ (ty,t) X =X, and X(t,5,Y(S,t5, %)) =D (t,5) Y (5,15, %)

we conclude that

0 0 0
—X(1,S, Y(S, 15, %)) =D (t,5)— Y(S, 1, X, ) =D (t,5)— X, =D(t,S 6.17
(18 (50,0)) ~0(09) T y(st%) <0 (15) 2% =0(15) (617
{It can be verified that y(s,ty,X,)=X,}
Notice that the deterministic function f is identically equal to zero f =0.
This concludes the variation of constants for linear system (6.17).
Corollary 6.3: Suppose that in the differential Equation (5.1) A=0, then the

general solution of (6.16) about the equilibrium solution y=0 will be
t t
Y(tte %) =% +'[t0f [s.x(s)]ds +'[tog (s, y(s:tg.%,))ds (6.18)
Proof: Since the operator A=0, then the solution x(t,t;,X,)=X%, is a

0
constant function. Therefore a—x(t,to, X,)=1. To find the perturbed solution
XO

of the system (5.6), we use the conclusion of the Proposition 5.1 for unperturbed
solution of the system (5.1) to obtain the relation (6.18).
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We will study the variation of parameters for operator differential equations
disturbed force operator functions. These nonlinear operators can involve the
following types: delay, integrals, composition, or cartesian products of all

nonanticipating and Lipschitzian operators.

7. Conclusions

Assume that A(t) is a matrix function on IxY into the space M(I,Z).
Suppose that ®(t) represents the fundamental matrix solution process of a

differential equation

X (t)=A(t)x(t), x(t)=x (7.1)

Then
O'(t)=A(t)D(t), P(t,)=unit matrix (7.2)
detd (t) =exp U;trA(s)ds] tel (7.3)

A method of variation of parameters for the systems (7.1) - (7.3) is presented
by G. S. Ladde and V. Lakshmikantham, 1980.
Suppose A(t) is Lebesgue summable from [/ into M(I,Z) and let
fe Lip( 1,Y; Z) be a perturbation in the system (6.1) then the solution process
y(t)=y(t.ty,y,) of the following nonlinear system

y'(t)=A)y(t)+ f(ty(t), y(t)=Y (7.4)
will satisfy the following integral equation
y(t)= x(t,to,x0)+J';CD(t)cD’1(s) f(s,y(s))ds (7.5)

for all t>t,. Further study of this general form of the variation of parameters
for nonlinear operator differential equations should be very interesting. These
nonlinear operators can involve varieties of many types of operators like: delay,
integrals, composition, or Cartesian products of all nonanticipating and
Lipschitzian operators.

A classical nonlinear system type Yy'(t)=f (t, y(t)) for t>t, and
y(t,)=Y, in (1.1) is well known and extensively studied. The variation of
parameters discovered by Alekseeve is a great tools to study this kind of
nonlinear system and use this conclusion for stability and asymptotic behavior
of a nonlinear system. The solutions to a nonlinear operator differential
equations of type (1.2) which include all operators T satisfying nonanticipating
and lipschitzian conditions also reviewed here, have a huge range of application.

For operator in this paper we proved and demonstrated a general form of
Alekseeve Theorem when a non linear system (5.1) includes a C-semigroup of
opeartor A.

All important conditions in (H1) through (H4) are connecting the
nonanticipating property of 7, semigroup property of A, and Lipschitzian
property of £ The variation of parameters helped us to find the solution to the
purturbed system. This perturbed solution for nonanticipating dynamic systems
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will help us in the future to study the stability and asymptotic behavior of the
system. Two major issues related to the Variatiion of Parameters can be
developed for Nonlinear Operator Differential Equations.

First, is the numerical algorithm and computational program to produce the
solution to such a general form of nonlinear variational of parameters method.
Second, generalize the stability application to nonlinear system to operator

differential equations.
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