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Abstract

In this paper, we investigate the distribution statistics of photons in a single
mode radiation field subjected to two-photon absorption (TPA) and the fac-
tors that contribute to squeezing and antibunching of photons, leading to the
generation of nonclassical light. TPA is a nonlinear optical phenomenon in
which the atoms interact with the light field by absorbing two photons si-
multaneously. The motivation to study TPA is the recent intense activity on
nanocrystallites/quantum dots. Further, it is the only nonlinear optical phe-
nomenon that can be analytically studied. The simultaneous occurrence of
squeezing and antibunching is studied with small initial photon numbers by
solving the master equation for TPA of a single mode radiation directly by
numerical integration, without going through analytical procedure. The re-
sults are compared with those of analytical/numerical procedures available.
Further, the discussion on the parameters of squeezing and antibunching for
short-time (ST) as well as long-time is done comprehensively in the present
work by taking up the ST approximation and summation of ST (SST) proce-
dure along with the exact numerical method.

Keywords
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1. Introduction

A consequence of the quantization of radiation is the fluctuations associated
with the zero point energy called vacuum fluctuations [1]. These fluctuations
have no classical analog and are responsible for the generation of nonclassical
light such as squeezed light and antibunched light. Another example of nonclas-

sical light is the sub-Poisson light, which gives rise to a photon counting distri-
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bution narrower than Poisson distribution. The major interest in nonclassical
light is that the noise is reduced below the standard quantum limit.

The coherent states of light exhibit minimum quantum noise and affect the
quadratures, for example, amplitude and phase, equally. The correlations that can
be introduced between them may reduce the noise in amplitude at the cost of in-
creasing it in the phase. This is known as amplitude squeezed light [2] [3], wherein
the photon number uncertainty (An)2> is reduced below (n) , with a minimum
limited by <n>1/3' This type of squeezing is observed with the interaction Ha-
miltonian of the form a'’a”+h..

Another type of squeezed light involves reducing the fluctuations in one of the
two standard orthogonal quadratures in such a way that the variance in that qu-
adrature becomes less than the quantum noise limit of 1/4. This is known as
quadrature or ordinary squeezed light. The interaction Hamiltonian in this case
is of the form a'” +hc.

The intensity fluctuations of the optical field are described by the second-order
correlation function [4]. This correlation function shows that a field whose pho-
ton probability distribution function narrower than Poissonian (sub-Poisson sta-
tistics) will have photons antibunched over certain time scale. This represents another
type of nonclassical light called antibunched light. In general, squeezing, anti-
bunching and sub-Poisson nature of light need not accompany one another.

To generate nonclassical light, normally, a coherent light is allowed to interact
in a nonlinear fashion with a medium. The phase space contour line which is
observed as a circle for the initial coherent state would then become an ellipse. A
review of experiments, main achievements and progress made in technology used
in the production and detection of quadrature squeezed light, from the first suc-
cessful production in 1985 to 2015 is presented in [5]. An evaluation of suitabili-
ty of third-order susceptibility materials, especially semiconductors, as squeezers is
discussed in [6].

Although squeezing and antibunching of photons are observed in light gener-
ated by a variety of nonlinear optical processes, it is useful to study the process
that admits analytical solution and one such process is two-photon absorption
(TPA). Moreover, TPA attracts further interest as it may allow squeezing and
antibunching to occur simultaneously.

Normally, the master equation for TPA involving the reduced density matrix
operator of the single mode light field is solved by the generating function me-
thod [7] [8] [9]. Then one obtains the factorial moments of photon number in
order to verify the nonclassical nature of light. Though the generating function
approach is an analytical procedure, in the last stage this requires numerical
computation. It is also of interest to study TPA in a short time soon after the in-
teraction of light with matter begins [10]. The master equation for TPA was solved
directly by Garcia-Fernandez et al [11] using the eigenvalue method, without
going through any analytical procedure, for initial photon numbers 1, 10, 20, 30

and 60 and a comparative study was made with short-time approximation. An
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explicit analytical expression for squeezing parameter resulting from a strong
coherent beam is obtained [12] and shown how squeezing can be controlled by
varying detuning parameter, involving both dispersion (proportional to the real
part of ;((3)) and absorption (proportional to the imaginary part of ;((3)) coef-
ficients. A study [13] on the evolution of nonclassical states of light from TPA
medium for two different cases of initial states, a squeezed coherent state and an
eigenstates of the two photon annihilation operator (even and odd coherent
states) is made on the fluctuations in photon number operator and in the qua-
drature components of the field.

The study on photon statistics of the internal and the external fields of a mi-
crocavity [14] containing a TPA medium using Langevin equation approach shows
a strong photon number squeezing for the output field, whereas the internal
field shows a weak squeezing. This study was made with the assumption of a
large initial photon number and a very small one-photon absorption rate. It is
reported [15] that a thin film of CdSe nanocrystals embedded in PMMA exposed
to laser radiation showed a strong TPA over the bulk at 800 nm, occurring due
to the confinement of system and the study demonstrated the importance of re-
duction of scattering losses in a nonlinear medium used for the generation of
squeezed light. Recently, a study of TPA in nanocrystallites [16], organic mole-
cules [17] and quantum dots [18] has attracted attention of many researchers.
Ginossar et al. [19] suggested a process to study the rate at which correlations
among polarization entangled photons of two-mode squeezed vacuum trans-
ferred to the electrons in a semiconductor, enabling them to crossover from pos-
itive to negative spin correlation, even with large number of photons.

In this paper, we consider Hamiltonian of the form a'? +hc. for the genera-
tion of quadrature or ordinary squeezed light using TPA. An attempt has been
made to solve the master equation for TPA of a single mode radiation field nu-
merically without going through analytical procedure and obtain the required
factorial moments as a function of the dimensionless time parameter for differ-
ent initial photon numbers. In §2, the theory behind the photon statistics is de-
veloped by defining the parameters required to describe antibunching and squeez-
ing of photons. To discuss the parameters of that describe squeezing and anti-
bunching for short-time (ST) as well as long-time comprehensively, we take up
the ST approximation, summation of ST (SST) procedure and exact numerical
integration method. §3 gives the methods of solving the master equation. Final-

ly, the results are discussed in $4.

2. Theoretical Background
2.1. Antibunching, Sub-Poisson Light and Squeezing

The intensity fluctuations of the optical field are described by the correlation
function G®. The degree of second order coherence is a measure of the correla-
tion of the light intensities at two space-time points. It is defined in terms of the

positive and negative frequency parts of the light field.

DOI: 10.4236/0pj.2017.79014

141 Optics and Photonics Journal


https://doi.org/10.4236/opj.2017.79014

G. M. Latha et al.

For a single mode radiation field, the normalized form of G** in terms of the

creation a' and annihilation a operators of the field is given by
g® = <a*a*aa>/<a*a>2 (1)
or
g®-1=q/(a'a) )

where

Q= (<(a*a)z>—<afa>2 —<a*a>j/<a*a> (3)

is called the Mandel parameter. In terms of number operator n=a'a, we have
aTa> =(n) and variance <(An )2>= <n2 > —(n)’. For Poisson statistics,

(An )2>: (n) and hence g? =1(Q =0). This is true for coherent light where
the uncertainties in the two quadratures are equal and photons are randomly
distributed. If g(z) > 1(Q > O) then the photon number fluctuation follows
super-Poisson statistics and photons are bunched. Finally, if g(z) < 1(Q < 0)
sub-Poisson statistics is obeyed and this corresponds to antibunched light where
photons lose correlations. Thus the sign of Q becomes an important factor for
the confirmation of both sub-Poissonian and antibunching in a single mode light
field.

Squeezing exists in the quadrature X, or X, of the light, defined by

X, =(y2)(a+a") 4)
and
XZ:(]/Zi)(a—aT), ©)
if the uncertainty in X, or X, described by the parameter S, <0. ie.
S, = (X% )—(X,,) ~1/4<0 6)

S, =(Y2)|(a'a)~(a) (@) Re((a*) ~(a )" <. @)

The maximum squeezing achievable by any process corresponds to S, =—-0.25
and for antibunched (sub-Poisson) light the minimum value of Mandel parame-
ter Q is —1. For TPA, with initial coherent light « = |a|ei“’ , where photon
, in the stationary or steady state [20], Ze. in the limit the dimen-

number is |a2
sionless time parameter 7 — o, it is found that <a*a> ~1/2, <a*> = a*/|a|\/ﬁ
and <a“> =0, for |0:|2 >1, implying S, (oo) =0.091. Therefore, in the statio-
nary state there is no squeezing, whereas, Q(o0)=-1/2, minimum value for TPA,

indicating antibunching and hence the presence of sub-Poisson light.

2.2. Master Equation for Two-Photon Absorption

In TPA process, the atoms and the light field interact by the simultaneous ab-

sorption of two photons. It is assumed here that almost all the atoms are main-
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tained in the ground state and hence two-photon emission can be ignored. Dur-
ing this interaction, the statistical properties of light field change and they de-
pend on the initial conditions of the incident light.

We assume that the single mode radiation field of frequency @ interacts
with an ensemble of N two-level atoms with a transition frequency of @, reso-
nantly via TPA (2w = @, ). A relatively small part of them are assumed to be ex-
cited during interaction and hence we call it the unsaturated TPA [8] [9].

The total Hamiltonian H , describing the interaction of electromagnetic field

with a nonlinear medium is

H=H.+H,+H,, (8)

where H isthe Hamiltonian operator of the field, H, Hamiltonian operator

of atomsand H, is the interaction Hamiltonian. Therefore,
H =nhoa'a +%h%zi (chicy —ciey )+ 1Y (Kefic,aa+Kelc,a’a’). (9)

Here ¢ and c' operators refer to the ground state and excited state of the
/" atom. The equation of motion for the density operator in terms of the Hamil-

tonian is
indp/dt=[H, p]. (10)

The above Liouville equation is a particular case of a generalized equation

under Markovian approximation [21]. The generalized Liouville equation
dp/dt = L[p], (11)

where L is a linear operator that generates a finite super operator called Lindblad
operator. This operator includes all possible quantum jumps during the interac-
tion of the field with the medium.

Retaining only the relevant TPA absorption and emission terms, the equation

of motion for the density operator of the light field [7] [8] is
dp/dt =k, {[aap, a'a’ J + [aa, pa‘al ]} +k, {[a*a*p, aa} + [a*a+ , paa]} . (12)

where the two terms on right hand side represent the absorption and emission
processes of TPA. As mentioned in the beginning of this section, neglecting the

emission term the master equation becomes
dp/dz =—(a"a’p-2a’pa’ + pa'a’), (13)
where 7 =2kt is the dimensionless time parameter. k; depends on the line

shape function and intensity of the radiation field and also on the number den-

sity of atoms of the medium. It is related to the TPA absorption coefficient £

as
k, = nghic? B8V, (14)
where
p= Sw;(,(3)/2n§gocz . (15)
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n, is the refractive index and ;(,(3) is imaginary part of third-order suscepti-
bility of the medium for TPA. The diagonal and off-diagonal matrix elements of
the density operator in the Fock representation are given by p, . = (n| p|m>
and they satisfy

dpnyn/dr:(n +1)(N+2) pyonie —N(N-1) o, (16)

and

do,/dz =[(n+1)(n+2)(m+1)(Mm+2)]* prpmes
-(H2)n(n-1) p, , = (HY2)m(m-1) p, ,

where, M=n+u, here u denotes the degree of off-diagonality. For an initial

(17)

coherent light, the diagonal elements of density matrix (# =0) can be written as
Pon (0)=(n|a)(a|n)=exp(—|a2|)|a|2"/n!. (18)

The off-diagonal elements of density matrix ( & #0) are
Pane (0)=(n]ac)(at| 1+ 1) = exp(isup) exp(~[a?|)a" (o)™ i+ ). 19)

Following [22], to avoid square root of factorials in off-diagonal elements, we

define
Prneu(T) = W‘Pn (7). (20)

At =0,

W, (1,0)=(n+u)/nlp, .. (0)= exp(—iy(p)exp(—|a2|>|a|2” (a*)ﬂ/n! .(21)

The master equation can be rewritten in terms of ¥, as
a, (,u,r)/dr:{n(n—l)+ny+%y(y—l)}‘l‘n (17)+(n+1)(n+2) ¥, , (7). 22)

The relevant expectation values for the evaluation of antibunching and squeez-

ing are given by
(a'a)=) n¥, (0), (23)
(a”a®) =%, n(n-1)¥, (0.7), (24)
<(a*a)2>: > ¥, (0,7), (25)
(a)=> ¥, (17), (26)
(a”)=3 ¥, (27). (27)

3. Evaluation of Antibunching and Squeezing
3.1. Generating Function Method
Usually, the master equation is solved exactly by using a generating function that

describes the change of photon statistics of an initially coherent light and

¥, (u,7) is determined by the nth order derivative of the generating function.
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This leads to an expression involving an infinite sum over gamma functions with
complex arguments, along with an exponential factor exp [—n(n —1)r:| . This factor
helps in convergence of the infinite sum, allowing truncation of the series at suita-
ble 1 value. Further evaluation of relevant moments is done by numerical methods
(8] [9] [22] [23].

3.2. Short-Time (ST) Approximation

It is of interest to check if any change in photon statistics occurs soon after the
interaction of light with matter and also to avoid the labor involved in obtaining
the exact solution describe above, short-time expansion procedure [10] is fol-

lowed. The expectation values for shorter time intervals (7 < 1) are

(a'a) =|af ~2|a| 7+ 2|af" (2]af +1) <, (28)

(a) =lale™ |[1-|af e+ W2l (3fuf +1)7* . (29)
() =[af e[ 1-(2laf +1)r+(4faf +4laf +12)* |, G0)
(aa%) =|of ~2laf* (2|af +1)7 +3Ja|' (4]a]' +6lo* +1)e*. (1)

3.3. Summation of Short-Time Expansion (SST)

For studying long time behavior of photon statistics, a summation of all higher
order terms is necessary [20]. This imposes a restriction on the convergence lim-
it of series on the quantity ¢ = 2|0:|2 7 <1, for greater initial photon number
|0(|2 >1. The convergence domain limit &<1 can be enlarged by analytical
continuation to study the long time behaviour of photon statistics but with small
initial photon number as well. The expectation values obtained for longer time

intervals are

(a'a)=[af’ f(1+£)+&* (3+&)/6(1+8) (32)
(a")=a’'/(1+&)" + &% [8laf (1+¢)"". (33)

(a")=exp(-2ip)exp(-7)(a'a), (34)
(a"%a%) =[] f(1+ &) ~[of /14 ¢)" (35)

3.4. Numerical Solution of Master Equation

The master equation was solved directly using the eigenvalue method [11], with-
out going through any analytical procedure. It was solved exactly by Laplace
transformation procedure for the diagonal elements of k-photon absorption
[24].

In the present work, W, (u,7) is obtained directly by the numerical integra-
tion of the master Equation (22) by employing a standard integration procedure

[25] with adaptive step-size control, using a personal computer with a program
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written in FORTRAN 95 language. The numerical technique involves a series of
estimates of W, (x,7) by changing step-size to achieve good accuracy by mon-
itoring the first moment, for different values of n at various r-values, starting
from the coherent state of light given by Equation (21), with initial photon
numbers |05|2 =1 and 9. This procedure is followed for x£=0,1,2 to estimate
the diagonal and off-diagonal elements of W, (x,7) and are substituted in the
expressions for the expectation values given by Equations (23) to (27) to deter-
mine antibunching parameter Q and squeezing S, using Equations ((3) and (7))

respectively.

4. Results and Discussion

The results and discussion on the parameters of squeezing and antibunching for
short-time (ST) as well as long-time is done in the present work comprehensive-
ly for comparison purpose by taking up the ST approximation, summation of ST
(SST) procedure and exact numerical method. To check the reliability of our
numerical results, a comparison of the variation of diagonal elements p, , asa
function of n for various dimensionless time 7 values, for the initial photon
number 9 is made with those of Simaan and Loudon [22] and found to agree
very well.

From Figure 1, which represents S, as a function of dimensionless time pa-
rameter 7 for |a| =1, determined by the ST (a), SST (b) methods along with our
numerical result (c), it is observed that up to 7= 0.06 all three curves coincide,
after which ST value starts deviating, reaches a minimum at 0.11 and thereafter
makes a transition toward zero value. On the other hand, the SST values agree
pretty well with the exact numerical value till a minimum is reached. Compared
to ST, the minimum of S, corresponding to the maximum squeezing, achieved
is more by a factor of 2.3 approximately and the squeezing persists for a longer

duration. Further, it is noticed that S, does not take positive values for large

T
0 T

-0.07
Figure 1. Variation of S, with rfor ‘a‘ =1, (a) ST; (b) SST; and (c) Our result.
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-0.08
Figure 2. Variation of S, with rfor (a) ‘a‘ =1 and (b) ‘a‘ =3.

r-values, in fact it moves close to zero only, as indicated by Garcia-Fernandez et
al. [11] and Loudon [10]. The above observations are also true for |a| =3, ex-
cept that squeezing is lost at large times, becomes zero at 7= 1.4 and reaches the
stationary value of 0.091 at about 7.0. So, it appears that with regard to evalua-
tion of the amount of maximum squeezing and the time at which it is attained, it
is only suffice to use the expression of SST and avoid the complicated exact nu-
merical procedure.

In Figure 2, we present the variation of S;, obtained from our numerical
procedure, as a function of 7 for |a| =1 and 3 as well. As the initial photon
number is increased, the minimum value of S, is deeper and moves toward
shorter time, but the duration of squeezing is smaller. Our results agree very well
with those of Agarwal and Hildred [9]. The maximum squeezing achieved by
increasing the initial photon number to 9 is about 30% of the upper limit of
—0.25. By increasing the initial number further, the maximum squeezing that
could be attained in TPA is 33% or 1/3 rd of the minimum limit only. It corres-
ponds to 1.8 dB noise reduction in the quadrature X;. In other words, maximum
squeezing can be achieved much earlier with more initial photons, even for as
low as 10, but is lost much quickly. It is to be noted that this reduction in noise
corresponds to the squeezing along the standard quadrature X;, orthogonal to
X,. It is customary to represent the quadrature squeezing by introducing a pair
of rotated quadratures Y; and 7Y, related to the standard quadratures X; and X,
through the quadrature angle 6. This is called squeeze angle as the squeezing is
maximum along this direction. Thus, it is possible to have more squeezing along
one of the rotated quadratures than that with the standard one [26]. This asser-
tion concurs with the experimental result of optomechanical squeezing of light
[27].

Finally, Figure 3 represents the behavior of the Mandel parameter Q as a
function of 7 calculated from our numerical method for |a| =1 and 3. It is ob-

served that antibunching or anticorrelation of photons, as indicated by Q <0,
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Figure 3. Variation of Qwith rfor (a) ‘a‘ =1 and (b) ‘a‘ =3.

takes place much earlier for large initial photon number. The analysis of the re-
sults indicates that the minimum value of Q that is achievable in TPA is —1/2,
the stationary state value itself, even at a time of about 7.0 and it remains con-
stant thereafter, with fewer than 10 initial photons. In other words, for initial
photon number |0{|2 >9 the maximum antibunching corresponding to the sta-
tionary state value is reached much sooner, whereas, SST calculation of Mandel
parameter predicts only a minimum value of -1/3 against -1/2.

Summarizing, after the interaction of initially coherent light with a two-photon
absorber, it becomes nonclassical by acquiring squeezing and antibunching of
photons. Though squeezing is lost after some time, the light remains an anti-

bunched one.

5. Conclusions

The simultaneous observation of squeezing and antibunching is made with small
injtial photon numbers by solving the master equation for TPA of a single mode
radiation directly by numerical integration, without going through analytical
procedure. Further, the discussion on the parameters of squeezing and antibunching
for short-time (ST) as well as long-time is done comprehensively in the present
work by taking up the ST approximation, summation of ST (SST) procedure and
exact numerical method.

The results obtained by us agree well with those of already existing analyti-
cal/numerical procedures in the literature. The nonclassical parameters of light
calculated by the ST approximation deviate very much from those of SST and
exact numerical methods, except for exceedingly small time intervals in the begin-
ning of interaction.

It is observed from our analysis that to know the amount of maximum squeez-
ing and the time at which it is attained, it is only sufficient to use the expression

of SST and avoid the complicated exact numerical procedure. On increasing the
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initial photon number, the minimum value of squeezing parameter is deeper and
moves toward shorter time, but the duration of squeezing is smaller. The maxi-
mum amount of squeezing that could be attained in TPA is 33% or 1/3™ (cor-
responding to 1.8 dB noise reduction in the standard quadrature) of the lowest
achievable value of -0.25.

The Mandel parameter describing antibunching of photons obtained from the
numerical method reaches the stationary state value of —1/2 even at earlier times
for initial photon number > 9 and remains unchanged thereafter.

Thus, after acquiring the nonclassical characteristics of squeezing and antibunch-
ing on interaction with a two-photon absorber, the initial coherent light loses squeez-

ing after some time but antibunching of photons persists.
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