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Abstract 
The externality of the goods in the market affects the diffusion process of the 
product, and also affects the price strategy and advertising strategy that man-
ufacturer makes in the diffusion process of the product. Positive externalitiy 
can accelerate the speed of the product diffusion, increase product sales, and 
save the cost of advertising in order to increase enterprise’s profit; Strong 
negative externality reduces product sales, increases enterprise’s advertising 
costs and makes losses. Under the market of the monopoly structure, consi-
dering the effect of products’ externality, product price and advertising in-
vestment on the product’s demand, builds the dynamic decision model of the 
product and uses the control theory to get the manufacturer’s optimal price 
strategy and optimal controlling strategy of the advertisement expenditure, 
and relatively analysis the changing trend of optimal controlling strategy, the 
product’s diffusion process and manufacturer’s profit on the different condi-
tion of positive and negative externality, and obtains some conclusions which 
are provides theory support for the decision enterprise makes. 
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1. Introduction 

Many scholars have concentrated on studying product market externality. With 
the rapid development of information technology, it is also changing that the 
operational management models for emerging market. Especially the emergence 
of the Internet economy and electronic commerce, the importance of product 
externality for manufacturers is also becoming more and more prominent. In 
the context, the Internet is widely used in enterprise operation and management, 
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so consumers no longer rely solely on the market or media (such as product 
price, advertising, etc.) information to make a purchase decision. They are more 
willing to obtain product information through communicating with each other 
on the Internet or by other means. And so, the reviews of consumers who have 
already used product posted are particularly important. For example, millet 
community forum is the base of consumers where they can exchange mobile 
phone using skills experience and participate in interactive activities. So it is an 
important way for potential consumers to get the product information before 
making a purchase decisions. And millet phone does not have the high amount 
of advertising and marketing promotion to attract consumers. Online shopping 
has become a popular consumption model, and it is the main way to get infor-
mation on product using by visiting product evaluation information on the In-
ternet. They make purchase decisions based on the buyer’s comments on the 
product. Of course, in the early stage of the new product into the market, manu-
facturers need to advertise the product so that consumers can know it. Once the 
product has a certain number of consumers in the market, buyers who are using 
the product will have a certain impact on the sales. The impact is defined as 
product externality in this paper. Positive impact can accelerate the proliferation 
of products and increase sales, but negative impact will hinder the spread of 
products and reduce sales. In the case of the existence of external products, this 
article investigates pricing policy and advertising investment policy, and further 
how to change the company’s sales. And this paper studies the influence of the 
products’, externality on the firm’s price and advertisement strategy from the 
dynamic point of view, which expands the perspective of the study of externali-
ties, and also provides suggestions for the enterprise operation decisions. 

2. Literature Review  

Recently, many scholars have been working on research the impact of product 
market externality on product diffusion, but mainly focusing on the following 
aspects. Bass model is the basic model to study the diffusion of product, and the 
factors that affect the product demand are divided into two categories: internal 
and external influences [1]. Kalish and Sen (1986) pointed out that price was the 
most key factor affecting the actual demand, and the Bass model ignored the 
impact of the price [2]. After that, Jain and Rao (1990) defined the actual aggre-
gate demand as a function of price, but there was no explanation of how the 
price affected consumer choice behavior [3]. Then Xie and Sirbu (1995) estab-
lished a dynamic model of product diffusion that included price and product 
externality, but only analyzed the impact of positive externality on firm decision 
[4]. At the same time, some studies only considered the impact of negative ex-
ternality on product demand and firm decisions, such as (Saito Richard 1994, 
Goolsbee Austan et al. 2000, Laussel Didier et al. 2004, Berger Jonah et al. 2010, 
etc) [5] [6] [7] [8]. Pan Xiaojun et al. (2006) considered that the externality of 
the product had an important influence on consumer expectations, and the two 
stage dynamic model was established. Under the condition of external externali-
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ty to analyzed the pricing strategy of monopoly in the case of homogeneous and 
heterogeneous products in different stages under the condition of external ex-
ternality [9]. Puneet Manchanda et al. [10] pointed out that the two factors that 
affecting consumer buying decisions were the exchange of consumer’s individual 
and marketing information, analyzed the influence of market strategy (price, 
advertisement) and social contagion (consumer’s oral communication effect) on 
consumer purchasing decision. They found that the market strategy played a 
major role in product diffusion in the early stage of product entering into mar-
ket, but the effect of social infection was greater than that of market strategy af-
ter entering stable period [10]. The phenomenon of mutual learning among 
consumers was a form of expression of the externality of the product. Jing Bing 
[11] established the two stage dynamic model of durable goods, and researched 
the effects of social learning on product pricing and purchasing decisions. In the 
era of network economy, the influence of oral communication and social learn-
ing on product diffusion is particularly important. Nielsen [12] pointed out that 
70% of online shoppers had more confidence in the information about ano-
nymous people than the trust of advertising information. Nielsen [13] found that 
46% of Internet users relied on social media information to make purchase deci-
sions. Gopinath Shyam et al. [14] used empirical research methods to analyze 
the relative importance of consumer online reviews and advertising on product 
diffusion. David [15] examines the equilibrium relationship between product 
quality and word-of-mouth (WOM) communication. Fossen and Schweidel [16] 
used data to analyze the relationship between television advertising and online 
word-of-mouth (WOM). The differential game theory is a primary method to 
study the impact of advertising investment, with establishing the differential 
model of advertising reputation to realize the interest coordination among 
members, such as [17] [18] [19] [20]. 

In summary, the effect of externality on product diffusion is a dynamic and 
gradual process, and it also affects firms, price decision in the process of product 
diffusion. But the existing literature mainly discussed the topic from the static 
point. So the dynamic model is established to analyze dynamic decision problem 
in the case of product externality. In addition, combining with the diffusion 
theory, this paper discusses the influence of the externality of the products on 
the dynamic pricing, advertising investment decisions and sales of the monopoly 
in the process of product diffusion. 

3. Model Analysis 
3.1. Demand Model 

In fact, the products that have been sold take a certain impact on the potential 
demand in the market. Such as, consumers who have used the product commu-
nicate messages with potential buyers about quality and price of products via 
network platform or verbally. The better evaluations have a positive impact on 
product sale, otherwise it will hinder the product sales, and that is, the product 
has a negative market externality. Suppose the monopoly produces a product, 
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and at time t the potential demand is a ; sales price is ( )p t ; ( )D t  is cumu-
lative sales of products. While the level of advertising investment is ( )m t , and 
the function of advertising input cost is ( )2 2k m t⋅ . Hypothetical at time t the 
sales of products is ( )D t′ , relationship between the price, advertising input lev-
el and cumulative sales must satisfy the following Formula (1): 

( ) ( ) ( ) ( ).D t a b p t r m t D tλ′ = − ⋅ + ⋅ + ⋅                 (1) 

And the influencing factor of price to sales is 0b > ; the influencing factor of 
the advertising investment level to sales is 0r > , λ  is the influencing factor of 
cumulative sales to sales, λ  also said the external effect of the been sold prod-
ucts. When 0λ > , there is the positive market externality and when 0λ < , 
there is the negative market externality. 

Without affecting the conclusion and loss of generality, the fixed cost of 
products and marginal cost is zero. In this paper, we study the dynamic decision 
problem of monopoly manufacturer in the time frame of [ ]0,T . And 
( )D T a=  means that all consumers will have purchased the product at T time. 

So when the product price is ( )p t , advertising investment level is ( )m t  and 
the discount factor is ρ , the profit function of monopoly firms in [ ]0,T  pe-
riod can be expressed as: 

( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( )

2

,
0

1

1max e d ;
2

s.t ;

0 , .

T
t

p t m t
p t D t k m t t

D t a b p t r m t D t

D d D T a

ρπ

λ

− ⋅  ′= ⋅ ⋅ − ⋅  
′ = − ⋅ + ⋅ + ⋅

= =

∫
            (2) 

The optimal control theory will be used to solve the optimal price control 
strategy and the optimal advertising input level control strategy. 

3.2. Analysis of Price Strategy and Advertisement Strategy 

Due to the complexity of the model, this article refers to Nair and Narasimhan 
[2] solution method, solving the optimal solution by open loop control strategy. 
In order to obtain optimal price control strategy and optimal advertising input 
level control strategy, the Hamiltonian function of Formula (2) is: 

( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( )( )

21
2

.

H a b p t r m t D t p t k m t

a b p t r m t D t

λ

µ λ

= − ⋅ + ⋅ + ⋅ ⋅ − ⋅

+ ⋅ − ⋅ + ⋅ + ⋅
        (3) 

µ  is a co state variable, and needs to meet the following conditions: 

( ) ( ) ( ) ( )( )2 0H a b p t r m t D t b
p t

λ µ∂
= − ⋅ + ⋅ + ⋅ − ⋅ =

∂
          (4) 

( ) ( ) ( ) 0H r p t k m t r
m t

µ∂
= ⋅ − ⋅ + ⋅ =

∂
                (5) 

( ) ( ) ( ) ( )2H D t a b p t r m t D tλ
µ

∂ ′= = − ⋅ + ⋅ + ⋅
∂

             (6) 

( ) ( )( ).H p t
D t

µ ρ µ ρ µ λ λ µ∂
= ⋅ − = ⋅ − ⋅ + ⋅

∂
               (7) 
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Proposition 1 gives the optimal price control strategy and optimal advertising 
input level control strategy. 

Proposition 1: When sold products have positive market externality ( 0λ >  
and 2 2r bk< ) or with negative externality ( 0λ <  and 2 2r bk> ), the optimal 
price control strategy and optimal advertising input level control strategy of mo- 
nopoly firms are  

( )
( ) ( )( )2

* 2
12

2 4
e

2

AtA f r A f bk ap t d
b k

λ λ

λ

− − −  = ⋅ + ⋅ 
 

 

( )* 2
1 e

2

AtAr am t d
bk λ

 = ⋅ + ⋅ 
 

 

Proof: Through the simultaneous solution (4) and (5), the optimal price and 
optimal advertising input level are: 

( )
( ) ( )2

*
2 ;

2

ak k D t r bk
p t

bk r

λ µ+ ⋅ + − ⋅
=

−
              (8) 

( ) ( )*
2 .

2
ar r D t br

m t
bk r

λ µ+ ⋅ + ⋅
=

−
                 (9) 

By taking the optimal price ( )*p t  and the optimal advertising input level 
( )*m t  into (6) and (7), we can obtain 

( ) ( ) ;D t af f D t bfλ µ′ = + ⋅ + ⋅                 (10) 

( ) ( )2 .bq aq q D tµ ρ λ µ λ λ′ = − ⋅ − − ⋅              (11) 

By solving differential of the Formula (10) on both sides, it can be obtained: 

( ) ( ) ( ) .D t D t f D t afρ ρλ ρ′′ ′= ⋅ − ⋅ −              (12) 

Without loss of generality, we as well set 1ρ = , it is easy to know that there is 
a characteristic root for the positive in formula. In order to get the convergence 
of the differential equation, there must be a negative root, and then must meet 
the condition of 0fλ <  i.e. ( 0λ >  and 2 2r bk< ) or ( 0λ <  and 2 2r bk> ). 
When the boundary condition is ( ) 10D d=  and ( )D T a= , solving integral of 
the Formula (12), it can be obtained: 

( ) ( )1 4 1 2
1 e .t fa aD t d λ

λ λ
⋅ − + = − + + ⋅ 

 
              (13) 

( ) ( )1 4 1 2
1

2 e
2

t fA f at d
bf

λλµ
λ

⋅ − +−  = ⋅ + ⋅ 
 

             (14) 

According to the previous hypothesis 0fλ < , so the condition  
( 1 4 1 1fλ− + > ) is true. Obviously when the parameters λ  and 1d  are posi-
tive, the demand is holding. In addition, because the product’s immediate sales 
cannot be negative i.e. ( ( ) 0D t′ >  and ( )D T a= ), so it must be meet 1λ < −   

meanwhile 1
ad
λ

> − . And the following analysis of the negative externality of 

the product are discussed under the conditions of 1λ < − . 
By taking the Formula (13) and Formula (14) into the Equations (8) and (9), 

the optimal price and optimal advertising input level can be followed as  
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( ) ( ) ( )2
* 2

12

2 4
e ;

2

AtA f r A f bk ap t d
b k

λ λ
λ

− − −  = ⋅ + ⋅ 
 

         (15) 

( )* 2
1 e ;

2

AtAr am t d
bk λ

 = ⋅ + ⋅ 
 

                  (16) 

and 1 4 1A fλ= − + . Proof is finished. 
Proposition 2: When sold products have positive market externality i.e. 

( 0λ >  and 2 2r bk< ) and the external strength meets 
( )2

12

A r bk
bkd

λ
−

> , the  

optimal price ( )*p t  is higher with the increasing of externality; when market 
externality is negative i.e. ( 1λ < −  and 2r bk< ), the optimal price ( )*p t  is 
higher with the decreasing of negative externality (the absolute value of λ  de-
creases); under other conditions, the variation trend of the optimal price ( )*p t  
is uncertain along with the change of external intensity. 

Proof: Because ( ) ( ) ( )2
* 2

12

2 4
e

2

AtA f r A f bk ap t d
b k

λ λ
λ

− − −  = ⋅ + ⋅ 
 

, therefore  

( ) ( )

( )

2* 2
2

12 2

2
1 2

2 2

e
22 4

e .
2

At

At

A r bk tp t A r bk t ad
bb k b k

A r bkd
b b k

λ
λ λ λ

λ

 − ⋅∂ ∂ − ⋅   = ⋅ + + ⋅ + ⋅  ∂ ∂   
 −
 + − ⋅
 ⋅ 

     (17) 

Because 2
1 4

A f
fλ λ

∂ −
=

∂ −
 and the previous assumptions about λ  and f , 

so if 0λ > , 0A
λ
∂

>
∂

; there is 1λ < −  and 0A
λ
∂

<
∂

. Through the analyzing of 

Formula (17), it is found that ( )*

0
p t
λ

∂
>

∂
 is established when 0λ >  and 

2 2r bk>  meantime the external strength of 
( )2

12

A r bk
bkd

λ
−

> . When 1λ < −  

and 2r bk< , ( )*

0
p t
λ

∂
>

∂
 is clearly established. Proposition 2 was proved. 

Proposition 3: When sold products have positive market externality i.e. 
0λ >  and 2 2r bk>  and the external strength meets  

( )

2

1

1

4
20

2

A A At Aa Aa d a

A d At

λ λ λ
λ

λ

∂ ∂ ∂   ⋅ + ⋅ ⋅ + − ⋅   ∂ ∂ ∂   < <
∂

⋅ +
∂

 

the optimal advertising input level ( )*m t  is higher with the increasing of ex-
ternal intensity; when the external strength meets  

( )

2

1

1

4
2

2

A A At Aa Aa d a

A d At

λ λ λ
λ

λ

∂ ∂ ∂   ⋅ + ⋅ ⋅ + − ⋅   ∂ ∂ ∂   >
∂

⋅ +
∂

 



Y. Wang, D. Q. Tan 
 

812 

the optimal advertising input level ( )*m t  is lower with the increasing of the 
external intensity; when the market externality is negative i.e. 1λ < −  and 

2r bk< , the optimal advertising input level ( )*m t  decreases with the decreas-
ing of the external intensity (the absolute value of λ  decreases). 

Proof: Because ( )* 2
1 e

2

AtAr am t d
bk λ

 = ⋅ + ⋅ 
 

, so 

( )*
2

1 2 e .
2 2

Atm t r A a A At Aad
bkλ λ λ λ λ

∂ ∂ ∂  = ⋅ ⋅ + + ⋅ − ⋅  ∂ ∂ ∂  
         (18) 

Because ( )2 1 4A f fλ λ∂ ∂ = − −  and with the previous assumptions about 

λ  and f , so when 0λ >  and 0A
λ
∂

>
∂

, there is 1λ < −  and 0A
λ
∂

<
∂

. 

Through analyzing of Formula (18), when 0λ >  and 2 2r bk>  is established, 

there is 0A
λ
∂

>
∂

. If the external strength meets  

( )
2

1 14 2
2

A A At Aa Aa d a d Atλ
λ λ λ

 ∂ ∂ ∂    > ⋅ + ⋅ ⋅ + − ⋅ +    ∂ ∂ ∂    
 

so there is ( )* 0m t λ∂ ∂ < ; otherwise, ( )* 0m t λ∂ ∂ ≥ . Analyzing the Formula 

(18), when 1λ < −  and 0A
λ
∂

<
∂

 are established, ( )* 0m t λ∂ ∂ <  is founded 

apparently. Proposition 3 is proved. 
Proposition 3 shows that the products with the positive market externality can 

reduce the manufacturer’s advertising investment. Meanwhile manufacturers 
can improve the product quality and service level to reduce the negative market 
externality of the product, and so the sales and profit will increase along with the 
advertising investment decreasing. 

Proposition 4: Regardless of whether the market externality of the sold 
products is positive or negative, the ratio of the optimal advertising input level to 
the optimal price decreases with the increasing of the external intensity (the ab-
solute value of λ  becomes larger). 

Proof: according to the optimal price ( )*p t  and the optimal advertising in-
put level ( )*m t , it can be calculated 

( )
( ) ( ) ( )

*

* 2 .
2 4

m t Abr
p t A f r A f bkλ λ

=
− − −

              (19) 

By calculating Formula (19) on the intensity of the first derivative, that will be 
got 

( )
( )

( ) ( )( )

*
2

*

22

2 1
.

2 4

m t Ab Arkp t

A f r A f bk

λ
λ

λ λ λ

  ∂ ∂   − ⋅ − ⋅   ∂   =
∂ − − −

 

Though analyzing, It is can be deduced that 
21 1 0

1
A f

A
λλ

λ
∂

− ⋅ = + >
∂ −

 no 

matter how the parameter λ  meets 0λ >  or 1λ < − . Obviously it is estab-
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lished that ( )
( )

*

* 0
m t
p t

λ
 

∂ ∂ <  
 

 because of 22 0b Ark > . Proposition 4 is proved. 

Proposition 5: when the products’ externality is positive, the impact of posi-
tive market externality on the product sales is different, and it is related to the  

sale time. If the product sales time meets ( )
( )1

12 a A
t

A f a dλ λ
−

≥ − −
⋅ +

, the product 

sales at t  time will increase with the more stronger market externality, other-

wise the sales will reduce. The time ( )
( )

*

1

12 a A
t

A f a dλ λ
−

= − −
⋅ +

 is the critical  

point of the positive market externality which has different influence on sales. 

Proof: if 0λ >  and ( ) 2
1 e

Ata aD t d
λ λ

 = − + + ⋅ 
 

, so  

( ) 2
1 e

2

AtAt aD d
λ

 ′ = ⋅ + ⋅ 
 

. Calculating the derivative of the ( )D t′  on coeffi-

cient λ , we can get:  

( ) 2
1 2

1 1e 1 .
2 2

AtD t A a Aad tA
λ λ λ λ
′∂ ∂    = ⋅ ⋅ + ⋅ + −    ∂ ∂     

 

According to the previous calculation, there is: 1 4 1 0A fλ= − + > ,

22
bkf

bk r
=

−
, 2

1 4
A f

fλ λ
∂ −

=
∂ −

, so when 0λ > , 0A
λ
∂

>
∂

 is established. If 

( )
( )1

12 a A
t

A f a dλ λ
−

≤ − −
⋅ +

, it can be got that ( ) 0
D t
λ
′∂

≤
∂

; instead ( ) 0
D t
λ
′∂

>
∂

 is 

established when ( )
( )1

12 a A
t

A f a dλ λ
−

> − −
⋅ +

. This shows that the instant sales are 

the lowest at t time ( ( )
( )1

12 a A
t

A f a dλ λ
−

= − −
⋅ +

). Proposition 5 is proved. 

Proposition 6: If products’ market externality is negative (i.e. 1λ < − ), the 
sales of product at t  time continue to decreases as negative market externality 
gets weakened (the absolute value of λ  decreases). 

Proof: it is established that ( ) 2
1 2

1 1e 1
2 2

AtD t A a Aad tA
λ λ λ λ
′∂ ∂    = ⋅ ⋅ + ⋅ + −    ∂ ∂     

 

according to the previous analysis. Further analysis shows that there is 
2 0

1
A f

Aλ
∂ −

= <
∂ −

 if 1λ < − . So ( ) 0
D t
λ
′∂

<
∂

 is established when  

1 2
11 0
2

A a Aad tA
λ λ λ

∂    ⋅ + ⋅ + − <    ∂     
. Therefore, in the case of λ  is negative, 

the product’s instant sales with the increasing of λ  ( λ  absolute value is small) 
continue to reduce. Prove is finished. 

4. Conclusions and Prospect 

The manufacturer could use advertising to accelerate product diffusion and in-
crease product sales in the early stage of the product entering the market. When 
consumers buy and use the products, products will have externality in the mar-
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ket that affects product diffusion and firm decision. So it is much valuable to 
study the effect of externality on dynamic decision making for monopoly. The 
dynamic model is built including price, advertising level and externality in this 
paper, using the control theory to calculate the optimal price, advertising level 
control strategy and the actual product total demand, and also analyzes the 
change trend of relevant parameters in different conditions. The main conclu-
sions are: when the product has different market externalities, the optimal ad-
vertising investment level and the optimal price have different trends with the 
increasing of external strength; especially, whether the product has positive 
market externality or negative market externality, the ratio of the optimal adver-
tising investment level to the optimal price decreases with the increasing of ex-
ternal strength. Under different conditions, the effect of market externality on 
product sales is different. Research on the influence of product monopoly exter-
nality on dynamic decision can provide a theoretical basis for monopoly that 
makes dynamic decision and control in different sales periods. The monopoly 
should make full use of the products’ positive externality to save costs and in-
crease revenue. 

This paper discusses the influence of product externality on monopoly firm’s 
dynamic decision, but competitive market structure of multiple firms is more 
common in practice. External influences on firms’ dynamic decision are not the 
same for different categories of products, external influence, and it is the limita-
tions of the study. In the future, we will examine the externalities of different 
types of products such as durable goods and perishable goods, or research the 
impact of externality on product diffusion processes under different factors such 
as word of mouth and so on. 
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