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Abstract

This paper develops a rational equilibrium model of strategic trading under
symmetric information in which there is a liquidity provider and a strategic
trader. The strategic trader considers the impact of his trades, the liquidity
provider sets the stock price competitively, and there is a possibility that the
value of the stock payoff will be revealed perfectly before the terminal date.
Under certain conditions, we find that a buy (sale)-order by the strategic
trader leads to positive (negative) stock returns in the future and that there
exists a positive contemporaneous relationship between the stock return and
the trades of the strategic trader. Under other conditions, we demonstrate that
the stock exhibits positive (negative) returns following buying (selling) by the
liquidity provider. We then introduce a trend chaser into the rational model.
If trend chasing is weak, we show that the mechanical trend chaser can ac-
tually make a profit. If trend chasing is strong, the strategic trader is able to
raise the stock prices by buying initially to attract the trend chaser and sells to
the trend chaser later for profits.

Keywords

Strategic Trading under Symmetric Information, Tend Chasing, Return
Predictability

1. Introduction

Extensive empirical studies have demonstrated that non-informational trading
affects stock prices and returns’. Many of them have further shown that non-
informational trading can lead to certain predictable patterns of stock returns or
can forecast future stock returns. [9] documents positive excess returns in the

month following intense buying by individuals and negative excess returns after

'See, for example, [1]-[9].
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individuals sell. They suggest that the documented patterns are consistent with
the notion that risk-averse individuals provide liquidity to meet institutional
demand for immediacy. [2] shows that the trading by retail investors moves
prices and that over a short period of time, stocks heavily bought by retail trad-
ers earn strong positive future returns whereas stocks sold earn negative returns.
See also [7] and [8] on the relationships between buying and selling by small
traders and future stock returns, as well as [10] and [11] on the contemporane-
ous correlation between buying and selling by retail investors and stock returns.

Notice that the empirical results of [2] and [9] seem to be contradictory with
each other. In addition, using trade level data from the stock market in Pakistan,
[12] find evidence for a specific trade-based pump and dump price manipulation
scheme. “When prices are low, colluding brokers trade amongst themselves to
artificially raise prices and attract positive-feedback traders. Once prices have
risen, the former exit leaving the latter to suffer the ensuring price fall.” They
further demonstrate that the price manipulation cannot be attributed to superior
information by the brokers, rather, it is mainly the result of pure price manipu-
lation by the colluding brokers to take advantage of positive feed-back traders.

Inspired by the above-mentioned empirical findings, this paper develops an
equilibrium model of strategic trading under symmetric information. In the ba-
sic version of the model, there is a strategic trader, who trades strategically and
his trades affects the equilibrium price, and a competitive liquidity provider,
who provide liquidity to other investors in the market. Both traders are risk
averse’. We consider a four-period model in which trading takes place three
times, with the strategic trader initiating a buy or a sale order and the liquidity
provider clearing the market by setting the stock price competitively. Both trad-
ers are rational in the sense that they maximize their expected utility functions.
To generate sustained trading, we assume that there is a probability that both
traders receive a signal that reveals the stock payoff perfectly in each period be-
fore the fourth period. When this signal arrives or once the stock payoff is
known, there will be no more trading due to symmetric information. As a result,
the game ends and both market participants consume their entire wealth. Before
the revelation, we assume that the stock payoff follows a normal distribution.

When the probability of observing the signal is zero, we find that the no-trade
theorem of [13], which assumes a competitive model, still holds under our stra-
tegic model. That is, after the first round of trading, both traders reach Pareto
optimal risk sharing, and therefore, no additional trading in future periods oc-
curs. When the probability is positive, however, we show that the strategic trader
trades gradually to achieve optimal risk sharing as well as to minimize the mar-
ket impact costs of his trades. Depending on the risk aversion and endowment of
the strategic trader and the liquidity provider, we obtain four sets of results as
follows.

First, the liquidity trader holds a large long position initially, and the strategic

*The strategic trader can be interpreted as a proprietary trading desk, a mutual fund, or a hedge fund.
The liquidity provider can be interpreted as an individual investor or a market maker.
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trader can afford to take on more risk associated with the stock payoffs. Hence,
the strategic trader buys the stock and the liquidity trader sells the stock. The
stock price increases throughout the periods until it converges up to the funda-
mental value of the stock at the terminal date. Second, when the liquidity trader
has a negative endowment and tends to cover his short position, the strategic
trader initiates stock sales and the liquidity trader buys from the strategic trader.
The stock price decreases in the first two periods until converging down to the
fundamental value of the stock at the terminal date. In these two cases, to
achieve optimal risk sharing the strategic trader buys or sells gradually to mi-
nimize the market impact of his trades. This is the reason that stock prices and
returns exhibit predictability and the trades by the strategic trader can forecast
stock returns. In particular, a buy (sale) order by the strategic trader leads to
higher (lower) stock returns in the future. These results provide potential expla-
nations for the empirical findings of [2] [7] [8], in which the trades by retail
traders are systematically correlated and the retail traders would correspond to
our strategic trader. The contemporaneous relationships between stock returns
and trades by the strategic trader are positive, which are consistent with the em-
pirical results of [11] [14], and others.

Third, the strategic trader has a negative endowment and tends to cover his
short position, so he buys the stock from the liquidity provider. The stock price,
which is above the fundamental value due to a negative risk premium, increases
in the first two periods, then declines to the fundamental value in the third pe-
riod. Fourth, the strategic trader has a positive endowment and tends to reduce
his position. Due to risk sharing and a positive risk premium, the stock prices
are all below the fundamental value. Since the strategic trader sells the stock and
the liquidity provider buys the stock, the stock price declines in the first two pe-
riods and then increases to the fundamental value of the stock in the last period.

These results suggest that following the buying (selling) by the liquidity pro-
vider, the stock exhibits positive (negative) returns, providing potential explana-
tions for the empirical findings of [9].

To capture the empirical results of [12], we introduce a trend chaser or a posi-
tive feed-back trader into our rational model. This trend chaser follows a pre-
specified trading rule, which is proportional to the difference between the cur-
rent stock price and the previous stock price. In other word, the trend chaser
buys (sells) when the price increases (decreases). The trades of both the strategic
trader and the trend chaser affect stock prices. We show that if the trend chasing
intensity is large, the strategic trader purchases the stock in the first two periods,
pushing up stock prices. The strategic trader then sells the stock to the trend
chaser in the third period so that the stock price subsequently falls. Specifically,
because of the trades by the strategic trader, the stock price difference between
the second period and the first period is large enough, so that the trend chaser
will buy the stock in large quantities in the third period. Due to a large demand
by the trend chaser in the third period, the stock price will remain high. There-
fore, the strategic trader profits by selling the stock in the third period at the ex-
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pense of the trend chaser. In this case, the stock price increases first and then de-
clines in the last period. If the trend chasing intensity is low, however, the stra-
tegic trader may not have incentives to manipulate the stock prices, and as a re-
sult, the trend chaser can actually make a profit. This is due to the fact that the
trend chaser shares risk with both the strategic trader and the liquidity provider.

For completeness, we show that our results hold in the presence of a Kyle-type
noise trader. We also show that although there is a positive probability that the
stock payoff will be revealed perfectly in each period, the no-trade theorem of
[13] still holds in a competitive model in which the trades by the initiating trader
do not affect the stock price. In other words, strategic trading is essential to
overcome the no-trade theorem.

This paper develops perhaps the first rational model of strategic trading under
symmetric information in which both the strategic trader and the liquidity pro-
vider are utility maximizers. The traditional inventory models, represented by
[15] [16] [17], solve a risk-averse market maker’s maximization problem but the
stock demand by strategic traders is exogenously assumed. [20] [21] develop
competitive trading models under symmetric information. To generate sus-
tained trading beyond the first period, Grossman and Miller assume that one
trader receives a positive stock supply in the first period and another trader
receives a negative stock supply in the second period’, whereas Campbell,
Grossman, and Wang assume that the aggregate risk aversion of market partici-
pants changes over time.

Our model in the presence of a trend chaser is related to the literature on price
manipulation, which is almost exclusively information based. See, for example,
[1] [23] [24] [25] [26]. [26] considers a behavior price manipulation model un-
der symmetric information. In this model, there are three types of traders whose
trading strategies are all exogenously assumed.

The rest of this paper is organized as follows. Section 2 spells out the model
assumptions. Section 3 characterizes the equilibrium. Section 4 solves the max-
imization problems of the strategic trader and the liquidity provider. Section 5
presents the main results. Section 6 concludes the paper. The appendices extend
the model to incorporate a noise trader as well as studies the competitive limit of

our strategic model.

2. Model Specification

We consider a four-period model in which there are three types of traders: a
risk-averse strategic trader”, a risk-averse liquidity provider who clears markets

by setting equilibrium stock prices competitively®, and a trend chaser. When we

3See also [18] [19].

*[22] extends the Grossman-Miller model to incorporate capital and margin constraints.

°A representative strategic trader captures the notion of many strategic traders who collude in trad-
ing. This assumption is consistent with the empirical findings of [2] [7] [12], in which brokers col-
lude or retail investors herd in trading.

°Equivalently, we can assume that there are a continuum of competitive liquidity traders, but we
normalize the number to be 1.
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set the trend chaser’s demand for stock to be zero, the model reduces to the basic
version in which both the strategic trader and the liquidity provider are rational
agents. There is one risk free bond and one risky stock available for trading, and
trading takes place at times 1, 2, and 3. At time 4, the game ends and all partici-
pants receive payments according to their stock holdings.

Without loss of generality, we assume that the interest rate for the bond is ze-
ro and that the price of the bond is always 1. At time 4, the stock pays off. Before
that time, the strategic trader and the liquidity provider only know that the stock
payoff follows a normal distribution with mean D, and variance &7 . There is
no information asymmetry between the strategic trader and the liquidity pro-
vider. To generate trading beyond the first period, we assume that in each period,
there is a probability of ¢ that the strategic trader and the liquidity provider will
receive a signal that reveals the true value of the stock payoff perfectly’. Both the
strategic trader and the liquidity provider have the same probability of receiving
a perfect signal regarding the stock payoft.

If the perfect signal arrives, trading stops and the game ends. The reason is
that when the stock payoff is perfectly known to both the strategic trader and the
liquidity provider, the equilibrium stock price is equal to the true value of the
stock payoff, and therefore, no additional trading occurs. We then assume that
both market participants consume their wealth. In other words, there is an un-
certainty about the timing of the traders’ consumption. Equivalently, there is a
probability of (1—q) that the game will move onto the next period. In each pe-
riod, if the signal does not arrive, the strategic trader will choose his optimal
portfolio.

The strategic trader initiates trading and chooses his optimal trading strategies.
The trend chaser picks his trading quantities following a pre-specified trading
rule. The liquidity provider chooses her optimal positions and clears markets by
setting the prices competitively based on the order flows submitted by the stra-
tegic trader and the trend chaser. Because there is no information asymmetry, it
does not make any difference to the liquidity provider whether she observes the
order flows separately or the total order flows only. Symmetric information al-
lows the liquidity provider to solve for the order flows of the strategic trader, and
the order flows of the trend chaser are pre-specified in terms of stock prices that
are known to the liquidity provider.

The strategic trader and the liquidity provider have quadratic utility functions
of E(W,)-1/2yVar(W,) and E(W)-1/2Var(W), respectively’. y, and y
denote their respective risk-aversion coefficients, and W, and W denote their
respective wealth that the strategic trader and the liquidity provider consume
whenever the game ends. The initial endowments of the strategic trader and the
liquidity provider are given by X; and Y, respectively. Because the liquidity pro-

vider is risk averse, the order flows of the strategic trader and the trend chaser

’Our model differs from the asymmetric information model of [27] in which one trader receives a
perfect signal at time 0 and the market maker must infer the private signal from the total order flows
submitted by the strategic trader and the noise trader.

8See, for example, [28] for an early use of the quadratic utility function.
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affect stock prices in equilibrium. As a result, the strategic trader chooses the op-
timal trading strategies taking into account the impact of his trades on prices.
The stock price in period 7is denoted by 7, where i<[1,2,3,4].

The demand for stock by the trend chaser is assumed to be proportional to the
stock price change between two consecutive periods. Obviously, this trader does
not trade at time 1. Because the liquidity provider sets stock prices only after ob-
serving order flows, both the strategic trader and the trend chaser do not know
the price when they submit orders even at time 2. As a result, the trend chaser
does not trade until time 3. We assume that the total quantities traded by the
trend chaser are given by Z, = g(P, —R,), where gis a positive constant.

In summary, in each period i,ie[1,2,3], the strategic trader trades X; shares
of the stock to maximize his expected utility, and the trend chaser trades Z,
shares of the stock (in period 3). Based on the order flows, the liquidity provider
buys or sells Y; shares to maximize her expected utility and clears markets by

setting the equilibrium prices.

3. Equilibrium

In this section, we specify the equilibrium stock price and the market clearing
condition in each period. We consider only a linear equilibrium in which the

prices are linear functions of the order flows of the stock.

3.1. Stock Prices

At the terminal date 4, the stock is liquidated and market participants are paid
according to their stock holdings. The equilibrium stock prices in other periods

are given by

R =Dy + 705 [KY, + K X, + h X ], (1)
P, =D, +y02 [—K,Yo +k Xy +ksX, +h, X ], (2)
P, = Dy + 705 [k Yy + Ky Xy + kg X, + Ko X5 + kg Z5 + 1y X, ], (3)

where the k§ and 4§ are constants to be determined in equilibrium. Because the
liquidity provider sets prices based on her observed order flows of the strategic
trader and the trend chaser, 7, depends only on the order flows before and in pe-
riod j, where i e[1,2,3]. Note that the liquidity provider’s holdings in the stock
do not appear in the price functions, because they become redundant once the

market clearing conditions are imposed.

3.2. Market Clearing Conditions

Since the market clears in each period, the sum of the positions of the strategic

trader, the trend chaser, and the liquidity provider must be equal to zero, that is,

K2
035: Scientific Research Publishing

0=Y,+X,, (4)
0=Y, +X,, (5)
0=Y, + X, +Z,. (6)
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4. Equilibrium Solutions

Using the pricing functions and the market clearing conditions, we next solve
rigorously the dynamic maximization problems of the strategic trader and the
liquidity provider to determine their optimal trading strategies as well as the
coefficients in the pricing functions. We first derive the general expressions for
the solutions in terms of various parameters and then employ numerical solu-

tions to obtain the concrete results.

4.1. The Liquidity Provider’'s Maximization Problems

We solve the liquidity provider’s optimization problems using backward induc-
tion. We first solve the maximization problem in period 3, which is a one-period
problem. Taking the optimal solutions for this period as given, we then solve the
maximization problem in period 2. Taking the optimal solutions from periods 2
and 3 as given, we next solve the maximization problem in period 1.

Whenever the stock payoff is revealed in period j the liquidity provider con-
sumes all her wealth. We denote this wealth by W, where i<{2,3,4}. We de-
note her wealth after trading in period 7 by W, where i< {1,2,3}. The initial
wealth is denoted by W,. We next derive W,

Lemma 1.
W, -W, =Y, (D-D,)+Y,(D-PR), 7)
W, =W, =Y, (D-Dy)+Y,(D-PR)+Y,(D-PR,), (8)
W, -W, =Y, (D-D;)+Y,(D-R)+Y,(D-PR,)+Y,(D-PR). 9)

Proof. The positions in bond and stock in period 7 are denoted by B; and ¥,
respectively, where 1€0,1,2,3, with B, and ¥, being the initial endowments in

bond and stock, respectively. We have that W, = B; +(Zij:1Yj ) P after trading

occurs in period 7 We know that B, =B;—PRY, and B, =B, —R,Y,. When the
q probability event happens in period 2, W, =(B, —Y,P,)+(Y, +Y,) D . Hence,
W, -W, =Y, (D-PR,)+Y,(D-P,). In period 3,
W, = (B, —Y,P,) + (Y, +Y, +Y,) D = (B, —Y,P, —Y,P,) +(Y, +Y, +Y,) D. Therefore,
we have that W, -W, =Y, (D—-PR,)+Y,(D-PR)+Y,(D-P,). Similarly, we can
derive the expression for W,. Q.E.D.

At time 3, there is one period to go. The liquidity provider’s maximization

problem is given by
1
mY?x{E(WAﬁ)—E;/Var(w4|f3)] (10)

Recall that the liquidation value of the stock, D, follows a normal distribution

with mean of D, and variance of &2 . Taking the expectation gives

mYax{(Do ~R,)Y,+(D, - R,)Y, +(D, - P)Y, + DY, —%70‘% (Yo +Y, +Y, +Y3)2}. (11)
3

The first-order condition (FOC) with respect to Y; yields
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Y3=(D° _2P3)—(YO+Y1+Y2)- (12)
70pb

Note that the first term is the familiar demand function for the stock, which
increases with the expected excess return for investing in the stock, (D, -PR,),
and decreases with both the risk aversion of the liquidity provider and the risk of
the stock payoff. Because the liquidity provider is risk averse, the second term
shows that her demand for the risky stock decreases with her cumulative hold-
ings in the stock. Using the market clearing conditions and the equilibrium
pricing functions specified in Section 3, we obtain

ke =K, =k =k, =k, =1, h, =0. (13)

In period 2, the liquidity provider’s expected utility depends on whether the
liquidation value D of the stock will be revealed in period 3. If the g probability
event happens, then the liquidity provider sets the price to be the true value of
the stock payoff, and the game ends. The liquidity provider will then consume
her entire wealth. It can be derived that the liquidity provider’s expected utility is
given by

rryz\x{q{(Do —PB,)Y, +(D, = R)Y, + DY, —%}@'é (Yo +Y, +Y2)2}
+(1-0)[(Dy = P,)Y; +(Dy = B,)Y, +(Dy = B)Y, + Dy, | (14)
—(1—q)%yo'é (Yo +Y, +Y, +Y3)2}.
The FOC with respect to ¥; yields

Y2:[(l_q)(%_P2)+q(DO_P2)]—(Y0+Y1), q#0. (15)

ayo;

To understand this demand function, we rearrange Equation (15) as:
(Yo +Y,+Y,)qrod =[(1-q)(P,~P,)+q(D, — B,)]. The right hand side of this
equation represents the expected profit for investing in the stock, and the left
hand side represents the risk premium associated with the q event that the stock
payoff D will be revealed. At time 2, D follows a normal distribution of
N (D, 0% )-

In period 1, there is a probability of g that the liquidation value of the stock
will be revealed in period 2 and a probability of (1—q) that the game moves on
to period 3. We obtain the expected utility of the liquidity provider as

mYzlix{q[(DO —R)Y, +DyY, _%mg (Y, +Y1)2}
+04(1-9)[(Dy = P,)Y, +(Dy = B)Y, + DyY, |
—q(1—q)%7o—§, (Yo +Y, +Y, ) (16)
+(1—q)(l—q)[(D0 ~P,)Y; +(Dy = P,)Y, +(Dy = R)Y; + D0Y0]

1
_E(l—q)(l—q)yaé (Y, +Y, +Y, +Y3)2}.
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The FOC with respect to Y, yields

Yl:[(l_q)(Pz_Pl):q(Do_Pl)] —YO. (17)
gyop

4.2. The Strategic Trader’s Maximization Problems

Like the liquidity provider, the strategic trader consumes whenever the game
ends or the stock payoff is revealed. When the stock payoff is revealed, his
wealth in period 7 is denoted by W,*, where ie{2,3,4}. The initial wealth is
denoted by W,. Using similar derivations to those of the liquidity provider’s

wealth processes, we obtain

W, -W* =X, (D-PR,)+X,(D-R), (18)
W =W, =X,(D-R)+X,(D-PR)+X,(D-PR,), (19)
W, =W =X, (D-Ry)+X,(D-R) (20)
+X,(D-P,)+X,(D-R,)
The strategic trader’s maximization problem in period 3 is given by
mxe:x{Xl(Do—I31)+X2(D0—P2)+X3(D0—P3) o
21

1 2
_Eﬂ(xo+xl+xz+xs) } H=7,0p.

Substituting the conjectured price functions into this equation, the FOC yields

Dy — P, = AX5 — s X, + Xo + X, + X3) =0, (22)

where A = yo? . Rearranging the FOC gives

1
24+ u

Xy = [A(Yo + Xy + X, +Z5)+ u(Xo + X+ X,) . (23)

It can be verified that the second-order condition (SOC) is negative. Hence,

Equation (23) yields the optimal solution.
The maximization problem in period 2 is given by

mxa:x{(l—q){XODo +X,(Dy =R)+X, (D, -R,)
1
+X3(D0—P3)—Ey(XU+X1+X2+X3)2} (24)
1
+q[XODO +X,(D, - R)+ X, (D, —Pz)—E,u(XO + X, + xz)z}}.

The FOC yields
(D — P, —ksAX, ) = p( X + Xy + X, ) = (=) (X + X, + X, + X3)

~(1-q)(1+gAks ) AX, =0, (25)

and the SOC gives

K2
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1
SOC, = —2k. A — uq —(1—q)/{1— T (A+u+ glzks)]
a (26)
+(1-q) 2/1+u(1+ 9Aks )(A+u+gA%k;).

To solve the FOC (25) for the strategic trader’s optimal trading strategy X, in
the second period, we assume that X, is a linear function of X, X; and Y;, which
takes the form of

xz :goYO+ng1+92X0! (27)

where g, g, and g, are constants to be determined in equilibrium, and Yj is the
initial endowment of the liquidity provider.

The optimization problem in period 1 is given by

mxzix{(l—q)z{XOD0+X1(D0—|>1)+ X, (Dy = P,)+ X5 (Dy —B)

1
_Ey(lerxO +X, +X3)2}+(1—q)q{XODO +X,(D, -R)
(28)

1
+XZ(DO—PZ)—E,u(X1+XO+X2)2}

1
+q[XODO +X,(D, —Pl)—z,u(xl+ xo)z}}.

The FOC with respect to X, gives
0=—(P +k,AX; = Dy)—qu(X,+X,)
—(1=a)[ kX A +qu(X, + X, +X,)]
+(1-0)" (14K ) (Xg + X+ X, + X;)
—(1-09)" {AX; [1+k, + g A (K, —k,) ] KRy},

(29)

1
Ks :_21+ﬂ[()’+ﬂ)+glz(k4_kz)]

The SOC gives
SOC = 2k, - qu
—(1-0)[ gkeA +qu(1+9,)+ u(1-9)(1+ g, +k ) (1+k,) ]
~(1-q) kA[1+ 0, + 9k +k +gA(k, —k,)]
~(1-0a) kA[L+k, +ga(k, —k,)].

(30)

(A+u)g, +92%k,0,
21+ u '

where k, =k, -

Recall that P, P, and P; are linear functions of X,,ie[1,2,3], with
k;, je[1,2,3,---,10] , being the coefficients. We have shown that k; =1,
j<[6,7,8,9,10], h,ie[1,2,3] and k;,ie[1,2,3,4,5], are functions of g, g,
and g, only. X, is a function of g, g, &, Y, X,, and X,. The FOC (22) of the
maximization problem in period 3 shows that Xj is a function of X, Xj, X;, and

P,. Substituting the pricing functions of 7, into Equation (22), we see that X; can
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be expressed in terms of g, g, £, X;, and X as in Equation (23). The FOC (25)

of the maximization problem in period 2 shows that X, is a function of X;, X, .X;,
and P,. Substituting the pricing function of P, and the expression for X; into this
equation and rearranging it yield that X, can be expressed as a linear function of
Y, X, and X,. Plugging this expression for X, into X, =g,Y, +9,X; + 9, X,

yields a linear function of X;, X, and Y. Because this equation holds for any Y,
X, and X;, comparing the coefficients in front of ¥;, X, and X, yields three equ-
ations for g, g, and g,. Solving these equations gives the solutions for g, g;, and
& Plugging the expressions for X,, X;, P, and P, into the FOC (29) of the max-
imization problem in period 1 yields the expression for X; as a linear function of
X, and Y;. The closed-form solutions to these equations do exist but they are ex-
tremely complicated. We next solve for g, g, and g, numerically with certain
parameters and simultaneously ensure that the SOCs are all satisfied under those

parameter values.

5. Main Results

The inputs for numerical calculations are the stock endowments of the liquidity
provider Y, and the strategic trader X;, the expected value of the stock payoff, D,
the probability g that the stock payoff will be revealed perfectly in periods 1, 2,
and 3, & A =pol,and u=y.oc’. We next present the results both with and

without a trend chaser in the market.

5.1. Results without a Trend Chaser org =0

In this setup, we have a rational model in which the strategic trader initiates
trades to achieve optimal risk sharing with the liquidity provider. Because of the
market impact cost, the strategic trader trades gradually to minimize the market
impact of his trades. We next present four sets of results, depending on the ini-
tial endowments and the risk aversions of the strategic trader and the liquidity
provider.

Case 1: Figure 1 presents the results for the case in which the strategic trader
initiates a buy order and keeps buying in all three periods, or X;, X,, and X; are
all positive. Equivalently, the liquidity provider sells the stock in all periods to
clear markets. The strategic trader and the liquidity trader share risk optimally.
The equilibrium stock price keeps going up until it converges up to the funda-
mental value D, which is set to be 0 in all calculations without loss of generality.
We thus have P, <P, <P, <0. The buy orders by the strategic trader lead to
positive stock returns in the future, and the stock returns exhibit predictable
patterns. The strategic trader, who has no endowment in the stock, can afford to
take on additional allocation of stock. Hence, the strategic trader initiates a buy
order, and the liquidity provider sells to the strategic trader and clears the mar-
ket by setting equilibrium prices. With an uncertainty about the timing of con-
sumption and the market impact of the strategic trader’s trades, the strategic
trader trades gradually to achieve optimal risk sharing with the liquidity provid-

er as well as to minimize the market impact costs of his trades. As a result, the
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Figure 1. Price dynamics (D, =0, ¥;=1, X,=0,1=1,and g=0).

stock return exhibits predictability, and the strategic trader’s trade can be used to
forecast future stock returns.

Case 2: Figure 2 presents the results for the case in which the strategic trader
initiates a sale order and keeps selling in all three periods, that is, X;, X;, and X,
are all negative. Since the liquidity provider has a negative endowment, she tends
to cover his short position. Hence, the liquidity provider buys the stock in all pe-
riods to clear markets. To achieve optimal risk sharing between the two traders,
the strategic trader sells to the liquidity provider. Due to the negative risk pre-
mium associated with the liquidity provider’s negative endowment, the stock
prices in the first three periods are greater than the fundamental value 0. The
equilibrium price keeps going down until it converges to the fundamental value,
or B >P,>P,>0. The strategic trader initiates a sale order and trades gradu-
ally to share risk with the liquidity provider as well as minimize the market im-
pact of his trades. The gradual trading by the strategic trader leads to the stock
return predictability. As a result, the trade by the strategic trader can be used to
forecast future stock returns. To compensate the liquidity provider, the sale-
orders by the strategic trader lead to negative stock returns in the future, and
there exists a positive contemporaneous relationship between stock returns and
strategic trader’s orders.

Our results in the above two cases provide potential explanations for the em-
pirical findings of [2] [7] [8], in which their herding retail investors would cor-
respond to our strategic trader. They find that the buy (sale) orders of retail in-
vestors lead to positive (negative) stock returns in the future. In addition, the
positive contemporaneous relationship between the trades of the strategic trader

and stock returns is consistent with the empirical results of [10] [11], and others.
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Figure 2. Price dynamics (D, =0, ¥, =-1, X;=0,1=1,and g=0).

Case 3: In Figure 3, the strategic trader has a short position in initial stock
endowment. To achieve optimal risk sharing, the strategic trader tends to cover
his short position and initiates a buy order. He may keep buying in all three pe-
riods. The liquidity provider sells the stock to clear markets. To minimize the
market impact of his trades, the strategic trader trades gradually, and his buy
orders decline over time. Due to a negative risk premium, the stock prices in the
first three periods are above the fundamental value D,. In particular, they in-
crease in the first three periods and then come down to D, at the terminal date.
There is a downward price reversal in the last period.

Case 4: In Figure 4, the endowment of the strategic trader is positive and that
of the liquidity provider is zero, so the strategic trader initiates a sale order. To
minimize market impact, the strategic trader sells the stock gradually to the li-
quidity provider in all three periods. Due to a positive risk premium, the stock
prices are lower than D,. The price decreases in the first three periods, then goes
up to D, at the terminal date. There is an upward price reversal in the last pe-
riod.

In the above two cases, the sale (buy) orders by the liquidity provider lead to a
negative (positive) price reversal in the last period. [9] documents positive excess
returns after individuals buy and negative excess returns after individuals sell.
They interpret the individuals in their sample as liquidity providers. Our results
regarding the liquidity provider offer potential explanations for the empirical
findings of [9].

In sum, under a symmetric information framework, we find that a combina-
tion of optimal risk sharing, strategic trading, and stochastic timing of consump-

tion generates not only sustained trading beyond the first period but also the
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Figure 4. Price dynamics (D, =0, ¥;=0,X,=1,1=1,and g=0).

predictability of stock returns. We are able to reconcile two seemingly contra-

dictory empirical findings in a parsimonious rational model. In particular, the

buying (selling) by one group of traders leads to positive (negative) stock returns

in the future and the buying (selling) by another group of traders leads to nega-

tive (positive) stock returns.

When the probability of observing the signal is zero, we find that the no-trade

theorem of [13], which assumes a competitive model, still holds under our stra-
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tegic model. That is, after the first round of trading, both traders reach Pareto
optimal risk sharing, and consequently, there will be no additional trading in
future periods.

For completeness, we have shown that our results hold in the presence of a
Kyle-type noise trader. We have also shown that the no-trade theorem of [13]
holds in a competitive model in which the trades by the initiating trader do not
affect the stock price, although there is a positive probability that the stock
payoff will be revealed perfectly in each period. In other words, strategic trading
is essential to overcome the no-trade theorem. The detailed solutions are pre-

sented in the appendices.

5.2. Results with a Trend Chaser

Khwaja and Mian (2005) find that pure price manipulation in the absence of
private information can generate a pump and dump price pattern. Specifically, a
group of colluding brokers drive up the stock price initially and then sell the
stock to trend chasers in the market. The stock price subsequently falls as the
brokers exit the market. This empirical test provides a great opportunity for the
application of our basic model. In this subsection, we introduce a trend chaser
into the basic model. Specifically, the trend chaser trades according to a pre-
specified trading rule given by Zz,=g(P,—P), where Z denotes the trend
chaser’s demand for stock and gis a constant. Because the trend chaser does not
observe the stock price when he submits his order at time 2, he does not trade
until the third period.

Figure 5 and Figure 6 present the results for different values of g and q.
Figure 5 considers the case of weak trend chasing (a small g value), and Figure 6
considers the case of strong trend chasing. For comparison, we include the case
of no trend chasing or g= 0.

Figure 5 shows that the stock price increases in the first three periods and
then converges up to the fundamental value of D,. In this case, the strategic
trader has no share of stock and the liquidity provider has one share of stock in
the initial endowment. Consequently, the stock price is below D, due to a posi-
tive risk premium. As in Case 1 without the trend chaser, to minimize the mar-
ket impact costs of his trades, the strategic trader buys the stock from the liquid-
ity provider gradually in the first three periods. Note that 2, is greater than 7, so
the trend chaser buys the stock at time 3. Because P2, is less than D,, the trend
chaser makes a profit. In this case, the behavioral trend chaser can survive in this
economy. Intuitively, the trend chaser and the strategic trader help the liquidity
provider to reduce stock risk, hence, their expected profit can be positive due to
risk bearing. This result provides a potential justification for the existence of
some trend chasers.

When trend chasing is strong, however, the trading by the strategic trader is
quite different. Figure 6 shows that X, and X, are positive but X; is negative, and
that the stock price increases in the first three periods and then decreases to D,.

In other words, the strategic trader purchases the stock in the first two periods,
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Figure 5. Price dynamics with weak trend chasing (D, =0, ¥, =1, X;=0,A=1,and y =
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Figure 6. Price dynamics with strong trend chasing (D, =0, ¥;=1, X, =0, A=1,and =

0.01).

pushing up stock prices, and then sells the stock at a high price to the trend

chaser at time 3. Although the strategic trader sells the stock at time 3, the stock
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price still remains high due to the strong buying by the trend chaser (Z, > |X,|)
at the same time.

We define gas a measure of the likelihood of manipulation. When gincreases,
the magnitudes of X, X,, X, Z,, P, P,, and P, all increase. The strategic trader
trades so that the difference between the stock price in the second period and
that in the first period is sufficiently large. As a result, the trend chaser will de-
mand a large amount of stock in the third period. Numerically, both
(P,—P,)>0 and (P,~R)>0 increase with g With a high (B, -P,), the
strategic trader can profit more by selling in the third period.

In particular, when g is large enough, P, can even exceed D, (=0), which can
be seen from Figure 6. Notice that in the absence of a trend chaser, the stock
price in this case is always lower than D), because the liquidity provider and the
strategic trader are risk averse and they have long positions in the stock. With
trend chasing in the market, the strategic trader buys the stock in the first two
periods, and the liquidity provider uses her inventory to clear markets. In the
third period, it is possible that the trend chaser demands the stock so much that
the liquidity provider has to borrow shares to clear the market. Consequently,
the liquidity provider prices the stock higher than D, driving up the stock price
significantly. This phenomenon corresponds to a bubble state as defined in [29].

Our model with a trend chaser under symmetric information produces similar
results to those obtained by [29] in an asymmetric information model. Note that
our model relies on the rational behaviors of the strategic trader and the liquidi-
ty provider to drive up the stock price. In De Long et al., the stock demand of the
liquidity provider is exogenously assumed, so their model is a partial equilibrium
one. In addition, the assumption of asymmetric information is not supported by
[12], who find that strategic trading rather than asymmetric information leads to
the pump and dump trading pattern. In [26], traders share the same information
as in our model but the trading strategies of all the traders are exogenously as-
sumed. If trading strategies were to be determined optimally, then there would
not be any trading after the first round or their results would not hold.

In sum, our model represents perhaps the first rigorous model that generates
the pump-and-dump price pattern. These results are due to a combination of
strategic trading, trend chasing, and a stochastic consumption date. Absence of
any of the three factors will not generate the pump and dump patterns.

When a trend chaser is introduced into our rational model, the expanded
model can then be viewed as a trade-based manipulation model in which there is
a strategic trader, a competitive liquidity provider, and a mechanical trend chas-
er. If the intensity of trend chasing is weak, then manipulation by the strategic
trader will not be strong. It is possible in this case that the trend chaser can ac-
tually make a profit. This result perhaps provides a rationale that trend chasers
can survive in the market. If the intensity of trend chasing is strong, however,
the strategic trader will trade, leading to a significant price change between the
first two periods. As a result, the trend chaser will demand a large quantity of

stock in the third period, which maintains the stock price at a high level, while
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the strategic trader exits the market. In other words, the strategic trader raises
stock prices initially to attract trend chasers. Once prices have risen, the strategic
trader sells to trend chasers, and prices subsequently fall, generating a pump and

dump price scheme.

6. Conclusion

In conclusion, this paper develops a theoretical framework for risk sharing and
strategic trading under symmetric information. This framework not only over-

comes the no-trade theorem, but also generates stock return predictability.
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Appendix
A. Equilibrium with Noise Traders

In our basic model, optimal risk sharing and strategic trading generate sustained
trading under symmetric information. In asymmetric information models such
as those of [21] [27], an exogenously specified noisy supply is required for trad-
ing to take place. For completeness, we incorporate this feature into our basic
model. We assume that in period 7 there is a stochastic demand given by U,,
where ie[1,2,3] and that U; follows an Zid normal process with a mean of
zero and a variance of 2. We consider a linear equilibrium in which the equi-

librium stock prices are linear functions of the order flows for the stock.

A.1. Equilibrium Prices

At the terminal date 4, the stock is liquidated and the market participants are

paid according to their stock holdings. The equilibrium prices at other times are

given by
P =D, + 0} [—k{ll}YO Ky Xy KUy + QXOJ, (31)
P, =D, + 07 [-km}\(0 K Xy + Ky Uy +K g X, +K g U, + hzxo], (32)

P, =D, + 0% |:_k{31}Y0 + k{sz} Xy + k{ss}Ul + k{34} X, + k{ss}uz + k{ze} Xs (33)
+k{37}U3 + km}Z3 + h3X0],

where the ks and AS are constants to be determined in equilibrium. As in the
basic model, P, depends only on the order flows before and in period i, where
i [1,2,3]. The liquidity provider sets the prices competitively. Note that under
symmetric information, the liquidity provider can distinguish the orders be-
tween the strategic trader and the noise traders. Therefore, the impacts of these
two orders may be different. We assume different coefficients in the above price

functions.

A.2. Market Clearing Conditions

Because the market clears in each period, the sum of the positions of the strateg-
ic trader, the noise trader, and the liquidity provider must be equal to zero, that

is,

0=Y,+X,+U,, (34)
0=Y,+X,+U,, (35)
0=Y,+ X, +U, + Z,. (36)

A.3. Solution Procedure

Using the pricing functions and the market clearing conditions, we solve the
maximization problems of the strategic trader and the liquidity provider to de-
termine their optimal trading strategies as well as the coefficients in the pricing

functions. We solve these dynamic maximization problems by backward induc-
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tion. We first derive the general expressions for the solutions in terms of various

parameters and then obtain concrete results numerically.

The Liquidity Provider’s Maximization Problems

We start with solve the maximization problem in period 3, which is a one-period
problem. Taking the optimal solutions for this period as given, we then solve the
liquidity provider’s maximization problem in period 2. Taking the optimal solu-
tions from periods 2 and 3 as given, we next solve the maximization problem in
period 1. When the stock payoff is revealed perfectly in period 4 the stock price
will be equal to the stock payoff afterwards. As a result, the game ends and the
liquidity provider consumes all her wealth. The wealth processes take the same
forms as those in the basic model.

At time 3, the liquidity provider’s problem is given by

[ (Wil ) - Var(w| )} (37)

Recall that the liquidation value of the stock, D, follows a normal distribution

with a mean of D, and a variance of &3 . Taking the expectation gives

mgx[(Do P}, +(Dy ~ P,)Y, +(D, —B,)Y, + DY,
(38)
_%7/0'5 (YO +Y1 +Y2 +Y3)2:|.

The liquidity provider can figure out the order flow by the strategic trader and
the order flow by the noise trader exactly, so the volatility of the noisy supply,
oy > does not appear directly in her expected utility.

In period 2, the expected utility of the liquidity provider depends on whether
the liquidation value D of the stock will be realized in period 3. The liquidity

:

provider’s problem is given by

mzjx{(l—q)EH (Wl )- 7Var(W I )}
va| e, )-Svar(w.,) 1.

In period 1, there is a probability of g that the liquidation value of the stock

(39)

will be realized in period 2 and a probability of (1—q) that the game moves
onto period 3. The liquidity provider’s maximization problem is given by

oo o e, -t )]

+q(1- q{ (W |f) Var(w |f)} (40)

+q(1- q[ (W |f) Var(W |ﬁ)}}
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Solving the above optimization problems yields the optimal stock demand by
the liquidity provider in each period. We summarize the results in the following
proposition.

Proposition 1. The optimal trades by the liquidity provider in each period are

given by the following equations:

Y3 :(Do _2P3)—(Y0+Y1+Y2), (41)
Y0p
1- E|R|F
Y, = [( 9)(E[RI%]-P)+a(D, )1—(Y0+Y1), q=0, (42)
QVO'D
0= E[Pl]—'] P, q=0, (43)
P D,-P
Yl |: |-7:] )+q( 0 l)]_Yo: q¢0, (44)
qrop
0-E[RI%]-R, a=0. (45)

Notice that the Y’s take similar forms to those in the basic model without
noise traders. Using the market clearing conditions and the equilibrium pricing
functions, we obtain

k = k =k 3 =Ky =Ke =K =K

=K., =1 h,=0. (46)

{33} T Y34} {35} {36} {37} {38}

Note that when (=0, we have
E[P |7 (2)]=E[P| Ay ()] =E[P | A, (1)]= B, that is, the prices follow a

random walk process.

A.4. The Strategic Trader’s Maximization Problems

As in the basic model, the strategic trader’s maximization problem in period 3 is

given by

X3

max{E{XO(DO —P0)+ Xl(DO_Pl)+ Xz(DO—P2)+ Xs(Do_Ps)
(47)
1 2 1 2
_Eﬂ(xl+ X0+X2+X3) _E'//Xa |~7:3}},

1
where y ==y.0,. o, appears explicitly in the strategic trader’s problem,

2
because when he submits the order, he does not know the exact value of the
noise trader’s supply, which follows a normal distribution. Substituting the con-

jectured price functions into this equation, the FOC yields

E[(Dy—P)| 7 | = AX;— (X, + Xo + X, + X5 ) —wX; =0, (48)

where A = yo? . Rearranging the FOC gives

_r

24+ u+y (49)
LY (X Uy ) +( Xy +Up )+ Zg + (X + X, + X,) -

3=~

It can be verified that the SOC is negative.
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The maximization problem in period 2 is given by

nlax{(l—q)E[WAX —%u(xﬁ Xo+ X, +X,)° —%t//Xf |]-‘2}
2
(50)
X 1 2 1 2
qE| W, _Eﬂ(x1+xo+x2) _El//xz | 7 |-

To solve the FOC for the optimal X,, we assume that X, is a linear func-
tion of X, +U,, which takes the form of

Xz:goYo+91(X1+U1)+gzxo+gsx1! (51)

where g, g, and g, are constants to be determined in equilibrium, and X; and ¥,
are the initial endowments of the strategic trader and the liquidity provider, re-

spectively. The optimization problem in period 1 is given by
2 x 1 2 1 )
mxa}x (1-q) E|W, —Ey(xl +Xo+ X, + X3) —El//X3 | A
X 1 2 1 2
+(1-q)qE | W, —Ey(X1+XO+X2) _EWXZ | A (52)
1 2 1

+qE|:W2X _Eﬂ(xl + Xo) _El//xl2 | ‘7:1}}

The solutions to the above optimization problems are summarized in the fol-

lowing proposition.

Proposition 2. Suppose that

1
SOC, = -2k, A - 1q -y q—(1- q);{l—m(ﬂ +u+gAKy, )}

(53)
+(1-0)5-~ p (L 92Ky ) (2+ 22+ 9 2% ) <O,
SOC, = _2k{12}/1 - q(ﬂ'“//)
—(1—q)[glk{22}ﬂ,+qy(l+gl)+,u(l—q)(l+gl+kt)(1+lzs)}
(54)

~(1-q)? Esz[u 0, + 02K+ 02 Ky —Kiy )J

~(1-q)’ ktﬂ{lJrES + g/l(k{zz} —kyy, )J <0,

1

k. =- 22+ 1 [(/1+,,)+ 94% (K ~ Ky )J

e (A0 +a.04%.,
v 20+ 1

The optimal trades in periods 2 and 1 satisfy
(DO_E[PZ |‘7:2]_k{24}/1xz)_(1_q)ﬁ'(1+g/lk{z4})E[X3 |‘7:2]
—uq(xo + X+ Xz)_QV/X2 _ﬂ(l_q)<xo + X+ X, + E[Xs |]:2]) (55)
:0'
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OZ(DO_E[Pl |-7'—1]_k{1z;ﬂ'xl)_q/u(xo +X1)_ql//xi
~(1-Q)[ Ko 2E[ X, | B+ A(Xo + X, +E[X, | £]) ]
~(1-qY {y(1+ks)(X0 + X, +E[ X, +E[X, |f2]|yq])}

+(1-qY’ {_,1[1+ ke +92(Kagy ~kuzy ) |E[Xa | ] +k. (D, ~E[P |]-'1])}.

(56)

Similar to the case without noise trading, we obtain the optimal solutions
from the FOCs of the liquidity provider, the strategic trader, and the market
clearing conditions. We solve the relevant equations numerically for concrete
results. We consider the case in which the endowment of the liquidity provider
is larger. In Figure Al, we set ¥; =1, X; = 0.01, y=y,=1,and o2 =1. This
case corresponds to Case 1 without noise traders. We obtain that the uncondi-
tional expected returns (the price changes), E [( P, — Pl)] » E [( P,-PR )} , and
E [(D - Ps)], are all positive. Specifically, the expected prices are predictable,
and the buying by the strategic trader leads to positive expected stock returns in
the future. We can generate all other results obtained in Cases 2 - 4 in the ab-
sence of noise traders.

In sum, our results are robust with respect to the introduction of noise

traders.

B. Equilibrium with Competitive Traders

We here consider the case in which there are a continuum of competitive traders
instead of a strategic trader. We normalize the number of the competitive trad-

ers to be 1. The purpose is to show that under this competitive equilibrium, the

E[X4] E[X5] E[X;]
0.6 0.2 0.24
——— - - | 018 0.22
0.4 == == 0.2 _
0.16 _ 0.18 TN
02 0.16 =
04 06 08 04 06 08 04 06 08 1
E[P4] E[P,] —E[P4] E[P3] - E[P3]
-0.4 0.18 0.2
0.16 P
-0.5 N~ Y% 0.15
STo | o4 y
-0.6 — 012 0.1
04 06 08 04 06 08 04 06 08 1
E[P,] E[Ps]
-0.3 -0.1
- v=0
-0.4 T2 02 | =02
T TS - - - =03
-0.5 -0.3
04 06 08 04 06 08
X axis: q

Figure Al. Price dynamics with noise trading (D, =0, ¥, =1, X; =0, A =1, #=0.01, and

£=0).
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no-trade theorem of [13] still holds, even with a positive probability q that the
stock payoff will be revealed perfectly in each period. This exercise highlights
that strategic trading is essential to generate sustained trading under symmetric
information.

We take the linear pricing functions as in the strategic equilibrium. The mar-
ket clearing conditions and the liquidity provider’s maximization problems re-
main the same. In the current competitive equilibrium, the trades by the com-
petitive trader do not affect the pricing directly, that is, when the competitive
trader solves his optimal stock demand, he takes the prices as given. Because the
solution techniques are essentially the same as in the strategic equilibrium, we
omit them here.

The FOCs of the competitive trader yield

x3=w—(xo+xl+xz),
7SO-D
1-q)(R,—P D, - P
x2=[( G Z)Eq(‘) 2)J—(x0+x1), q>0,
q}/so-D (57)
1-q)(P,-P, D, - P
X1=[( a)(R, 1)42rq(0 1)]_)(0, >0,
qyso-D

P,=P,=PF, gq>0.

Combining the FOCs and the market clearing conditions yields

ya=-,
Vs
(DO_PS)

o2 :7a(XO+YO)’

D

[(1-a)(R-PR,)+a(D,-R,)]

qaé _;/a(XO+YO),
o) aB R ),

where y, represents the representative investor’s risk aversion coefficient. Sim-

ple calculations give
P, =P, =R =705 (X, +Yo): (58)
Consequently, we arrive at

Y Y
xlzy—:(xowo)—xo, ley—z(xowo)—vo, 59)
X,=X,=Y,=Y, =0.

In sum, we have shown that in this competitive equilibrium, the liquidity pro-
vider and the competitive trader achieve optimal risk sharing after only one

round of trades. This result is consistent with the no-trade theorem of [13].
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