/
oo Resmurch
0.00 Publishing

Applied Mathematics, 2017, 8, 453-475
http://www.scirp.org/journal/am

ISSN Online: 2152-7393

ISSN Print: 2152-7385

The Principal Component Transform of
Parametrized Functions

Ilia Zabrodskii, Arcady Ponosov

Department of Science and Technology, Norwegian University of Life Sciences, A s, Norway

Email: arkadi@nmbu.no

How to cite this paper: Zabrodskii, I. and
Ponosov, A. (2017) The Principal Compo-
nent Transform of Parametrized Functions.
Applied Mathematics, 8, 453-475.
https://doi.org/10.4236/am.2017.84037

Received: February 23, 2017
Accepted: April 21,2017
Published: April 24, 2017

Copyright © 2017 by authors and

Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

DOI: 10.4236/am.2017.84037 April 24,

Abstract

Many advanced mathematical models of biochemical, biophysical and other
processes in systems biology can be described by parametrized systems of
nonlinear differential equations. Due to complexity of the models, a problem
of their simplification has become of great importance. In particular, rather
challengeable methods of estimation of parameters in these models may re-
quire such simplifications. The paper offers a practical way of constructing
approximations of nonlinearly parametrized functions by linearly parame-
trized ones. As the idea of such approximations goes back to Principal Com-
ponent Analysis, we call the corresponding transformation Principal Compo-
nent Transform. We show that this transform possesses the best individual fit
property, in the sense that the corresponding approximations preserve most
information (in some sense) about the original function. It is also demon-
strated how one can estimate the error between the given function and its ap-
proximations. In addition, we apply the theory of tensor products of compact
operators in Hilbert spaces to justify our method for the case of the products
of parametrized functions. Finally, we provide several examples, which are of
relevance for systems biology.

Keywords

Principal Component Analysis, Discretization of Functions,
Metamodeling, Latent Parameters

1. Introduction

This study is closely related to applications in the so-called “metamodeling” of
differential equations, where a “proper” model of an e.g. complex biological
process is replaced by its approximation which contains “most information”
about the model, but which is simpler. In particular, the true parameters of the

model are replaced by “the latent parameters”, which makes the model linear
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with respect to the latter and hence enables the usage of the (if necessary, partial)
least-squares regression. This explains why this idea proved to be efficient in pa-
rameter estimation (see e.g. [1]). This also justifies the high numerical efficiency
of metamodeling, which has been widely used in statistics [2], chemometrics [3],
biochemstry [1], genetics [4] [5] [6], infrared spectroscopy [7] to simplify theo-
retical and computational analysis of the “true” models.

Let x=x(u,®) be a function, where ueU cR" and weQ, QcR"
being a space of parameters and k € N be a given number. The kth Principal
Component Transform (PCT) is akspecially constructed parametrized function
PCT(x,k)=x, of the form x, =) p,(u)t;(@). The image X, is constructed
to yield the minimum distance (iniE%)me sense) between x and all possible ap-
proximations of x of the form 'z (u)y, (@). The distance is chosen to en-
sure an efficient way to estimate the deviation of X, from x.

Geometrically, the parametrized function x may be regarded as a curve
@ X(, @) in a separable Hilbert space. Then x,=PCT(x,k) can be inter-
preted as a projection of this curve onto an K -dimensional subspace, which is
chosen in such a way that the image X, gives a best possible individual fit to x
among all k -dimensional subspaces. As we will see in Subsection 3.1, this nec-
essarily leads to nonlinearity of the mapping PCT.

As we will see in Subsection 3.3, discretizing the function x(u,®) and its
PCT yields matrices and the projections onto their first k principal compo-
nents, respectively. This explains our terminology: PCT can be regarded as a
functional analog of the principal component analysis (PCA) of matrices. This
terminology was suggested by Prof. E. Voit in a private talk with the second au-
thor during his seminar lecture in Oslo in 2014.

All the papers cited above concentrate on efficiency of the metamodeling ap-
proach and disregard mathematical properties of PCT and their justification,
which is, for instance, quite important for understanding the limitations of the
method and describing the exact conditions under which the method is applica-
ble. In particular, the convergence properties of the sequence of metamodels to
the original model has not been studied in the available literature. In our paper
we try to fill this gap suggesting a rigorous mathematical approach to PCT and
analysis of its basic properties. More precisely, we demonstrate how the theory
of compact operators in separable Hilbert spaces can be used to provide such an
analysis.

The paper is organized as follows. In Section 2 we introduce the distance in
the space of parametrized functions, formulate the theorem on the best indivi-
dual fit in terms of PCT of functions (Subsection 2.1) and provide some exam-
ples relevant for systems biology (Subsection 2.2). In Section 3 we study mathe-
matical properties of PCT: nonlinearity (Subsection 3.1), continuity (Subsection
3.2) and show relations of PCT and PCA via discretization of functions (Subsec-
tions 3.3 and 3.4). In Section 4 we study PCT of products of parametrized func-
tions which are interpreted as elements of the tensor product of two or several

Hilbert spaces (Subsection 4.1). We aslo show that PCT pre- serves the tensor
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products and therefore the product of parametrized functions (Subsection 4.2)
and give some examples (Subsection 4.3). In Appendix 5 we offer short proofs of
some auxiliary results used in the paper: Allahverdiev’s theorem (Subsection 5.1)
and some propositions related to tensor products of linear compact operators in
Hilbert spaces (Subsection 5.2).

2. The Best Individual Fit Theorem

In this section we define the distance in the space of parametrized functions and
describe how best individual fits PCT(x,k)(k € N) to a given function x can
be obtained using the theory of compact operators in Hilbert spaces. We also

prove nonlinearity and continuity of PCT and give some specific examples.

2.1. The Distance in the Space of Parametrized Functions

Let U be a compact subset of R" and Q be a compact subset of R". We
consider the separable Hilbert spaces L’(U) and L*(Q) with the standard
scalar products (-,-) and the norms |||| .
Suppose we are given a measurable, square integrable function x: UxQ —> R,
Le.
[[]x(u,) dudw < o0 (1)
uQ
The aim is to find a best possible approximation of x in the class £, of all

Kk
functions of the form x, (u,@)=>7 (u)y; (@), where z €L*(U) and
i=1

y, e *(Q).

To explain better the nature of topology we use in this case let us have a look
at finite dimensional Hilbert, ie. Euclidean, spaces. Let X = [Xij] bean mxn
-matrix, for instance, a discretized function x(u,®) where X; = X(ui,a)j ) In
this case, the best approximation X, to X in the class of mxn-matrices of
rank not greater than k is given by the first k terms in the singular value de-
composition of X :

X, =24, 2)
i=1
where t; = Xp, and p; are the normalized eigenvectors of the matrix XX
and A" isthe conjugate (transpose) of a matrix A . In other words,
min|X —Y| =X - X,|, where rank Y <k (3)

The matrix norm is defined as ||Z|| = Sup”Za

ledist

, where ||o| is the Euclidean

normin R".

Now we will look at arbitrary real separable Hilbert spaces which are denoted
by H and K and which are equipped with the scalar products (~,~)H and
(++), and the corresponding norms |||, and ||, , respectively. Assume that
X :H — K isalinear compact operator. Its norm is again defined as
[X[[= sup [Xa, -

ledy <2
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Put
L, (H , K) = {Y is a linear bounded operator from H to K such that dim(ImY)s k} (4)

We want to find an operator X, e £, (H,K) for which ||X — X, |— min.
The construction of X, is very close to the singular value decomposition of
matrices.

Assume that X :H — K is the adjoint of X . Then the linear compact op-
erators X X:H —H, XX":K — K are self-adjoint and positive-definite.

Let o >0, 220 2-—0,0;>0, (i=12,-) be all positive eigen-
values of the operator X X, the associated normalized eigenvectors being
P, Py, Pg, - - € H, respectively:

X“Xp, =otp, |pf, =1 ieN (5)
It is well-known that p; can always be chosen to be orthogonal:

P L pj,i# ] and for any aeH there is a unique set ¢, €R, ieN and a

unique P, € Null ( X*X) for which o = p,+ )¢ p; and, moreover,
i=1

||0:||i1 = p0||i| + iZ::ciz. Now, the operator X can be represented as

Xa:i(a, )y b (6)

where t, = Xp, and the convergence is understood in the sense of the norm in
the space K. The truncated versions X, € £, (H,K) of this representation is
defined by
k
xka=;(a, Pyt (7)
The following result, a short proof of which is offered in Appenix 5.1, is
known as Allahverdiev’s theorem, see e.g. [8, Chapter II, p. 28]:
Theorem 1. For any linear compact operator X :H — K
i V=X == ®
The functions in numerical calculations are usually replaced by their discreti-
zations, which in the case of parametrized functions gives matrices. That is why,
the distance in the space of the parametrized functions Xx(u,®) should be con-
sistent with the distance in the space of matrices, so that we can get all the ad-
vantages of the finite dimensional singular value decomposition as well as Al-
lahverdiev’s theorem. To define the distance in the space of matrices we have to
interpret matrices as linear operators between two Euclidean spaces. Analo-
gously, we have to interpret parametrized functions as operators between suita-
ble Hilbert spaces, and define the distance accordingly.
Let us therefore go back to the spaces L’ ), L? (Q), where U, as before,
is a compact subset of R" and Q is a compact subset of R". We denote

the norm in both spaces as ||||L2 . Consider the integral operator

<3
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(Xa)(a)):.[x(u,a))a(u)du 9)

U

Under the assumptions of the square integrability of the kernel x(u,) the
operator X becomes compact and linear from the space L (U) to the space
L? (Q) (see e.g. [9], Chapter 7, p. 202]).

The distance between two square integrable parametrized functions x and

X" can be now defined in the following way:
dist(x, x") =||X = X[, (10)

where X is defined in (9) and (X’a)(a)):jx’(u,a))a(u)du. The norm of

u
the linear operators acting from L’ (U) to L2 (Q) is defined in the standard
way.

Remark 1. Evidently,
X[ <cf[x(u.) dude (11)
uQ

for some constant C . Therefore, L?-convergence of the sequence {X(n)} im-

plies the convergence in the sense of the distance dist.
Let X" :L° (Q)—> L2 (U) be the adjoint of X, so that

(X*,B)(u)zg[x(u,a))ﬂ(a))da) (12)

Now, the self-adjoint and positive-definite integral operators
X'X:2U)>L*(U) and XX :1*(Q)-> L2(Q) (13)
can be written as follows:

(X*Xa)(u):l_[y(u,v)a(v)dv, where y(u,v):fx(u,a))x(v,a))da) (14)

Q

and

(XX"B)(@) = [6(0,€) B(£)dé, where §(w,&)=[x(u,@)x(u,&)du, (15)

Q U

respectively. Let, as before,

oy 20,220l 2—0 (i=12) (16)

be all positive eigenvalues of the integral operator (14) associated with its nor-

malized and mutually orthogonal eigenfunctions p; € L? (U),ie
0 (i#]
(P9 )(u) = [(0:v) Py (0)du = o?p, (), [ (1), (u)d :{1 )
U U -

From Theorem 1 we immediately obtain the Best Individual Fit Theorem.
Theorem 2. For a given function x:UxQ — R satisfying (1) the best ap-

k
proximation of x in the class L, of all functions of the form Y z,(u)y, (),
i=1

where 7, € |? (U) and vy, e’ (Q) , Is given by

X (u,a)):Zpi (W)t (@), (18)
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where p; are the normalized, mutually orthogonal eigenfunctions of the oper-

ator (14) and t,(w)=(Xp;)(@) = J. x(u,@) p; (u)du . Moreover,

U
dist(x,x, )= o,,, forall natural k.

In other words,

dist(x,y)>dist(x,x )=o,,, forall yeL (19)

Remark 2. The functions t, have the following properties (which we do not
use in this paper):

o Lt forall i=j;

o ty=0; forall i;

o XX't, =oft, forall i.

Definition 1.

« The th Principal Component Transform (PCT) of the function X e L* (U X Q)

is defined as
PCT(x,K)(U@) = X, (u,a)):iZ: . ()t () (20)

« The Full Principal Component Transform of the function X e L? (U XQ) is
given by
PCT(x,0)(u,@) = p; (u)t; (@) (21)
i1

We will also write PCT(X,0)=PCT(x).
We remark that none of these transforms is uniquely defined: even if all o,
are all different, we have always a choice between two normalized eigenfunctions
p; . However, the distance between x and any X, is independent of the pro-
jection we use. On the other hand, this means that the properties of PCT should

be formulated with a care.

2.2. Examples of PCT

In this subsection we consider three examples which are of importance in sys-
tems biology.
Example 1. Let
x(u,@)=u’ (22)
Assume that Ue [a, b], abeR,a>0,we [O,l]. Then, using Formulas (14)
and (15), we obtain the following representations of the kernels y and ¢

Tt og O 0 gy V1 )3
7(u,v)—_([u v co—'f[(uv) () (23)

b b bw+§+1 _ aw+§+1
S(w,&)=[u“védu=[u"*du=— " 24
((06&) -! -!: w+&+1 24)

Therefore the normalized eigenfunctions p;(u) can be obtained from the

equation

uv-1

i(m} pi (u)du =07 p, (u) (25)
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The functions t; ( Iu pi (u)du can be alternatively found from the equ-

ations

1 bm+§+1 m+§+1 )
(w)do=0ct (o (26)
;[ w+&E+1 (o) (@)

The parametrized power function Xx“ is of crucial importance in the bioche-
mical system theory, where u represents the concentration of a metabolite,
while @ stands for the kinetic order. In the case of several metabolites, one gets
products of such power functions, which, in turn, are included into the right-
hand side of the so-called “synergetic system”, see (e.g. [10], Chapter 2, p. 51)
and the references therein. The products of parametrized power functions are
considered in Section 4.

Example 2. Consider the function
x(u,w) = g (27)

Assume that ue[-c,c],ceR,c>0, we[a,b],a,beR, a>0. Then, using
Formulas (14) and (15), we obtain the following representations of the kernels

y and &

% (u,v) = j).e"“‘“‘e"”“’\da) — ]J.eiw(‘qu‘)da) _ L(e—a(\u\ﬂv\)

— ab(Jul+v)) 28
R I

5(o,&)= j e Me Mgy = I g Mgy (29)

We denote for simplicity

. _L gstom for s<0
F(s.0.8)= [ Fau={ @] (30)
0 — (@) for s>0
w+1
and get
5(0,&)=F(c,w,&)-F(-¢,0,¢&) (31)

Therefore the normalized eigenfunctions p;(u) can be obtained from the
equation

a

L (bl _ ool _ oy
£[|UI+IV|j(e Jpi(u)du=o?p,(u) (32)

The functions t; ( I e “’Mp (u)du can be also obtained from the equa-

tions

C

[(Fleog)-

—C

F (c.0.8))t (0)do =t (0) @)

The function € " is often used in the neural field models, where it serves as
the simplest example of the so-called “connectivity functions” describing the in-

teractions between neurons, see e.g. [11] and the references therein.
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Example 3. Consider the Hill function
v (34)
X\, )=——— 34
(u.2) ut +6°
Assume that ue[ab], abeR,a>0, qe[q,.0,], 9.0, R, g, >0,
0€(6,,6,], 6,,6,eR, 6,>0. Putting w=(q,0) and &£=(q’,0') we ob-
tain

A O

ut Ve
o) =] g e 69
% %

and
b

5((0,5):_{ ud ue

——————du (36)
cut+ 0% Ut + 0

The Hill function plays central role in the theory of gene regulatory networks,
where it stands for the gene activation function, x being the gene concentra-
tion and & being the activation threshold, see e.g. [12] and the references

therein.

3. Some Properties of PCT

The Principal Component Transform PCT(x,k) is not uniquely defined. That
is why, we will use a special notation when comparing PCT of different func-
tions, namely, we will write PCT(x,k)=PCT(y,k) if there exist coinciding
versions of PCT of x and y.

3.1. PCT Is Homogeneous, But Not Additive

Theorem 3.
1. PCT(cx,k)=cPCT(x,k) forany ceR and keN.
2.In general, PCT(X(l) + X(Z), k) is different from PCT(X(I), k) + PCT(X(Z), k).

Proof
1. The case ¢=0 istrivial. We assume therefore that ¢ =0 . Let

(Xa)(a)):tjjx(u,w)a(u)du and PCT(x)(u,a)):gpi ()t (@), see (21). By

definition, p; are normalized, mutually orthogonal eigenfunctions of the ope-

rator X'X and t =Xp,.Let X (a)=X(ca).Then
XX pi=X"(cp) X (cp;)=c*X Xp; =c’ol p;, (37)

sothat p, arethesamefor X, and X.On the other hand,
Xo(p)=X(cp)=cX(p;)=ct, and

k
PCT(cx,k)(u,@)=>_p; (u)ct; (@) =cPCT(x,k)(u,») (38)
i=1
2. Before constructing an example illustrating nonlinearity of PCT we remark

that this statement, in its more precise formulation, says that there are no
versions of PCT(X(l) + X(z), k) , PCT(X(l), k) , PCT(X(Z), k) , for which
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PCT(x¥ +x k) =PCT (x k) +PCT(x? k).
Let U=Q= [O,l] and the functions r, :[0,1] —>R (r=12) satisfy

jrf du=1 and Jl'rl(u)rz(u)du=0 (39)
0 0
We put
(X(1 ) =2r,( a))jl'rl (u)du+r, (@ ).l[rz(u)a(u)du,
10 0 . (40)
(X(z)oc)(a;):r1 )[(2r (u)+1, (u))er(u)du+1, (@) (1, (u)+1, (u))a (u)du.

To calculate PCT we observe that both operators have a 2-dimensional image
in L?(Q). Using the representation a(u)=cr(u)+c,r,(u)+a(u) where
alr, (r=12) wereduce the operators X ® and X® to the matrices

2 0 2 1 .
A= and B= , respectively,
01 12

so that
XYa =(rr)A(cc,) and X%a=(rr,)B(qc,), (41)

where (a,b) and (a,b)* are row and column vectors, respectively.
Matrices A and B are symmetric. Then A'A=A’ and B'B=B’. The
first eigenpairs of A’ and B? are 4,(10)* and 9,(]_1)*, respectively. There-

fore the best rank 1 approximations of A and B are

A = 20 and B, = 1> 15 respectivel
“lo o 17|15 15 PECIIVELY:

sothat PCT(X%,1)(u,@)= 2 (u)5; (@) and
PCT(X®,1)(u,@) =15(5 (u) +1, (u))(r, (@) +1, (@), which both are
operators with an 1-dimensional image. However, their sum

3.5n (u)r (@) +1.5r (u)r, (@)+1.5n, (u)r (@) +15r (U)r, (@)  (42)

has a 2-dimensional image, as its representation in the basis {r,r,} is given by
35 15
15 15

PCT(X®,1)+PCT(X®,1) cannot coincide with any version of PCT(X,1).

the non-singular matrix A= { } . Therefore

3.2. PCT Is Continuous

Let us consider a sequence of parametrized, square integrable functions
MUxQR.
Theorem 4. Let ke N and dist(x("), x) —0(n—> o) for some parame-

trized, square integrable functions X"

X, =PCT (x,k) there are versions Xi((") = PCT(X(”), k) such that

XUxQ—>R. Then for any version

K2
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dist(x",x ) >0, n—>e (43)

Proof Let H =L’ (U), K= L’ (Q). We define the compact linear integral
operators XM X :H K using the kernels X", respectively. By the defini-
tion of the dist we immediately get that ”X (M _x “ -0, n—>owo

Let p,, i=1---,k be the normalized, mutually orthogonal eigenfunctions of
the operator X X corresponding to its first k eigenvalues o > o5 >---> 0} .
Since X" converges to the operator X in norm, we can always choose a se-

quence of the eigenfunctions pi(n) such that

“pi(")—pi“Hao, n—o,i=1--k (44)

In this case

t.(”):x(")p(")—ni:Xpi, n—o,i=1---k (45)

Therefore “X&n) - X, “ — 0, n— oo, which implies
dist(xl((”),xk)—>0, n— o (46)

The above theorem can be reformulated in terms of robustness of PCT.

Corollary 1. Let ke N and x:UxQ —> R be a parametrized, square inte-
grable function and K e N . Then given an ¢ >0 there is a £>0 such that
for every parametrized, square integrable function X':UxQ — R the follow-
ing holds true:

dist(x',x) < 8 = dist(PCT(x',k)—PCT(x,k))<& (47)

for some suitable versions of PCT.

3.3. Discretization of Functions

In the papers [5] [6], which are aimed at applying the metamodeling approach to
gene regulatory networks, the approximations of the parametrized sigmoidal
functions are performed numerically by using discretization and SVD of the re-
sulting matrices. The continuity of PCT, proved in the previous subsection, can
now be used to justify this analysis and, in particular, the results on the number
of the principal components K ensuring the prescribed precision.

In this subsection we suppose that all functions are continuous, which is suffi-
cient for most applications. The general case is, however, unproblematic as well
if we slightly adjust the approximation procedure.

Let x be a continuous function on a compact set DcR"*™ D=UxQ,
where s= (ua))

Forall neN, D isdividedinto n measurable subsets Di(n) :
D=JD, (48)

We define the sequence of the functions X, (s) as follows:

x" ()= x(si(”)), seD", (49)
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(")

where Si(”) is an arbitrary pointin D

Lemma 1. Let x be a continuous function on D . Then

dist(x(”), x) 50, now (50)

provided that max diam Di(n) —0 as n>w.
<i<n
Proof. The function x is continuous on the compact set D, therefore X(s)

is uniformly continuous on D .Then forall £>0 thereis 6 >0 such that

s—s|<d = |x(s)-x(s')|< ¢ (51)

On the other hand, there is a number N for which maxdiam Di(n) <& as

1<i<n

longas n> N .Let s bean arbitrary point from D . Then for any n there is

D™ such that se D" . Taking now an arbitrary n>N we obtain
X7 ()= x(s)]| =[x(s") - x(s)| < (52)

so that dist (X(n) , X) <Ceg,where C? isthe Lebesgue measure of the set D .
Hence dist(x("), X) -0, n—o oo

Corollary 2. Let ke N and x:UxQ—>R be a parametrized, continuous
function, { X(")} be a sequence of discrete approximations satisfied the assump-
tions of Lemma 1. Then for any version X, =PCT(xK) there are versions
X" = PCT(X(”),k) such that dist(xﬁ“), Xy ) -0, n—ow.

Finally, we observe that if Di(n) are defined as U En) fo”) , where for any n

{U En)} and {an)} are measurable partitions of U and Q, respectively, and

i=(j,1), then PCT of the discrete functions X" coincide with the k - trun-
cated SVD of the matrix [x(")(s( “))] In the next subsection we provide an
example of such approximation stemming from the biochemical systems theory.

3.4. Examples of Discrete Approximations

In this subsection we study the parametrized power function X(u, a)) =u” de-
fined on the interval [uy,u,],u;,u, eR,u >0 with the parameter values
we[w,w,]. To approximate this function we construct a matrix X as fol-
lows: we divide [uj,u,] into n-1 parts: u <u, <---<u,. Similarly, we di-
vide the interval [@,,®,] into m-1 parts. Every entry of the matrix X will
be given by the values U, (1<i<n,1<j<m):

21 2 2
U ¥ 1

s lu? Uz Lou?

X={|" 2 " (53)
u™ougm g

The corresponding discretization of PCT(x,k) will be then given by the

matrix
k
LB ek pek (54
i-1

The vectors f, and f can be obtained from the singular value decompo-
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>

sition of the matrix X

X=U_S P (55)

mxm>~mxn" nxn?

where the rows of the scores matrix T =US consists of the numbers f and
the columns of the loadings matrix P are the vectors f,. As an example, let us
consider the case k=4, [uy,u,]=[0.515], [w, @,]=[-12], n=m=50.
Then

uf)l uf)l b ug())l t11 t12 t13 t14 pll p12 L pln
u? U Ugg T= L b, by 1y p- Par Py - Py (56)
. p3l p32 p3n
U U L Ug® tn oo T Tos Pss Psz - Pap
so that the Expression (54) becomes
LP; +5,P; +t Py +t, P, (57)

Assume now that ® =0.5. This value corresponds to row s in the matrix

T.We find a number s as follows:

sam@=@ _5o05=(FD) _ o (58)
@ — @, 0.5-(-1)

This yields
t =t, =-7.0579 t,=t,=-0.0089 t,=t,=0.2400 t,=t, =0.0016

and hence

u®® ~-7.0579p; (u)—0.0089p, (u)+0.2400p, (u)+0.0016p, (u)  (59)

where p; (x)e R*,i=1,2,3,4 are the columns in the loadings matrix P, see
Figure 1.
The Figure 1 depicts the power function u® vs. its PCT with 4 components;
ue[0.5,1.5], we[-1,2]; the error is estimated as 95 _0.0001 and the Hill
0y
uYa

function ————— vs. its PCT with 12 components;
uYe 4o ova

ue(1,35],0e[0.05,10], 8 €[0.01,5]; the error is estimated as 913 _0.0013.
0y

The Figure 2 depicts the cumulative normal distribution function

1 u—u . .

> l1+erf| —= || vs. its PCT with 27 components and

o2

ue [—2, 2], HE [0.01,0.99], 0e [0.1,0.7]; the error is estimated as <2 = 0.0019

0y

1 (u-u)?

e 262
2601

25 PCs; ue[-25,15], u€[-15,05],0€[0.1,1]; the error is estimated as

vs. its PCT with

and the normal distribution function X(u)=

9% _ 00029 .

0
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——az(u) = u*®
o PCT(z(u),4)

x(u)

,1/0.057
x(u) T Wl/0057 {9 9170057

Ll o PCT(x(u),12) P

x(u)

1 15 2 25 3 35
u u
() (b)
Figure 1. (a) The power function and its PCT; (b) The Hill function and its PCT.
1r 07
1 (u+0.5)2
09} 71’(“) = me —0.8 00,
o6r| o PCT(z(u),25)

x(u)

(a) (b)

Figure 2. (a) The cumulative normal distribution function and its PCT; (b) The normal distribution function and its PCT.

4. PCT of Products of Functions

To calculate PCT of products of parametrized functions we need to apply the
theory of tensor products of Hilbert spaces and compacts operators. Appendix
5.2 includes all the necessary details we need in this section.

Below we use the following notation (where 7=1,2):

e U cRY, Q cR" arecompact sets;

e U=UxU,, Q=0 xQ,;

¢ H =L*(U,), K. =*(Q,), H=L*U), K=1*(Q);

e x (U @), ueU, , w €Q are square integrable functions and
x(u, @) =x(uy, @ )x(uy, @, );

o (X0 )(@,)= [X(u, @), (u,)du, sothat X H, K, ;

Ur

. (Xh)(a))zj.x(u,a))h(u)du sothat X:H > K.

U
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4.1. Products of Parametrized Functions

Theorem 5. In the above notation:

e« H=H,®H,, K=K, ®K,

e X=XYVeox®

Proof. We use the definition of the tensor product from Appendix 5.2.

Let H, = L2 (UT) have an orthonormal basis {e{”,eg’),w,ef”,---}, so that

any h e H_ canbe represented as

h =>ce (r=12), (60)
i=1

0

where )’

2
C-(T)‘ < o0,
i

We prove now that the set E = {ei(l)egz), i,je N} is an orthonormal basis in
the space H =L?(U). Its orthonormality follows directly from its definition. It
remains therefore to check that the set of all linear combinations of the elements
from E isdensein H .Indeed, the set of continuous functions, and hence the
set P of polynomials P(u), on U is dense in H . On the other hand, the
set P of polynomials of the form pe (u(l))P(z) (u(z)) spans the set P and,
finally, the set E spans the set P. Thus, E spans H and we have proved
thatany heH canbe represented as the L’-convergent series

h= Zcijei(l)ef) (61)
i1
for some set C; satisfying
S <o (62)
E
Defining
(ei(l) ®e(1.2))(u) =e (u,)e'? (u,) (63)

and comparing the Representation (61) with the Formula (94) proves the equal-
ity H=H, ®H,. Theequality K =K, ®K, can be checked similarly.

Let us now prove the last formula of the theorem. First of all, we remark that
the Definition (63) implies

9 (@)9,(@,)=(0,®9,)(@) (64)

forany g, eH_, r=12.

By the assumptions on the kernels, the operators in this equality are linear and
bounded. Therefore, it is sufficient to check the equality for h=h ®h, (see
Appendix 5.2).

(Xh)(a)):jx(u,a))h(u)du

u

= [ x¥(u0)x? (uy,,)h, (uy)h, (u, ) du,du,

UpxUy

= X (u, @) () du; [ X (4, 0,), (u,)du,

Uy Uz

z(x@)hl)(wl)(X‘z)hz)(wz)=((X(1)"1)®(X(2)h2))(“’)

(65)
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due to (64). Hence Xh=X(h ®h,)= (X(l)hl)®(x(2)h2) . Comparing this for-
mula with the Definition (100) completes the proof of the theorem.
4.2. PCT Preserves Tensor Products

The main theoretical result of this subsection is the following theorem:
Theorem 6.

PCT(xW@x®)=pcT(x")@PCT(X ) (66)
Proof For 7=1,2 we have by definition

PCT(X ) z(a p ), (67)

i=1
where pi(f) are normalized, mutually orthogonal eigenvectors of the operator
* 2
(X(T)> X corresponding to the eigenvalues (O'(T)) and t'7) = (X(’)) p!”
Put X =XY®X®? and p; = pi(l) ® pgz)‘ Using the properties of the tensor
product listed in Appendix 5.2 we obtain

(X*X)pij (X()®X( )) (X()®x( ))(pi(1)®p(jz))

((X ) ((x®) x®)(p @ pi?)
(6
(1)

>j®(((x<z> ) X(Z)j sz)) )
() J () 87 )=(e e
where

(PP ) =((p @i ). (o @ L)) = (o 0 ) (b7 017) )
=1 if i=I,j=m and =0 otherwise

This proves that p; are normalized, mutually orthogonal eigenvectors of the
operator X X corresponding to the eigenvalues O'i(l)agz) .
On the other hand,

Xpij = (X(l) ® X(z))< pi(l) ® pgz))
(70)

Therefore,

rer(x o) 2055 .2

which proves the theorem. [
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Remark 3. Theorem 6 is only valid for the full PCT. The truncated versions of
PCT are not necessarily valid, as the order of the singular values oy = O'i(l)O'EZ)

depends on the magnitude of the eigenvales ai(l) and GEZ) .

4.3. Examples of Products of Parametrized Functions

In this subsection we describe the kernels of the integral operators related to
products of parametrized functions from Subsection 0. These examples are of
importance in systems biology.

Example 1. Consider the following function
X (U, Uy, @, @,) =U"uy?, uLU, eV, oo, eQ (72)

Assume that U =[a,b], a,beR, a>0, Q=[0,1]. Then, using Formulas (14)
and (15), we obtain the following representations of the kernels y and ¢

7 (U Uy, Y, ) = [[uugzvivg deyd o,
Q

(uv;)* (u,v,)” derde,

O ey

1
(u,v,)™ do, [ (uy, )™ dey
0

O 2 O e,

uv-1ouy, -1

CIn(uy,) In(uyy, )’

@ @24 é
uruy2utuz2du,du,

§(a)1,a)2,§1,§2):

= 'fuf’”‘flu;’?*f?dulduz
U
b b

= J'ul“’”glduljug’z*@du2
a

a
b(q+§l+1 _ aa)l+§1+1 ba)1+§1+1 _ awzc+§2+1

w+&+1 w, +& +1
Example 2. Consider the function
X(ul,uz,a)l,wz):ef"’l‘ul‘ ey u, eV, o, m,eQ (73)

Assume that U =[-c,c], ceR, ¢>0, Q=[a,b], a,beR, a>0. Then, us-
ing Formulas (14) and (15), we obtain the following representations of the ker-
nels y and ¢

7 (U, Uy, v, v, ) = H e allgmezlalgmaillg=oalelg g, df g,

_ e-@(\”ﬂ*\"l\)dwje-wz(\uz\+\‘/z\)dwz

a

|
oy —c

1 =b(jul+) _ y-allul+v)
ort-a

=M

3
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5(601,@2,51,52 J' e-wl\uﬂe-wz\Uz\e-'fﬂ“ﬂe—fz\“z\dulduz
3]

= [[ertalragaliengy,du,
U

= j e*\“l\(wﬁeﬁ)dul j‘ g ual( +e‘z)du2

-C

_ 1 “w(ord) _ qu(@a+d) [ va(ert) _ qua(ep+es)
(e e ) (e e )

(wl + 51)(0’2 +§2)
Example 3. For the Hill function we obtain
The TR

(74)
U + 6" u? + 6,

X (U, Uy, @, 0,) =

Assume that
u eU,U=[ab],abeR,a>0,

o, =(,.6,), 6 €[0,0,]. %.0, €R, g >0,
6,<[6,,0,],6,.6, €R, 6,>0, i=12.

01'%m

Putting Q=[q,,q,]x[6.6,] and & =(q/,6/),i=12. Then, using Formu-
las (14) and (15), we obtain the following representations of the kernels y and
1)

vt V2

7(”11”2:V1 gj;g[uql _Hg(h qu +9q2 Vql +9q1 qu +9q2 da)lda)z, (75)
ut ud

5(@,@,,4.4,) _” du,du, (76)

U Ut +¢9q1 uy? +Hq2 u +0/% ug + ;%

Remark 4. The eigenfunctions of the integral operators with the kernels that
are products of parametrized functions are, according to Subsection 5.2, also

products of the respective eigenfunctions of the factors.

5. Conclusions

The main results of the paper can be summarized as follows. We defined the
distance in the space of parameterized functions. We defined the k -th Principal
Component Transform (PCT) and the Full Principal Component Transform of
functions X € L?(U xQ). The Ath PCT is the best approximation of the given
function, Ze. it minimizes dist(-,-). We proved that if the sequence of functions
X" (s) converge to the continuous function x(s), then the sequence of the
PCT of X(")(S) will converge to the PCT of X(s). Some properties of PCT
were considered. These results can also serve as theoretical background for the
design of some metamodels. Using the theory of the tensor product of Hilbert
spaces and compact operators we calculated the PCT of products of functions.
We provided several examples of the discrete approximations and products of
the parametrized functions.

We will emphasize that our study is related to systems biology. In future
works we aim to investigate the problem of “sloppiness” in nonlinear models [1]

and create an effective parameter estimation method for the “S-systems” ([10],
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Chapter 2, p. 51).
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Appendix

1. Allahverdiev’s theorem
Let K and K be two real separable Hilbert spaces, equipped with the sca-
H and (" ')K K>
respectively. Assume that X :H — K is a linear compact operator. Its norm is
defined as ||X|| = sup ||)(oc||K .

Iy <2

lar products () and the corresponding norms |, and ||

Put
£, (H,K)={Y is alinear bounded operator from H to K such that dim(ImY )} <k.

We want to find an operator X, € £, (H,K) for which |X —X,|— min.
This construction is very close to the finite dimensional singular value decom-
position.

Assume that X :H — K is the adjoint of X . Then the linear compact op-
erators X X:H > H, XX":K K are self-adjoint and positive-definite.
Let 06 >0, >07>-+—0, o, >0 be all positive eigenvalues of the operator
XX, the associated normalized eigenvectors being p,, p,, p;,---€ H , respec-

tively:
X"Xp, =aip, |p|=1 ieN. (77)

It is well-known that p, can always be chosen to be orthogonal:
p L p;,i#]. By the Hilbert-Schmidt theorem, for any aeH there is a
unique set ¢, eR, ieN and a unique p,e Null(X*X) for which
a=p,+Cp; and, moreover, ||0(||i| =|| p0||i| +>.¢?. Thus, the operator X

i=1 i=1
can be represented as

0

Xazi(a, Pyt =>.ct, (78)

i=1

where t, = Xp,, and the convergence is understood in the sense of the norm in

the space K . We define the linear bounded operators X, € £, (H,K) by
k S
Xka=2(ay pi)H ; :Zciti (79)
i=1 i=1
The following result is known as Allahverdiev’s theorem, see e.g. [8]:
Proposition 7. For any linear compact operator X :H — K

min X =Y]=[X =X] = o (80)

YeL (H.K

Proof. First of all, we prove that | X — X,||= o, . By definition,

X =X, = sup (X - X, )a} (81)
HaHHg
From (79) and (78) we get
k 0 ©
(X—Xk)oc:Xoc—Xkoc:Z‘Ci'[i—Z‘Citi = Z‘citi (82)
i-1 i-1 iZk+l

We calculate the norm of X — X, using (81), (82):
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2
X =X, |f = sup Zc,tI = sup Z It]l5 = sup ZC, ol,  (83)
HaHHg i=k+1 H MHQ' k+1 HaHHJI k+1
because
t |l | Xpu Xp| X*Xpi’ pi
I - (0,1, "
=(Gi pi’pi)H (pupu ‘02||p||
and

(ti’ti)H =(Xpi’xpj)=(x*xpi’pj):(o-izpivpj)zo if =] (85)
As a=p,+36P. PLp (ieN) and [aff, =|p|f +2c <1, we ob-
i=1

tain Zcizsl.As Oy, 20, forall i>k+1,
i1

iciof — max=o,,, (86)
i=k+1
if ¢,,=1¢,,=C,3=---=0 and p,=0.
Hence,
"X_Xk"=6k+1 (87)
Secondly, we prove that
X =Y], =[x =X, forall Yec£ (H,K) (88)
Let y,,---,y, be a basis in ImY . Then there exist some z,,-:-,z, from H
such that
k
Ya=3(a.z), VY (89)
i1
We want to prove that
span{z,,-,z,}" Nspan{p,, -+, P,.) # {0} (90)

If aespan{z, -z}, then Ya =0,

If aespan{p,,---, Pes}, then a=ap++a ;P eRISI<k+1
Therefore

span{z,,--+,z,}" Nspan{p,,--, Py, } # {0} & 3z,,-+-, 7, such that the system
(P, 7))+ + & (Pusr 2) =0, 1<i<k hasnon—trivialsolutions. (91)

This homogeneous system has k+1 unknowns and Kk equations, so that

k+1 k+1
thereis a =Y cp; suchthat » c¢?=1 and Ya=0.Therefore
i=1 i=1

X =Y[ > |(x YﬂIWZm S 2o, o
i=1

as [t =01 = 0y =t for i>k+1.

2. Tensor product of operators in Hilbert spaces

Let H,,H, and K ,K, be real separable Hilbert spaces, where

472 ‘0’ Scientific Research Publishing
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o H, has an orthonormal basis {el(l),egl),---,e§1),-~-}.
o H, hasan orthonormal basis {e{z),egz),~~-,e(.2),~~-}.

« K, has an orthonormal basis {é§1>,é§1),~--,é.‘”,~--}.

« K, hasan orthonormal basis {é{z),égz),---,éﬁz),---}.
Let
h=Yce” ¢’ eRr, r=12 (93)
i=1

Now, we define the tensor product H =H, ® H, of the spaces H, and H,
as the real separable Hilbert space, which has the basis €; consisting of all or-
dered pairs (ei(l),egz)), and we put g; Eei(l) ®e(jz). By definition, any heH
can be uniquely represented as

h= icijeij, icj <o (94)

i,j=1 i,j=1
Definition 2. The scalar product (-,-) in H is defined as

(9.h)= icijdij' (95)

ij-1
where g = Z:Cijeij eH, h= Z:dijeij eH.
ij-1 ij=1
Evidently, the set € ®e; is an orthonormal basis of the space H, ® H, and
therefore

"h"z - iil‘(h’e” >‘2 - iijcijr (96)

is the norm on H . The series

0

D.ce, CeR

i,j=1
converges in this norm. It is also straightforward to check that
[h ®he[ =[], Il (97)

forall h eH,, h,eH,.

Let us consider two compact linear operators
XW:H, 5K, X?:H, 5K, (98)

Forall h e H;,h, e K, wehave

x(l)hl _ Zci(l)x (1)ei(1)’ X(Z)hz _ Zci(z)x(z)ei(z) (99)
i1 i1
We define the tensor product X @ x?: H,®H, »> K, ®K, of X" and
X as
xh=>c, (xe @ x2el?), (100)
i,j=

where heH isgiven by (94).
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Proposition 8. If xX®: H, -> K, X H, = K, are linear compact ope-
rators, then so is the operator X" @ X : H,®H, - K ®K,.

Proof. Linearity of X = X®®Xx® follows directly from the definition.
Taking an arbitrary he H satisfying (94) we obtain

2
2

pof |8 s oxre)f < Sf poona]
< i|cij|2“x(l> “Ix @ =[x I @[ I[P
i1
Therefore X isbounded, and in particular,
Ixp=x @)% (102)

To prove compactness we choose an arbitrary ¢ >0 and linear bounded fi-

nite dimensional operators Y, :H_— K_ for which |X, -Y, |<e&(r=12).

Evidently,
X(l) ® X(Z) _Y(l) ®Y(2) — (X(l) _Y(l))®(x(2) _Y(Z))
103
+(x(1)_Y(1))®Y(2)+Y(1)@(X(Z)_y(2)> ( )
Using (102) we obtain
”X(l) XV yO eyd|< HX O _yDfix@_y@
+lIx® y® ‘Y(Z) +“Y @lflx @_y @ (104)

<&’ +8(HX(1)H+8)+8(“X(2)

+e)

Therefore, the operator XY ®X? can be approximated in norm by finite
dimensional operators of the form YO ®Y? with an arbitrary precision. Thus,
XUex® i compact.

O

Proposition 9. For all linear compact operators X H, > K, and
X@:H, > K, wehave

(x¥ex®) =(x¥) o(x®) (105)

Proof. The set of linear combinations ) f, ® f, is dense in H,®H,, ie.
for all heH, ®H, there is a sequence of linear combinations of h ®h,
2)

which converges to h in the norm. As the operators X® and X®@ are li-

near and bounded, it is sufficient to prove the equality in the lemma for the spe-
cial case of h=h ®h, € H, ® H,, where we by definition have the formula

(x®@x@)(h ®h,)=(x"h)®(Xx?h, ) (106)

Let a=,®a,, =0 ®p, . where o, a, €cH, and S,,5, €H,.Then
(x? @x?)a, )= (X", © X ety ,® 5, ) = (X Ve, ) (X Otz 8,

:(%(Xa))*ﬁlj(%,(xm)*ﬁzj:(%@%,(X(n)*ﬁl®(x<2>)*ﬂ2) (107)

K2
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* * *

Hence (XY ®x®) =(x¥) o(x?).
|
Proposition 10. If gﬂ(r),q(r) is the eigenpair of the operator X'"';H_ —K_
(r=12), then (/1(1)/1 2 ,q(l) ® q(z)) is the eigenpair of the operator X Hex®,
Proof.
(X W e x®@ ) (q(l) ® q(z)) _ (X (1)q(1) ) ® ( X (z)q(z))
(ﬁ(l)q(l))@)(l(z)q(z)) (108)
20,2

q(l) ® q(z)
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