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Abstract

Evolution of periodic orbits in Sun-Mars and Sun-Earth systems are analyzed using
Poincare surface of section technique and the effects of solar radiation pressure of
bigger primary and actual oblateness of smaller primary on these orbits are consi-
dered. It is observed that solar radiation pressure of bigger primary has substantial
effect on period, orbit’s shape, size and their position in the phase space. Since these
orbits can be used for the design of low energy transfer trajectories, so perturbations
due to solar radiation pressure has to be understood and should be taken care of
during trajectory design. It is also verified that stability of such orbits are negligible
so they can be used as transfer orbit. For each pair of solar radiation pressure g and
Jacobi constant C we get two separatrices where stability of island becomes zero. In
this paper, detailed stability analysis of periodic orbit having two loops is given when
g=0.9845.
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1. Introduction

A Hohmann transfer (Hohmann, 1925) is effectively used to transfer a spacecraft from
one circular orbit to another in a most fuel efficient way. The “low-energy” transfer
trajectory [1] is used to describe the space trajectories that consume less fuel compared
to Hohman transfer (Hohmann, 1925). The planar restricted three body problem (PRTBP)
has long been used in celestial mechanics because it is one of the simplest non-integrable
dynamic systems. RTBP refers to the motion of body of negligible mass, known as sec-

ondary body, under the sole influence of two massive primary bodies Sun-Earth, Earth-
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Moon etc. For mathematical simplicity, we shall take the total mass of primaries nor-
malized to 1. The mass of smaller primary is taken as u so that the mass of its bigger
counterpart is 1 — u. The primaries are moving in a circular orbit in counter clockwise
direction about their common center of mass with angular velocity normalized to 1.
The third body, an artificial satellite or spacecraft, is moving in the same plane of mo-
tion of the primaries.

The “low-energy” transfer orbits are important in the study of practical problems
regarding transfer of orbits. Low energy transfer of orbit to moon has been studied by
[1]. In their study, they have considered four bodies Sun-Earth-Moon-Space craft
as coupled three body systems, namely Sun-Earth-space craft and Earth-Moon-space
craft. They constructed low energy transfer trajectories from the earth which executed
capture at the Moon.

Study of orbits of bodies in RTBP has been described in detail by [2]. The equations
of motion consist of non-linear equations and hence analytic methods seldom give
physically useful results. So, a widely used method for describing the motion of sec-
ondary body (space craft) is the Poincare Surface of Section (PSS) method. [3] has giv-
en a detailed analysis of periodic orbits using PSS technique.

As per Kolmogorov-Arnold-Moser (KAM) theory (Moser, 1966), a fixed point on the
Poincare surface of section represents a periodic orbit in the rotating frame, and the
closed curves around the point correspond to the quasi-periodic orbits. [4] analyzed the
PSS for Earth-Moon system without considering any perturbation. [5] also had ana-
lysed Sun-Mars system by incorporating perturbations due to solar radiation. They
have identified periodic, quasi-periodic solutions and chaotic regions from the PSS.
Similar studies have been made by [6] for Saturn Titan system. [7] analyzed the family
“f orbits around smaller primary under RTBP for 14 systems under ideal conditions.
Recently, [8] analyzed Sun and Saturn centered periodic orbits with solar radiation
pressure and oblateness and found that there is a substantial effect of solar radiation
pressure on position and geometry of infinitesimal particle orbit. [9] had studied family
“f orbits and their stability for Sun-Saturn system with perturbation. In their study Sun
was taken as a source of radiation and Saturn was considered as oblate spheroid. By
taking the actual coefficient of oblateness for Saturn and different values of solar radia-
tion pressure, the family “#” orbits has been analyzed in detail.

Periodic orbits of spacecraft around the two massive primaries are used to construct
low energy trajectory. In this paper, we have studied periodic orbits around both pri-
maries in the frame work of RTBP using PSS method. [10] established three classes
with orbits around both primaries depending on motion of spacecraft is prograde or
retrograde in the rotating system as well as fixed system. In this paper we have analyzed
periodic orbits around both primaries with retrograde motion in rotating system and
analyzed periodic orbits having number of loops from 1 to 5 for different pairs of solar
radiation pressure ¢ and Jacobi constant C for Sun-Mars and Sun-Earth system. It has
been found that g and C have substantial effect on the position in phase space, shape

and size of the orbits and hence must be considered during low energy trajectory design.
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2. Equations of Motion

Let m, and m, be two masses of first and second primary bodies, respectively. Mass of
first primary is greater than mass of second primary. The solar radiation pressure force
F, changes with the distance by the same law as the gravitational attraction force 7, and
acts opposite to it. It is possible to consider that the result of the action of this force
leads to reducing the effective mass of the sun [5]. Accordingly, the sun’s resultant force

acting on the particle is

Fp
F=F -F =F|1->|=0F, (1)

g

F
where ( :1—F—p, known as the mass reduction factor constant for the given particle.
9

We follow the notation and terminology of [2]. It is clear from Equation (1) that ¢ =1
indicates F =F; and hence the solar radiation pressure drops to zero.

The perturbed mean motion 7 of second primary body is given by,

n? =1+§AZ 2)
2
where
2 2
Pe _pp
= —_— 3
A, R (3)

Here A, is oblateness coefficient of second primary. p, and p, represent equatorial
and polar radii of second primary and Ris the distance between two primaries.

The unit of mass is chosen equal to the sum of the primary masses and the unit of
length is equal to their separation. The unit of time is such that the Gaussian constant
of gravitation is unity in the unperturbed case. The usual dimensionless synodic coor-
dinate system Oxyis used to express the motion of the secondary body (space craft).

Choose a rotating coordinate system with origin at the center of mass, the primaries

lie on the x-axis at the points (-4 0) and (1 — 4 0), respectively, where mass factor

M . Following [11], the equations of motion of the spacecraft are
(m,+m,)
x'—2ny:8—Q, y+2n>'<=a—Q, (4)
OX oy
where
Q:n—z[(l—,u)rz+,ur2]+q(1_'u)+ﬁ+ﬂA2. (5)
2 tore I, r,o2r
Here
2= (x—u) +y?%, (6)
and
r22:(x+1—,u)2+y2. (7)
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System of Equation (4) lead to the first integral
X +y?=20-C, (8)

where Cis Jacobi constant of integration given by

c:nz[(l—y)rf+yr;]+2M+2ﬁ+@—yz. 9)
h L N

These equations of motion are integrated in (x, y) variables using a Runge-Kutta Gill
fourth order variable or fixed step-size integrator. The initial conditions are selected
along the x-axis. By defining a plane, say y=0, in the resulting three dimensional
space the values of X and X can be plotted every time the particle has y =0, when-
ever the trajectory intersects the plane in a particular direction, say Yy >0. We have
constructed Poincare surface section (PSS) on the x, X plane. The initial values were
selected along the Ox-axis by using intervals of length 0.001. By giving different value of

Cwe can plot the trajectories, and then analysis of orbits can be done.

3. Results and Discussion

We shall consider two systems, the Sun-Mars system and the Sun-Earth system. The
masses of Sun, Earth and Mars are taken as 1.9881 x 10* kg, 5.972 x 10** kg, and 6.4185 x
10* kg, respectively [5]. The mass factor p , for the Sun-Earth and Sun-Mars systems,
are 0.000003002 and 0.0000003212, respectively. Equatorial and polar radii of Earth are
6378.1 kms. and 6356.8 kms. and that of Mars are 3396.2 kms. and 3376.2 kms., respec-
tively. The distance between Sun and Earth is taken as 149,600,000 kms. and distance
between Sun and Mars is 227,940,000 kms. So, oblateness coefficient calculated from
Equation (2) for Sun-Earth and Sun-Mars have values A, = 2.42405 x10™ and

A, =5.21389x10™" respectively. ¢ = 1 means that there is no perturbation due to so-
lar radiation pressure and ¢ < 1 indicates that we are including perturbation due to so-
lar radiation pressure. For a given g, selection of C'is not arbitrary. By solving Equation
(9) w.r.t. X* and by setting in to this equation y=0and y° >0 the resulting inequa-
lity defines the regions allowed to motion on the PSSs. Thus, we eliminate the possibil-
ity of excluded region for secondary body between Sun and Earth (or Mars). This
maximum value of C'is considered as admissible value of C.

Table 1 and Table 2 shows range of admissible values of C for Sun-Earth and Sun-
Mars system. It can be observed that for Sun-Mars system size of excluded region is
more than size of excluded region of Sun-Earth system. So, we can say that as mass factor
increases, size of excluded region decreases. We have analyzed the effect of solar rad-
iation pressure on admissible value of Jacobi constant C. We have studied the effect of
solar radiation pressure on the location and period of Sun-Mars system for different
values of Jacobi constant Cusing PSS. Figure 1 displays the PSS for Sun-Mars system
for the pair (g, C) as (0.9845, 2.94) by taking value of x from the interval [0.8, 1] with
interval of x differencing for xas 0.001. Also, time span #= 10,000 time units and inter-

val of differencing for time is taken as 0.001. So, for each x equations of motions are
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Table 1. Admissible range of Cfor Sun-Earth system.

Value of Cgreater than Excluded region (where y

g  Maximum value of C Size of excluded region

maximum value is complex)

1 3.0 3.001 x=0.988 to x=0.994 0.006
0.995 2.99 2.991 x=0.985to x = 0.994 0.009
0.99 2.98 2.981 x=0.983 to x = 0.995 0.012

0.9845 2.969 2.970 x=0.98 to x =0.995 0.015

Table 2. Admissible range of Cfor Sun-Mars system.

Value of Cgreater than Excluded region (where y

g  Maximum value of C Size of excluded region

maximum value is complex)
1 3.0 3.001 x=0984tox=1.0 0.016
0.995 2.99 2.991 x=0982tox=1.0 0.018
0.99 2.98 2.981 x=0.980tox=1.0 0.020
0.9845 2.969 2.970 x=0.978 to x = 0.995 0.022
0.3
021 :
o
0.1 . Sl s . : SV Lo et g > TP > ) .', 32 % "1',"
L . A TGRS v AOF &
Y
0 -
01
. ¢ AN BRI
. o & 3 A ie Lk . ¢
PR A . o -
0.3+
04 | | \ | | |
0.7 0.75 0.8 0.85 0.9 0.95 1

Figure 1. PSS for ¢ =0.9845 and C= 2.94, for x= [0.8, 1], £= 10,000 for Sun-Mars system.

integrated using Runge-Kutta-Gill method. Each solution is plotted as a point in the
X — X -plane in Figure 1. The arcs of PSS are known as islands whose center gives pe-
riodic orbits.

In a similar way, we have obtained PSS for Sun-Earth system as shown in Figure 2.
This PSS is also constructed for the pair (g C) given by (0.9845, 2.94). Our aim is to
make a comparative study of the effect of solar radiation pressure on different parame-
ters of the orbits of the secondary body (space craft) in the Sun-Earth and Sun-Mars

systems using PSS technique. Mass factor u of Sun-Earth is greater than Sun-Mars.
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The numerical values of location and period of periodic orbit of spacecraft for C =
2.93,2.94, 2.95, 2.96 and for g =1, 0.995, 0.99 and 0.9845 are displayed in Table 3. It is

*
e take s, TNV AT
"l "&‘;p w

*
3 T ke ",
w, F%, 0 ‘Q‘W’OS
‘.."” LIS ARE N

PP L IS R 2

R N
e, Wy + %0 o e e | hd *

0.8 0.85 0.9 0.95 1
Figure 2. PSS for ¢=0.9845 and C=2.94, for x=[0.8, 1], = 10,000 for Sun-Earth system.

Table 3. Analysis of periodic orbit for different pairs of gand Cfor Sun-Mars system.

Number of loops C q=1 q=0.995 q=0.99 q=0.9845
Location (x) Period (T) Location (x) Period (T) Location (x) Period (T) Location (x) Period (T)

2.96 0.983 13 0.9967 13 - - - -
1 2.95 0.96791 13 0.98115 13 0.9949 13 - -
2.94 0.95327 13 0.96607 13 0.97935 13 0.99455 13
2.93 0.939 13 0.95139 13 0.96424 13 0.97891 13
2.96 0.94152 19 0.95985 19 0.97957 19 - -
2.95 0.92255 19 0.93971 19 0.95807 19 0.97992 19
2 2.94 0.90454 19 0.92071 19 0.93792 19 0.95825 19
2.93 0.88737 19 0.90269 19 0.91891 19 0.93795 19
2.96 0.91532 26 0.9363 26 0.95957 26 0.98875 26
2.95 0.89429 26 0.91353 26 0.93455 26 0.96036 26
> 2.94 0.87465 26 0.89248 26 0.91175 26 0.93506 26
2.93 0.85619 26 0.87283 26 0.89069 26 0.91204 26
2.96 0.89707 32 0.91959 32 0.9451 32 0.9783 32
2.95 0.87494 32 0.89529 32 0.91785 32 0.9462 32
¢ 2.94 0.8545 32 0.87314 32 0.89353 32 0.91857 32
2.93 0.835433 32 0.852695 32 0.871375 32 0.89397 32
2.96 0.883675 38 0.90711 38 0.93405 38 0.9701 38
2.95 0.86093 38 0.8819 38 0.90538 38 0.93535 38
> 2.94 0.84007 38 0.85915 38 0.88016 38 0.90623 38
2.93 0.820715 38 0.83829 38 0.8574 38 0.88069 38
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observed from the table that a change in Cin the range (2.93, 2.96) affects the location
but has no effect on the period and number of loops of the orbit. Solar radiation pres-
sure also affects the location and period of the orbit. Similarly, the effects of Cand gin
the location and period for the Sun-Earth system are studied and the numerical esti-
mates of the changes are displayed in Table 4. It can be seen that, for both the systems,
the period of orbit increases with increase in the number of loops.

A noticeable difference observed in both the systems is that for C= 2.96, g = 0.995,
single-loop periodic orbit, for C = 2.96, ¢ = 0.99 two loops orbit, for C = 2.96, ¢ =
0.9845, three loops periodic orbit does not exist for Sun-Earth system where as it exists
for Sun-Mars system.

The periodic orbits starting from single-loop to five loops in the Sun-Mars system for
g = 0.9845 and 0.995 are shown in Figures 3(a)-(j). It can be observed, from Figure 3
and Figure 4, that the width of the orbit decreases continuously as the number of loops
increases. Also, as perturbation due to solar radiation pressure decreases from ¢ =
0.9845 to 0.995 we can observe that size of the loop increases. Further, it can be noticed
that as the perturbation due to solar radiation pressure increases (that is, g decreases),
the location of the closest approach of the space craft shifts towards the second primary
body in both Sun-Mars and Sun-Earth system. This is contrary to the effect of oblateness

of the second primary. That is, as the oblateness coefficient increases the position of the

Table 4. Analysis of periodic orbit for different pairs of gand Cfor Sun-Earth system.

Number of loops C g=1 q=0.995 g=0.99 q=0.9845
Location (x) Period (T) Location (x) Period (T) Location (x) Period (T) Location (x) Period (T)
2.96 0.98305 13 - - - - - -
2.95 0.96795 13 0.9812 13 0.9949603 13 - -
! 2.94 0.9533 13 0.9661 13 0.9794 13 0.994601 13
2.93 0.93904 13 0.95142 13 0.96425 13 0.97895 13
2.96 0.94157 19 0.9599 19 - - - -
2.95 0.92259 19 0.93975 19 0.95813 19 0.98 19
2 2.94 0.90456 19 0.92075 19 0.93796 19 0.9583 19
2.93 0.8874 19 0.90273 19 0.91895 19 0.938 19
2.96 0.91538 26 0.93635 26 0.95965 26 - -
2.95 0.89434 26 0.91359 26 0.93462 26 0.96045 26
’ 2.94 0.87469 26 0.89252 26 0.91181 26 0.93513 26
2.93 0.85623 26 0.87287 26 0.89074 26 0.9121 26
2.96 0.89714 32 0.91965 32 0.9452 32 0.97844 32
2.95 0.87499 32 0.89535 32 0.91793 32 0.9463 32
‘ 2.94 0.85454 32 0.8732 32 0.89359 32 0.91865 32
2.93 0.83547 32 0.85274 32 0.87142 32 0.89403 32
2.96 0.88373 38 0.90719 38 0.93415 38 0.9703 38
2.95 0.86099 38 0.88195 38 0.90546 38 0.93547 38
° 2.94 0.84012 38 0.8592 38 0.88022 38 0.9063 38
2.93 0.82075 38 0.83833 38 0.85745 38 0.88075 38
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i i L i | 25 i 1 i 1 i
-%.5 -2 -1.5 -1 -0.5 0 0.5 1 15 -25 -2 -1.5 -1 -0.5 0 0.5 1 1.5
(a) ¢ =0.9845, single loop periodic orbit. (b) g =0.995, single loop periodic orbit.
2 T T T T T 2 T T T T T

I i
-0.5 0 0.5

(c) ¢ =0.9845, two loops periodic orbit.

1. 1 1 1 i 1 . i 1 ; |
-?.5 -1 -0.5 0 0.5 1 1.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5
(e) g=0.9845, three loops periodic orbit. () ¢=0.995, three loops periodic orbit.
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1.5

0.5

I i i i 15 i I i i
-0.5 0 0.5 1 1.5 -15 -1 -0.5 0 0.5 1 1.5

(g) ¢=0.9845, four loops periodic orbit. (h) ¢=0.995, four loops periodic orbit.

]
N
[6)]
]
N

1 1

i 1 i 1 _ 1 1 i
15 -1 -0.5 0 0.5 1 1.5 1:?.5 -1 -0.5 0 0.5 1 1.5

(i) g=0.9845, five loops periodic orbit. (j) g=0.995, five loops periodic orbit.

Figure 3. Periodic orbits around both primaries for Sun-Mars system for C= 2.94.

closest approach of the space craft receeds from the second primary [9]. Further in all
cases the infinitesimal particle (space craft) orbits around the second primary (Mars) in
addition to orbiting both primaries. Further the secondary body is closest to Mars in
the single loop closed orbit. Such orbits may be useful in the study of different aspects
of both primaries. In many models available in literature not many closed orbits possess
this kind of nature. We can observe similar nature in the orbits shown in Figures
4(a)-(j) in the case of Sun-Earth system.

Figure 3 and Figure 4 depict periodic orbits with number of loops varying from 1 to
5 with different solar radiation pressure for Sun-Mars and Sun-Earth systems, respec-
tively. For both of these figures value of Jacobi constant Cis 2.94. The expression for
semi-major axis a and eccentricity e of the periodic orbits around both primaries are

given by [3].
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-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 725 -2 -1.5 -1 -0.5 0 0.5 1 1.5

(a) g=0.9845, single loop periodic orbit. (b) ¢=0.995, single loop periodic orbit.
2 T T T T T 2 T T T T T

i

I i
-0.5 0 0.5 1 1.5

-0.5 0 0.5 1

(c) g=0.9845, two loops periodic orbit. (d) ¢=0.995, two loops periodic orbit.
1.5 T T T T T 1.5

1
N
(4]
1
N
-
[4)]
1
-
(é)]
1
-

05k /e .............. .............. ............. 4 05k ............ PP ............ ............ ......... 4

i 1 | i _ i ] 1 ; 1
1.5 -1 -0.5 0 0.5 1 1.5 "2 -1.5 -1 -0.5 0 0.5 1 1.5
(e) g=0.9845, three loops periodic orbit. (f) g=0.995, three loops periodic orbit.
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1.5

1.5

i

I i
-1 -0.5 0 0.5

(g) ¢=0.9845, four loops periodic orbit.

I i
-0.5 0 0.5 1 1.5
(h) g=0.995, four loops periodic orbit.

i i i 1 _ i 1 i
-15 -1 -0.5 0 0.5 1 15735 -1 0.5 0 0.5 1 1.5
(i) ¢=0.9845, five loops periodic orbit.

(j) ¢=0.995, five loops periodic orbit.

Figure 4. Periodic orbits around both primaries for Sun-Earth system for C=2.94.

az{ (10)
o= (11)
where,
VI = (% (g xp)), (12)
h=(x+ ) (y+ %+ p), (13)
r’ :(x+,u)2 +y°%. (14)

Using the set of Equations (10)-(14), for different number of loops and selected val-
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ues of Jacobi constant C and solar radiation pressure g, the location of the orbit, the
semi major axis a and eccentricity e of the periodic orbits are calculated and numerical
values are given for Sun-Mars system in Table 5.

From Table 5, it can be noticed that for a fixed number of loops, a decrease in the
value of Jacobi constants from 2.96 to 2.93 cause the orbits to recede from the Mars; the
semi-major axis decreases and the eccentricity of the orbit increases. Similar effects can
be observed for Sun-Earth system and the numerical estimates of these effects are dis-
played in Table 6.

We have studied the variation of position of periodic orbits around Sun-Mars and
Sun-Earth system due to the variation in solar radiation pressure and Jacobi constants
C. In Figure 5 we have shown the variation of position of closed periodic orbit with one
loop for solar radiation pressure in the range (0.9845, 1) for Sun-Mars system corres-
ponding to Jacobi constants C= 2.93, 2.94. From Figure 5 it is clear that the position of
the orbits recedes from Mars when the solar radiation pressure decreases from 0.9845
to 1 and Cdecreases. Note that Single-loop periodic orbits are not available for C=2.95
and 2.96.

Similar kind of conclusion can be drawn from Figure 6 for the Sun-Earth system.

We have studied the effect of gand C on the position of the orbits having loops

varying from 1 to 5 for both Sun-Mars and Sun-Earth systems. The results of these

Table 5. Location, semi major axis and eccentricity of orbits for g= 1, 0.995, 0.99 and 0.9845 for Sun-Mars system.

No.ofloop C g=1 g=0.995 g=0.99 g=0.9845
X a e X a e x a e X a e
2.96 0.983 1.5880 0.3809 0.9967 1.57075 0.36546 - - - - - -
295 0.96791 1.58760  0.39033 0.98115 1.56765 0.37412 0.9949 1.55014 0.35818 - - -
! 2.94 0.95327 1.58765  0.39957 0.96607 1.56716  0.38355  0.97935 1.54801 0.36735 0.99455 1.52940 0.34971
2.93 0.939 1.58755  0.40852 0.95139  1.56664 0.39272  0.96424 1.54709 0.37674 0.97891 1.52685 0.35887
296 0.94152 131045 0.28153 0.95985  1.29725 0.26009  0.97957  1.28508 0.23774 - - -
295 0.92255 1.31045 0.296010  0.93971 1.29672 0.27532  0.95807  1.28401 0.25384 0.97992 1.27131 0.22921
2 294 0.90454 1.31044  0.30974 0.92071 1.29630 0.28974  0.93792 1.28318 0.26907 0.95825 1.26990 0.24541
2.93 0.88737 1.31042  0.32284 0.90269 1.29594 0.30345  0.91891 1.28245 0.28347 0.93795 1.26869 0.26069
296 0.91532 1.21146  0.24445 0.9363 1.19999 0.21974  0.95957 1.18956 0.19334 0.98875 1.17987 0.16199
2.95 0.89429 1.21146 0.26180 0.91353  1.19959 0.23846  0.93455 1.18863 0.21376 0.96036 1.17776 0.18459
’ 294 0.87465 1.21143 0.278004  0.89248 1.19919 0.25576 091175 1.18783 0.23242 0.93506 1.17645 0.20519
293 0.85619 1.21144 0.29324 0.87283  1.19880 0.27191  0.89069 1.18710 0.24969 0.91204 1.17526 0.22397
296 0.89707 1.16044  0.22696 0.91959 1.14979  0.20021 0.9451 1.14015 0.17108 0.9783  1.13112 0.13511
295 0.87494 1.16043  0.24602 0.89529 1.14929 0.22107  0.91785 1.13925 0.19434 0.9462 1.12931 0.16214
! 294  0.8545 1.16042  0.26363 0.87314 1.14898 0.24008  0.89353 1.13847 0.21515 091857 1.12798 0.18565
2.93 0.835433 1.16042 0.28006  0.852695 1.14862 0.25763 0.871375 1.13772 0.23411 0.89397 1.12678 0.20662
2.96 0.883675 1.12928  0.21749 0.90711 1.11910 0.18943  0.93405 1.10990 0.15844 0.9701 1.10120 0.11906
2.95 0.86093  1.12926 0.237620 0.8819 1.11869 0.21167  0.90538  1.10902 0.18362 0.93535 1.09956 0.14934
° 2.94 0.84007 1.12925  0.25608 0.85915 1.11830 0.23173  0.88016 1.10824 0.20581 0.90623 1.09825 0.17485
2.93 0.820715 1.12926  0.27323 0.83829 1.11794 0.25015 0.8574 1.10749 0.22582 0.88069 1.09705 0.19722
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Table 6. Location, semi major axis and eccentricity of orbits for ¢ =1, 0.995, 0.99 and 0.9845 for Sun-Earth system.

No. of loop C g=1 q=0.995 g=0.99 g=0.9845

X a e X a e X a e x a e
296 0.98305 1.59310 0.38293 - - - - - - - - -
295 096795 1.59008 0.39126 0.9812 1.57215 0.37589  0.9949603  1.56800 0.36546 - - -
294 09533 1.58919 0.40013 0.9661  1.56937 0.38440 0.9794 1.55205 0.36896 0.994601 1.54580 0.35658
2.93 0.93904 1.58875 0.40895 0.95142 1.56808 0.39326 0.96425 1.54897 0.37749 0.97895 1.53065 0.36044
2.96 0.94157 1.31144 0.28204 0.9599 1.29882 0.26095 - -
2.95 0.92259 1.31111 0.29634 0.93975 1.29762 0.27579 0.95813 1.28554  0.25469 0.98 1.27517  0.23148

2
2.94 0.90456 1.31087 0.30996 0.92075 1.29693 0.29006 0.93796 1.28404  0.26953 0.9583 1.27138  0.24626
293 0.8874 1.31080 0.32301 0.90273 1.29643 0.30368 0.91895 1.28305 0.28378 0.938 1.26958 0.26118
2.96 0.91538 1.21204 0.24477 0.93635 1.20078 0.22022 0.95965 1.19115 0.19436 -
295 0.89434 1.21187 0.26202 0.91359 1.20015 0.23878 0.93462 1.18946 0.21426 0.96045 1.17944 0.18568
3
294 0.87469 1.21174 0.27816 0.89252 1.19956 0.25597 0.91181 1.18837 0.23273 0.93513 1.17729  0.20570
293 0.85623 1.21170 0.29337 0.87287 1.19910 0.27207 0.89074 1.18748  0.24990 0.9121 1.17580 0.22428
296 0.89714 1.16088 0.22720 0.91965 1.15036 0.20057 0.9452 1.14124 0.17179  0.97844  1.13506 0.13800
295 0.87499 1.16073 0.24618 0.89535 1.14980 0.22130 0.91793 1.13986  0.19471 0.9463 1.13042 0.16289
4
294 0.85454 1.16065 0.26375 0.8732  1.14930 0.24024 0.89359 1.13886 0.21538  0.91865  1.12859 0.18603
293 0.83547 1.16061 0.28015 0.85274 1.14886 0.25776 0.87142 1.13800 0.23426 0.89403 1.12717 0.20685
2.96 0.88373 1.12961 0.21768 0.90719 1.11959 0.18973 0.93415 1.11072  0.15899 0.9703 1.10404 0.12116
2.95 0.86099 1.12953 0.23776 0.88195 1.11899 0.21185 0.90546 1.10950 0.18392 0.93547 1.1004  0.1499%4
5
294 0.84012 1.12947 0.25619 0.8592 1.11854 0.23187 0.88022 1.10856  0.20599 0.9063 1.09871 0.17514
2.93 0.82075 1.12942 0.27331 0.83833 1.11813 0.25024 0.85745 1.10773  0.22595  0.88075  1.09736 0.19740
] Sun Mars system variation in location of 1 loop orbit due to solar radiation pressure
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Figure 5. Variation in location of single loop periodic orbit around Sun-Mars system due to solar radiation pressure.
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observations for 5 loops closed periodic orbit in both Sun-Mars and Sun-Earth systems

are shown in Figure 7 and Figure 8.

Sun Earth system variation in location of 1 loop orbit due to solar radiation pressure
T T T T 1 1
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Figure 6. Variation in location of one loop periodic orbit around Sun-Earth due to solar radiation pressure.

Sun Mars system variation in location of 5 loops orbit due to solar radiation pressure
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Figure 7. Variation in location of five loops periodic orbit around Sun-Mars system due to solar radiation pressure.
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From Figure 9 and Figure 10, it can be observed that for given solar radiation pres-

sure, location of periodic orbit moves away from second primary as number of loops in

] Sun Earth system variation in location of 5 loops orbit due to solar radiation pressure
T T T T T T I
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Figure 8. Variation in location of five loops periodic orbit around Sun-Earth system due to solar radiation pressure.
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Figure 9. Variation in location of periodic orbit around Sun-Mars system for C'=2.93 due to number of loops for different solar radiation
pressure.

%%
478 0:{2: Scientific Research Publishing



N. Pathak, V. O. Thomas

C=293
1 T T
»oq= 1
+ q=0.995
0.98- O o q=099 N
O q=0.9845
(o]
0.96- —
.*.
0.94- & o _
0.92- o —
X O
0.9 * -
O
o ¢!
0.881- O —
* o
0.86- —
o
© +
0.84- ) . _
0.82 ' ' ' ' 4
1 2 3 4 5 6
No. of loops

Figure 10. Variation in location of periodic orbit around Sun-Earth system for C= 2.93 due to number of loops for different solar radia-

tion pressure.

periodic orbit increase. Also, as solar radiation pressure increases from 1 to 0.9845, lo-
cation of periodic orbit moves towards second primary.

We have examined the effect of solar radiation pressure g for different values of Ja-
cobi constants C on the semi major axis of periodic orbits with single loop and 5-loops
of Sun-Mars and Sun-Earth systems. The results of these effects are displayed in Fig-
ures 11-14. While there are significant changes in the semi major axis due to solar rad-
iation pressure, the effect of Con the semi-major axis is less in comparison with that of
q. Figures 11-14 indicate that the semi major axis decreases as solar radiation pressure
increases from 1 to 0.9845. Figure 12 shows behavior of semi major axis of single loop
periodic orbit for different solar radiation pressure. Green curve indicates variation of
semi major axis for C'= 2.94. It shows non smooth behavior near g = 0.99, because sin-
gle loop periodic orbit for C' = 2.94 and ¢ = 0.9845 is located at x = 0.994601 loses its
periodicity after time = 110. Figure 14 shows behavior of semi major axis of five loops
periodic orbits for different g. Magenta curve indicates variation for semi major axis for
C = 2.96. It shows non smooth behavior near g = 0.99, because five loops periodic orbit
for C'=2.96 and g = 0.9845 is located at x = 0.9703 loses its periodicity after time ¢ =
500.

The variation of semi major axis against the number of loops is examined for differ-
ent solar radiation pressure and the results of the study are displayed in Figure 15 and
Figure 16. The semi major axis decreases with increase in the number of loops. Further
for a fixed number of loops, the semi-major axes decreases with increase in solar radia-

tion pressure from 1 to 0.9845.
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Sun Mars system variation in semi major axis of 1 loop orbit due to solar radiation pressure
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Figure 11. Variation in semi major axis of one loop periodic orbit around Sun-Mars system due to solar radiation pressure.

Sun Earth system variation in semi major axis of 1 loop orbit due to solar radiation pressure
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Figure 12. Variation in semi major axis of one loop periodic orbit around Sun-Earth system due to solar radiation pressure.

From Figure 15 and Figure 16 it can be observed that, for given pair of Cand g, as

the number of loops increases in periodic orbit, semi major axis decreases. Also, as solar
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Sun Mars system variation in semi major axis of 5 loops orbit due to solar radiation pressure

1.13 1 T I T | T | ]
C=293 -
C=294
——C=295
1.125 C=29 N
112 -
1115+ —
(W]
1.11- —
1.105+ —
1.1+ 1
1.09 1 1 | | | | | |
'%.884 0.986 0.988 0.99 0.992 0.994 0.996 0.998 1 1.002

q

Figure 13. Variation in semi major axis of five loops periodic orbit around Sun-Mars system due to solar radiation pressure.
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I I I I I I

I
—C=293
——C=294
—C=295 5
11250 £ _5g .

N

JN

N

[$)]
I

1.105

1.1~

1.0 | | 1 | 1 | 1 |
’ 09884 0.986 0.988 0.99 0.992 0.994 0.996 0.998 1 1.002
q

Figure 14. Variation in semi major axis of five loops periodic orbit around Sun-Earth system due to solar radiation pressure.

radiation pressure increases from 1 to 0.9845 semi major axis of periodic orbit for given
loop decreases.
The variations of the other geometric parameter, viz, eccentricity e with respect to

solar radiation pressure g and Jacobi constant Cfor single and five loops periodic orbits
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Figure 15. Variation in semi major axis of periodic orbit around Sun-Mars system due to number of loops for C=2.93.
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Figure 16. Variation in semi major axis of periodic orbit around Sun-Earth system due to number of loops.

are shown in Figures 17-20 for both Sun-Mars and Sun-Earth systems. The eccentricity
decreases as g increases from 1 to 0.9845 and decreases as C increases for single loop

periodic orbit for both systems Sun-Mars and Sun-Earth as shown in Figure 17 and
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Sun Mars system variation in eccentricity of 1 loop orbit due to solar radiation pressure
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Figure 17. Variation in eccentricity of single loop periodic orbit around Sun-Mars system due to solar radiation pressure.

0.41 Sun Earth system variation in eccentricity of 1 loop orbit due to solar radiation pressure
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Figure 18. Variation in eccentricity of single loop periodic orbit around Sun and Earth due to oblateness.

Figure 18. Here we can observe that effect of orbits which lost their periodicity after
some time is less on eccentricity of the periodic orbit in comparison of semi major

axis of the periodic orbit. Figure 18 shows variation in eccentricity of single loop orbit
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Sun Mars system variation in eccentricity of 5 loops orbit due to solar radiation pressure
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Figure 19. Variation in eccentricity of five loops periodic orbit around Sun-Mars system due to solar radiation pressure.

Sun Earth system variation in eccentricity of 5 loops orbit due to solar radiation pressure
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Figure 20. Variation in eccentricity of five loops periodic orbit around Sun-Earth system due to solar radiation pressure.

corresponding to variation in q for given C. green curve shows non smooth behavior
corresponding to periodic orbit for C= 2.94, g = 0.9845 which is located at x = 0.994601,
loses its periodicity after = 110.

We have also analyzed the effect of number of loops on the eccentricity of the orbit.
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These effects are depicted in Figure 21 and Figure 22. It is found that the eccentricity
decreases as number of loops increases. For a given loop, the eccentricity is found to

decrease as solar radiation pressure increases 1 to 0.9845.
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Figure 21. Variation in eccentricity of periodic orbit around Sun-Mars system due to number of loops.
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Figure 22. Variation in eccentricity of periodic orbit around Sun and Earth due to number of loops.
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In Table 5 initial velocity of secondary body is denoted by V; D, and D, are the dis-
tance of secondary body from Mars and Sun respectively. Vis in kms™, D, and D, are
in km. Similar notations are used in Table 6 also. In Table 6 distance of secondary
body from Earth is denoted by D,. V can be obtained using Equation (11).

The conversion from units of distance (/) and velocity (/) in the normalized dimen-

sion less system to the dimensionalized system is given by,
Distance D=Lx I, (14)
Velocity V =0 x J. (15)

where L is the distance between the centers of both primaries in km. O is the orbital
velocity of second primary around first primary [12]. For Sun Mars and Sun Earth sys-
tem L = 227,940,000 and 149,600,000 km respectively. Mean orbital velocity of Mars
around Sun and Earth around Sun are 24.07 km-sec™" and 29.78 km-sec™' respectively.

It can be observed from Table 7 and Table 8 that for given solar radiation pressure
and given loop orbit as C decreases, Vand D, increases and D, decreases. For given C
and given number of loop as g increases from 1 to 0.9845 initial velocity V'and D, de-

creases and D, increases. So, the effect of Jacobi constant Cand solar radiation pressure

Table 7. Location, velocity and distance of orbit from both primaries for g =1, 0.995, 0.99, 0.9845 for Sun-Mars system.

No. ofloop C g=1 g=0.995 q=0.99 g=0.9845

v D, D, v D, D, v D, D, v D, D,
¥ (kmsec)(107km)(10°km)  ©  (kmsec)(107km )(10°km) ©  (kmsec)(10'km)(10°km) ©  (kmesec™)(10” km )(10°km )

2.96 0.983 28.52  0.38749 2.24065 0.9967 28.17 0.07521 2.27187 - - - - - - - -

2.950.96791 28.84 0.73145 2.20625 0.98115 28.48 0.42965 2.23643 0.9949 28.12 0.11624 2.26777 - - - -
2.94 0.95327 29.16 1.06515 2.17288 0.96607 28.80 0.77339 2.20206 0.97935 28.44 0.47068 2.23233 0.99455 28.04 0.12421 2.26697
2.93 0.939 29.47 1.39042 2.14035 0.95139 29.12 1.10800 2.16859 0.96424 28.76 0.81510 2.19788 0.97891 28.35 0.48071 2.23132

2.96 0.94152 28.08 1.33298 2.14610 0.95985 27.57 091517 2.18788 0.97957 27.05 0.46567 2.23283 - - - -
2.950.92255 28.52 1.76538 2.10286 0.93971 28.04 1.37424 2.14197 0.95807 27.53 0.95574 2.18382 0.97992 26.95 0.45769 2.23363
2.94 0.90454 2896 2.17590 2.06180 0.92071 28.48 1.80732 2.09866 0.93792 2799 1.41504 2.13789 0.95825 28.05 0.95164 2.18423
2.930.88737 29.38 2.56728 2.02267 0.90269 2892 2.21807 2.05759 0.91891 28.44 1.84835 2.09456 0.93795 27.90 1.41436 2.13796
2.96 0.91532 28.06 1.93018 2.08638 0.9363 2747 1.45197 2.13420 0.95957 26.84 0.92155 2.18724 0.98875 26.09 2.56425 2.25375
2.950.89429 28.59 2.40954 2.03844 0.91353 28.02 1.97098 2.08230 0.93455 27.43 1.49185 2.13021 0.96036 26.73 0.90354 2.18904
2.94 0.87465 29.09 2.85722 1.99367 0.89248 28.55 2.45080 2.03431 0.91175 2798 2.01156 2.07824 0.93506 27.32 1.48023 2.13137
2.930.85619 29.58 3.27799 1.95160 0.87283 29.05 2.89870 1.98952 0.89069 28.51 2.49160 2.03023 0.91204 27.88 2.00495 2.07890
2.96 0.89707 28.14 2.34617 2.04478 0.91959 27.49 1.83285 2.09611 0.9451 26.79 1.25138 2.15426 0.9783 25.92 4.94622 2.22993
2.950.87494 28.72 2.85061 1.99433 0.89529 28.12 2.45080 2.03431 0.91785 27.45 1.87251 2.09214 0.9462 26.67 1.22630 2.15676
2.94 0.8545 29.27 3.31651 1.94774 0.87314 28.68 2.89163 1.99023 0.89353 28.06 2.42686 2.03671 0.91857 27.34 1.85610 2.09378
2.930.835433 29.79 3.75113 1.90428 0.852695 29.23 3.35766 1.94363 0.871375 28.64 2.93187 1.98621 0.89397 27.96 2.41684 2.03771
2.960.883675 28.25 2.65150 2.01424 0.90711 27.56 2.11732 2.06766 0.93405 26.80 1.50325 2.12907 0.9701 25.85 6.81533 2.21124
2.950.86093 28.85 3.16995 1.96240 0.8819 28.11 2.38675 2.04072 0.90538 27.52 2.15676 2.06372 0.93535 26.68 1.47362 2.13203
2.94 0.84007 29.43 3.64543 1.91485 0.85915 28.82 3.21052 1.95834 0.88016 28.17 2.73162 2.00623 0.90623 27.40 2.13738 2.06566
2.930.820715 2998 4.08672 1.87072 0.83829 29.39 3.68601 1.91079 0.8574 28.78  3.25041 1.95435 0.88069 28.06 2.71954 2.00744
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Table 8. Location, velocity and distance of orbit from both primaries for g =1, 0.995, 0.99, 0.9845 for Sun-Earth system.

No. of loop C g=1 g=0.995 g=0.99 g=0.9845
v D, D, v D, D, v D, D, v D, D,
¥ (kmsec™)(107km )(10°km) *©  (kmsec)(10km )(10°km)  ©  (kmsec')(10’km)(10°km) ~  (kmesec™)(107 km )(10°km )
2.960.98305 35.32 0.25352 1.47064 - - - - - - - - - - - -
2.950.96795 35.70 0.47942 1.44805 0.9812 3526 0.28120 1.46787 0.9949603 34.88 0.07535 1.48846 - - - -

! 2.94 0.9533 36.09 0.69858 1.42614 0.9661 35.64 0.50709 1.44529 0.9794 35.20 0.30813 1.46518 0.994601 34.77 0.08072 1.48792
2.930.93904 36.47 091191 1.40480 0.95142 36.03 0.72671 1.42332 0.96425 35.59 0.53477 1.44252 0.97895 35.10 0.31486 1.46451
2.960.94157 34.74 0.87406 1.40859 0.9599 34.13 0.59985 1.43601 - - - - -

2.950.92259 35.30 1.15800 1.38019 0.93975 34.69 0.90129 1.40587 0.95813 34.07 0.62633 1.43336 0.98 33.38 2.99155 1.46608

2 2.940.90456 35.83 1.42773 1.35322 0.92075 35.24 1.18553 1.37744 0.93796 34.64 0.97803 1.39819 0.9583 3396 0.62378 1.43362
2.930.8874 36.36 1.68445 1.32755 0.90273 35.78 1.45511 1.35048 0.91895 35.19 1.21246 1.37475 0.938 34.53 0.92747 1.40325
2.960.91538 34.72 1.26587 1.36941 0.93635 33.99 0.95215 1.40078 0.95965 33.22  6.03591 1.43564 - - - -
2.950.89434 35.37 1.58062 1.33793 0.91359 34.67 1.29264 1.36673 0.93462 3394 0.97803 1.39819 0.96045 33.08 5.91623 1.43683

’ 2.940.87469 35.99 1.87459 1.30854 0.89252 35.32 1.60785 1.33521 0.91181 34.62 1.31927 1.36407 0.93513 33.81 0.97041 1.39895
2.930.85623 36.60 2.15075 1.28092 0.87287 35.95 1.90181 1.30581 0.89074 35.27 1.63448 1.33255 0.9121 34.50 1.31493 1.36450
2.960.89714 34.82 1.53874 1.34212 0.91965 34.02 1.20199 1.37580 0.9452 33.15 8.19763 1.41402 0.97844 32.11 3.22492 1.46375
2.950.87499 35.53 1.87010 1.30898 0.89535 34.78 1.56551 1.33944 0.91793 33.97 1.22772 1.37322 0.9463 33.01 8.03307 1.41566

! 2.940.85454 36.21 2.17603 1.27839 0.8732 3549 1.89688 1.30631 0.89359 34.73 1.59184 1.33681 0.91865 33.83 1.21695 1.37430
2.930.83547 36.86 2.46132 1.24986 0.85274 36.16 2.20296 1.27570 0.87142 35.44 1.92351 1.30364 0.89403 34.59 1.58526 1.33747
2.960.88373 3495 1.73935 1.32206 0.90719 34.10 1.38839 1.35716 0.93415 33.17 9.85071 1.39749 0.9703 32.01 4.44267 1.45157
2.950.86099 35.70 2.08089 1.28791 0.88195 34.71 1.41427 1.35457 0.90546 34.05 1.41427 1.35457 0.93547 33.01 9.65323 1.39946

’ 2.940.84012 36.41 2.39175 1.25682 0.8592 35.65 2.10632 1.28536 0.88022 34.85 1.79186 1.31681 0.9063 3391 1.40170 1.35582
2.930.82075 37.09 2.68153 1.22784 0.83833 36.36 2.41853 1.25414 0.85745 35.60 2.13250 1.28274 0.88075 34.72 1.78393 1.31760

g is opposite in nature. For given value of g and Cas number of loops increases, D, in-
creases and D, decreases.

From Table 7, it is observed that single loop orbit for g=1 is closest to Mars and this
distance is 7.521 x 10’ km. which is obtained using C= 2.96 for ¢ = 0.995. Similar nota-
tions are used in Table 6 also.

Here D, is the distance of secondary body from Earth. From Table 8, it is observed
that single loop orbit for g = 0.99 is closest to Earth and this distance is 7.535 x 10°> km.
This orbit is obtained by taking C'= 2.95.

We have analyzed stability of periodic orbits from loop 1 to 5 for ¢ = 1, 0.995, 0.99
and 0.9845. Since stability behavior is similar for all these orbits, in this paper stability
analysis for two loop orbit corresponding to g = 0.9845 is given. Figure 23 shows sta-
bility region for g = 0.9845 for two loop orbits. The left and right tips of the island are
plotted by red and green curves, respectively. From Figure 23 it is clear that size of sta-
bility region is very small in comparison to “# family orbit [9]. So, these periodic orbits
can be used as a transfer orbits as they are not stable. So, secondary body required few
amount of fuel than Hohmann transfer. Figure 24 shows amplitude for two loop orbit

when ¢ = 0.9845. It can be observe that there are two separatrices at C = 2.93 and 2.95
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0.98 Stability of two loops orbit for Sun Earth system when q = 0.9845
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Figure 23. Stability analysis for two loops orbit for Sun-Earth system when ¢ = 0.9845.

x104 Variation in Amplitude of two loops orbit for Sun Earth system when q = 0.9845
T T T T T T T
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Figure 24. Amplitude for two loops orbit for Sun-Earth system when ¢ = 0.9845.

where stability of the periodic orbit is zero as the size of the island is zero. For C'= 2.94
we get maximum stability which is 0.0006. Figure 25 shows size of the island for C=
2.92 for two loop orbit when g = 0.9845 which is 0.0003 where as Figure 26 shows PSS
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Figure 25. Enlarge view of PSS for C=2.92 when g = 0.9845.
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Figure 26. Enlarge view of PSS of first separatrix for two loop orbit for C=2.93 when g = 0.9845.

of first separatrix at C = 2.93 which is looks like a straight line where as for “#” family
orbit it is triangular due to third order resonance [9]. It can be seen that size of this isl-
and is zero. Figure 27 shows two loop orbit corresponding to first separatrix when ¢ =
0.9845. Figure 28 shows for C = 2.94 again size of island increases and it becomes
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Figure 27. Orbit at first separatrix corresponding to C =
2.93, ¢=0.9845 and x= 0.938.
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Figure 28. Enlarge view of PSS for C'= 2.94 when ¢ = 0.9845.

maximum, where as for C'= 2.95 again size of island becomes zero, which is second se-
paratrix as shown in Figure 29. Two loop orbit corresponding to second separatrix is

given in Figure 30.

4. Conclusions

We have investigated the effect of solar radiation pressure on the position, shape and
size of closed periodic orbit with loops varying from 1 to 5 for Sun-Mars and Sun-Earth
systems, respectively. A noticeable difference observed in both the systems is that for C=
2.96, g = 0.995, single-loop periodic orbit, for C=2.96, g = 0.99, two loops orbit, for C=
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Figure 30. Orbit at second separatrix corresponding to C =
2.95, ¢=0.9845 and x=0.98.

2.96, g = 0.9845, three loops periodic orbit does not exist for Sun-Earth system whereas
it exists for Sun-Mars system.

The distance of closest approach of the infinitesimal particle from the smaller pri-
mary decreases with increase in solar radiation pressure from 1 to 0.9845 and distance
between smaller primary and infinitesimal particle increases as number of loops in-
creases for a given Cand gq. It is found that the eccentricity decreases as number of
loops increases. For a given number of loops, the eccentricity is found to decrease as

solar radiation pressure increases from 1 to 0.9845. Thus, the present analysis of the
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two systems-Sun-Mars and Sun-Earth systems-using PSS technique reveals that ¢ and
Chas substantial effect on the position, shape and size of the obit.

It can be observed that for given solar radiation pressure and given number of loops,
as Jacobi constant decreases, initial velocity of infinitesimal particle (space craft) and
distance of infinitesimal particle (space craft) from second primary increase and dis-
tance of infinitesimal particle (space craft) from first primary body decreases. For given
Jacobi constant and given number of loops, as solar radiation pressure increases from 1
to 0.9845, initial velocity decreases and distance of infinitesimal particle (space craft)
from second primary decreases. So, distance of infinitesimal particle (space craft) from
first primary increases. Thus, the effect of Jacobi constant C and solar radiation pres-
sure g is opposite in nature. For given value of solar radiation pressure g and Jacobi
constant, as number of loops increases, distance of infinitesimal particle (space craft)
from second primary increases and distance of infinitesimal particle (space craft) from
first primary decreases. It is further observed that for Sun-Mars system, single loop or-
bit for g = 0.995 and C = 2.96 is closest to Mars and this distance is 7.521 x 10° km,
whereas for Sun-Earth system, single loop orbit for g = 0.99 and C= 2.95 is closest to
Earth and this distance is 7.535 x 10° km. Since these orbits can be used for designing
low-energy space mission. Hence detailed study is presented in this paper.

Stability analysis of this family of orbit indicates that these orbits having smaller sta-
bility region in comparison to “#”family orbit. So, these orbits can be used as a transfer
trajectory as less amount of fuel required for transferring of satellite from one orbit to
another orbit. For each pair of (g, (), there are two separatrices exist where stability of

periodic orbit becomes zero.
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